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I - Motivation in machine learning
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I - Motivation in machine learning

Given a data set D = ((x1, y1), . . . , (xn, yn)) n independent drawings of X ∈ Rp and Y ∈ R

Look for a mapping ΦD : Rp → R that “minimizes”:

L(ΦD(X), Y ) For a given a loss L : R2 → R+

Behavior of the loss L(ΦD(X), Y ) ?

Idea: Consider α : t 7→ sup {P (|f(X)− f(X ′)| ≥ t), f : Rp → R, 1-Lipschitz}.

Question: limt→∞ α(t) = 0 ? Depends on p?

Ex: D, X, Y → L(ΦD(X), Y ) λn,p-Lipschitz:

P (|L(ΦD(X), Y )− L′| ≥ t) ≤ α

(
t

λnp

)
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I - Motivation in machine learning

Given Φ : Rn → Rn λ-Lipschitz and f : Rn → R 1-Lipschitz:

P (|f(Φ(Z))− f(Φ(Z ′))| ≥ t)

= P
(∣∣∣∣ 1λf(Φ(Z))− 1

λ
f(Φ(Z ′))

∣∣∣∣ ≥ t

λ

)
≤ 2e−

t2

2λ2 .

Michel Talagrand (1995) Concentration of measure and isoperimetric inequalities in product spaces. Publications
mathématiques de l’IHÉS, 104:905–909.

Theorem: (Talagrand)
Given Z = (Z1, . . . Zn) ∈ [0, 1]n s.t. Z1, . . . , Zn independent
∀f : Rp → R, 1-Lipschitz and convex:

P (|f(Z)− E[f(Z)]| ≥ t) ≤ 2e−
t2

4 .

Theorem: Given Z ∼ N (µ, In), ∀f : Rn → R, 1-Lipschitz:

P (|f(Z)− f(Z ′)| ≥ t) ≤ 2e−
t2

2 Z,Z ′ i.i.d.

∥Φ(Z)− Φ(Z ′)∥ ≤ Λ∥Z − Z ′∥ a.s.

Random
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GAN generated images are concentrated vectors

Theorem: Given Z ∼ N (µ, In), ∀f : Rn → R, 1-Lipschitz:

P (|f(Z)− E[f(Z)]| ≥ t) ≤ 2e−
1
2 t

2

Generator

Fake

G
au

ss
ia

n
in

p
u

t

C-Lipschitz
with C ≤ O(1)

Concentrated by construction

Recall: ∀Φ : Rn → Rq λ-Lipschitz, ∀f : Rn → R,
1-Lipschitz:

P (|f(Φ(Z))− E[f(Φ(Z))]| ≥ t) ≤ 2e−
1
2 (t/λ)

2

.

∼
N
(0
, I

p
)

I - Motivation in machine learning
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I - Motivation in machine learning

Outside from Gaussian contration:
Possible to set heavy tailed concentration depending on the dimension

Proposition:
Consider X = (X1, . . . , Xn) ∈ Rn,
Z = (Z1, . . . , Zn) ∼ N (0, In), ϕi ∈ L1(R) and
∃h : R+ → R+, increasing s.t.:

• ∀i ∈ [n] : Xi = ϕi(Zi)

• ∀t ∈ R, ∀i ∈ [n]: |ϕ′
i(t)| ≤ h(|t|)

• for all a > 2 log(2n), b > 0:
h(
√
a+ b) ≤ h(

√
a)h(
√
b).

Example: Consider the case ϕi|R+
: t 7→ et

2/2q − 1, h = ϕi|′R+
.

Then ∀f ∈ L1(Rn,R):

P (|f(X)− f(X ′)| ≥ t) ≤ 3E2 ◦ (Id ·h)−1 ◦

(
t

h(
√

2 log(n))

)
Where E2 : t 7→ 2e−t2/2

“Conjecture” : If ∀r ≤ 1 : E[|Xi,j |r] ≤ ∞ Then ηn ≤ o(
√
n)

ηn
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2
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X = t1
2

Y = t1
2

T2

T3

T1

II - Operation with concentration inequalities.

Definition: α⊞ β = (α−1 + β−1)−1

P (X + Y ≥ t) ≤ P
(
X + Y ≥ α−1(γ(t)) + β−1(γ(t))

)
P (X + Y ≥ t) ≤ 2γ(t)

Proposition: Given α, β : R+ → R+, two random variables
X,Y ∈ R such that ∀t ∈ R:

P (X ≥ t) ≤ α(t) and P (Y ≥ t) ≤ β(t)

Then P (X + Y ≥ t) ≤ 2α⊞ β(t)

Proof: Denoting γ ≡ α⊞ β, for any t ∈ R:

∀t ∈ [t1, t2] :
P(X + Y ≥ t) = 2

3 = P(X ≥ t
2 ) + P(Y ≥ t

2 )

Uniform distribution of (X,Y ) on T1, T2, T3

In particular: α−1(γ(t)) + β−1(γ(t))= t

P (X + Y ≥ t) ≤ P
(
X ≥ α−1(γ(t))

)
+ P

(
Y ≥ β−1(γ(t))

)

α⊞ α = α( ·
2 )
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II - Operation with concentration inequalities.

Definition: α⊠ β ≡ (α−1 · β−1)−1

∀t > 0 : P (X ≥ t) ≤ α(t) and P (Y ≥ t) ≤ β(t)

Then P (X · Y ≥ t) ≤ 2α⊠ β(t)

P (X · Y ≥ t) ≤ P
(
X · Y ≥ α−1(γ(t)) · β−1(γ(t))

)

P (X · Y ≥ t) ≤ 2γ(t)

Proof: Denoting γ ≡ α⊠ β = (α−1 · β−1)−1, ∀t > 0:

Proposition: Given α, β : R+ → R+, X,Y > 0 s.t.:

Lemma: (α⊠β) ◦ exp = ((α ◦ exp)−1+(β ◦ exp)−1)−1Lemma: (α⊠ β) ◦ exp = (α ◦ exp)⊞(β ◦ exp)

P (X · Y ≥ t) ≤ P
(
X ≥ α−1(γ(t))

)
+ P

(
Y ≥ β−1(γ(t))

)
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II - Operation with concentration inequalities.

Theorem: Consider Z ∈ Rn, random, s.t. ∀f : Rn → R,
1-Lipschitz:

P (|f(Z)− f(Z ′)| ≥ t) ≤ α(t) (Z,Z ′ i.i.d.)

∀t > 0 : P (|f(Φ(Z))− f(Φ(Z ′)| ≥ t) ≤ 3 α⊠ β(t)

• Consider Φ : Rn −→ Rp s.t.:

∥Φ(Z)− Φ(Z ′)∥ ≤ max(Λ(Z),Λ(Z ′))∥Z − Z ′∥ a.s.

• Consider Λ : Rn → R+ s.t.:

∀t > 0 : P (Λ(Z) ≥ t) ≤ β(t)

Then: ∀f : Rn → R 1-Lipschitz, ∀t > 0:

Proof: Denote Λ = Λ(Z), Λ′ = Λ(Z ′),

P (|f(Φ(Z))− f(Φ(Z ′)| ≥ t) ≤ P (|f(Φ(Z))− f(Φ(Z ′)| ≥ t,max(Λ,Λ′) ≤ θ)︸ ︷︷ ︸
≤P(|h(Φ(Z))−h(Φ(Z′)|≥t)

+P (max(Λ,Λ′) ≥ θ)︸ ︷︷ ︸
≤2β(β−1(γ(t))

With h : x 7→ supΛ(z)≤θ f ◦ Φ(z)− θd(x, z)

→ equal to f ◦ ϕ on {z ∈ Rn,Λ(z) ≤ θ}.

≤ α( t
β−1(γ(t)) )

≤ α(α−1(γ(t)))

→ β−1(γ(t))-Lipschitz on Rn

γ ≡ α⊠ β = (α−1 · β−1)−1, θ ≡ β−1(γ(t))

(Since ∀t > 0 : α−1(γ(t)) · β−1(γ(t)) = t)
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II - Operation with concentration inequalities.
Theorem:
• Consider Z ∈ Rn, s.t. ∀f : Rp → R, 1-Lipschitz, convex:

P (|f(Z)− f(Z ′)| ≥ t) ≤ α(t)

with α : R+ → R+.
where, ∀k ∈ [d− 1], we introduced mk, a median of
∥dkΦ|Z∥ and md ≡ supz∈Rn ∥ddΦ|z∥.

Proof: Denote: βk ≡
(

Id
mk+1

) 1
1

⊞ · · ·⊞
(

(d−k)! Id
md

) 1
d−k

Strategy: Show recursively for k = d− 1, . . . , 0:

P
(∣∣∣∥dkΦ|Z∥ −mk

∣∣∣ ≥ t
)
≤ C α (c βk(t)) ,

Last step k = 0: Given t ≥ 0, denote:

≤ Cα(cβ0 (t))

At ≡
{
z ∈ Rn : ∀l ∈ [d],

∣∣∣∥dlΦ|z∥ −ml

∣∣∣ ≤ β−1
l (β0(t))

}
.

Core inference: Φ is ωt-continuous on At with certain
ωt : R+ → R+ satisfying ω−1

t (t) ≥ cβ0(t)

• P (|Φ(Z)−m0| ≥ t, Z ∈ At) ≤ 2α ◦ ω−1
t (t)

• P (Z /∈ At) ≤
d∑

l=1

P
(∣∣∣∥dlΦ|z∥ −ml

∣∣∣ ≥ β−1
l (βk(t))

)
≤

d∑
l=1

C α
(
cβl ◦ β−1

l ◦ β0(t)
)

Then, Given d ∈ N, Φ : Rn −→ Rp d-times differentiable:

P (|Φ(Z)−m0| ≥ t) ≤ Cd α ◦ β0(cd t),

≤ C ′α(cβ0(t))
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Application 1: Heavy tailed concentration
Proposition:
Consider X = (X1, . . . , Xn) ∈ Rn,
Z = (Z1, . . . , Zn) ∼ N (0, In), ϕi ∈ L1(R) and
∃h : R+ → R+, increasing s.t.:

• ∀i ∈ [n] : Xi = ϕi(Zi)

• ∀t ∈ R, ∀i ∈ [n]: |ϕ′
i(t)| ≤ h(|t|)

• for all a > 2 log(2n), b > 0:
h(
√
a+ b) ≤ h(

√
a)h(
√
b).

Then ∀f ∈ L1(Rn,R):

P (|f(X)− f(X ′)| ≥ t) ≤ 3E2 ◦ (Id ·h)−1 ◦

(
t

h(
√

2 log(n))

)
Where E2 : t 7→ 2e−t2/2

for all a > 2 log(2n), b > 0: h(
√
a+ b) ≤ h(

√
a)h(
√
b).

min(1, nE2 ◦ h−1) ≤ E2 ◦ h−1 ◦ Id
ηn

, with: ηn ≡ h(
√

2 log(n))

Lemma: Given h : R+ → R+, increasing s.t.:
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Application 1: Heavy tailed concentration
Proposition:
Consider X = (X1, . . . , Xn) ∈ Rn,
Z = (Z1, . . . , Zn) ∼ N (0, In), ϕi ∈ L1(R) and
∃h : R+ → R+, increasing s.t.:

• ∀i ∈ [n] : Xi = ϕi(Zi)

• ∀t ∈ R, ∀i ∈ [n]: |ϕ′
i(t)| ≤ h(|t|)

• for all a > 2 log(2n), b > 0:
h(
√
a+ b) ≤ h(

√
a)h(
√
b).

Then ∀f ∈ L1(Rn,R):

P (|f(X)− f(X ′)| ≥ t) ≤ 3E2 ◦ (Id ·h)−1 ◦

(
t

h(
√

2 log(n))

)
Where E2 : t 7→ 2e−t2/2

ηn

“Conjecture” : If ∀r ≤ 1 : E[|Xi,j |r] ≤ ∞ Then ηn ≤ o(
√
n)
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Application 2: Hanson Wright Theorem

Theorem: (Hanson Wright) Given A ∈Mn deterministic, Z = (z1, . . . , zn) ∈ Rn such that:

P
(∣∣ZTAZ − E[ZTAZ]

∣∣ ≥ t
)
≤ Ce

− ct2

∥A∥2
F + Ce−

ct
∥A∥P

(∣∣ZTAZ − E[ZTAZ]
∣∣ ≥ t

)
≤ Ce

− ct2

∥A∥2
F + Ce−

ct
∥A∥

• ∀f : Rn → R 1-Lipschitz:

P (|f(Z)− E[f(Z)]| ≥ t) ≤ C ′e−c′t2

• ∥E[Z]∥ ≤ K
C, c, C ′, c′,K > 0, independent with n

Adamczak, Rados law (2014) A note on the Hanson-Wright inequality for random vectors with dependencies.
Electronic Communications in Probability. 20. 10.1214/ECP.v20-3829.

Φ(Z) satisfying: |Φ(Z)− Φ(Z ′)| ≤ (∥AZ∥+ ∥AZ ′∥)︸ ︷︷ ︸
Λ(Z):variations of Φ

∥|Z − Z ′∥
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Application 2: Hanson Wright Theorem

Theorem:
• Consider Z ∈ Rn, s.t. ∀f : Rn → R, 1-Lipschitz:

P (|f(Z)− f(Z ′)| ≥ t) ≤ α(t) (Z,Z ′ i.i.d.)

∀t > 0 : P (|f(Φ(Z))− f(Φ(Z ′)| ≥ t) ≤ 2 α⊠ β(t)

Then: ∀f : Rn → R 1-Lipschitz, ∀t > 0:

Question: Possible to replace

{
f(Z ′)

f(Φ(Z ′))
with

{
E[f(Z)]

E[f(Φ(Z))]
??

Yes, IF α, β : t 7→ 2e−t2/2

Other choices for α, β ??

P (|f(Z)− E[f(Z)]| ≥ t) ≤ 2e−t2/2

=⇒ P (|f(Z)− f(Z ′)| ≥ t) ≤ Ce−ct2

=⇒ P (|f(Z)− E[f(Z)]| ≥ t) ≤ C ′e−c′t2

For C,C ′, c′, c > 0 numerical constant.

• Consider Φ : Rn −→ Rp s.t.:

∥Φ(Z)− Φ(Z ′)∥ ≤ max(Λ(Z),Λ(Z ′))∥Z − Z ′∥ a.s.

• Consider Λ : Rn → R+ s.t.:

∀t > 0 : P (Λ(Z) ≥ t) ≤ β(t)



Cosme LOUART · Operation with Concentration Inequalities 14/23

Application 2: Hanson Wright Theorem

Theorem:
• Consider Z ∈ Rn, s.t. ∀f : Rn → R, 1-Lipschitz, convex:

P (|f(Z)− E[f(Z)]| ≥ t) ≤ α(t)

Then:

Lemma:

α⊠ α ◦min

(
incE[Λ(Z)],

Id

λ

)
= α ◦min

(
Id

E[Λ(Z)]
,

√
Id

λ

)
∀t > 0 : P (|Φ(Z)− E[Φ(Z)]| ≥ t) ≤ 2 α

(
t

|E[Λ(Z)]|

)
+ 2 α

(√
t
λ

)
.

• Assume α independent with n and:

σα ≡
√∫

R+

tα(t)dt ≤ ∞ (E[|f(Z)− E[f(Z)]|2] ≤ σ2
α)

• Consider Φ : Rn −→ R convex s.t.:

∥Φ(Z)− Φ(Z ′)∥ ≤ max(Λ(Z),Λ(Z ′))∥Z − Z ′∥ a.s.

• Consider Λ : Rn → R+ s.t.:

∀t > 0 : P (|Λ(Z)− E[Λ(Z)]| ≥ t) ≤ α

(
t

λ

)• Consider Λ : Rn → R+ s.t.:

∀t > 0 : P (|Λ(Z)− E[Λ(Z)]| ≥ t) ≤ α

(
t

λ

)

Convex concentration setting (Talagrand’s Theorem)
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• Consider Λ : Rn → R+ s.t.:

∀t > 0 : P (|∥AZ∥ − E[∥AZ∥]| ≥ t) ≤ α

(
t

∥A∥

)

Application 2: Hanson Wright Theorem

Theorem:
• Consider Z ∈ Rn, s.t. ∀f : Rp → R, 1-Lipschitz, convex:

P (|f(Z)− E[f(Z)]| ≥ t) ≤ α(t)

Then: ∀A ∈Mn:

• Consider Φ : Rn −→ R convex s.t.:∥∥ZTAZ − Z ′TAZ ′∥∥ ≤ 2max(∥AZ∥︸ ︷︷ ︸
Λ(Z)

, ∥AZ ′∥)∥Z − Z ′∥ a.s.

∀t ≥ 0 : P
(∣∣ZTAZ − E[ZTAZ]

∣∣ ≥ t
)
≤ 2 α

(
t

E[∥AZ∥]

)
+ 2 α

(√
t

∥A∥

)
.

• Assume α independent with n and:

σα ≡
√∫

R+

tα(t)dt ≤ ∞

Convex concentration setting (Talagrand’s Theorem)
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Application 2: Hanson Wright Theorem

Then: ∀A ∈Mn, ∀t > 0:

E[∥AZ∥] ≤
√

E[∥AZ∥2]

=
√

E[Tr(ATAZZT )]

= ∥A∥F
√
∥E[ZZT ]∥

P
(∣∣ZTAZ − E[ZTAZ]

∣∣ ≥ t
)
≤ C α

(
ct

∥Σ∥∥A∥F

)
+ Cα

(√
ct

∥A∥

)
.

Theorem:
• Consider Z ∈ Rn, s.t. ∀f : Rp → R, 1-Lipschitz, convex:

P (|f(Z)− E[f(Z)]| ≥ t) ≤ α(t) (∗)

with α : R+ → R+ independent with n.

• σα ≡
√∫

R+

tα(t)dt ≤ ∞

Comparison Adamczak’s result: α : t 7→ e
− t2

2σα2

= ∥A∥F
√
∥Σ∥
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Given x1, . . . , xn ∼ N (0,Σ), i.i.d. random vectors, note X ≡ (x1, . . . , xn) ∈ Rn×p.

Application 3: Random matrix concentration

Goal: Eigen value distribution of 1
nXXT : µ ≡ 1

p

∑p
i=1 δλi

??

• Correspondance µ←→ m : z 7→
∫
R

1
z−λdµ(λ)

“Steiltjes Transform” (similar to Cauchy Transform)

• Link with the “Resolvent”: m(z) = 1
pTrQ(z), where Q(z) ≡

(
zIp − 1

nXXT
)−1

.

Eigen values of 1
pXXT(

Sp
(

1
pXXT

)
= {λ1, . . . , λp}

)

Strategy: Find deterministic Q̃ ∈Mp such that Q ≈ Q̃
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1- Concentration of Q = (zIn − 1
nXXT )−1

α : t 7→ sup {P(|f(X)− f(X ′)| ≥ t), f ∈ L1(Mp,R)}

M 7→ (zIp − 1
nMMT )−1 is C√

n
-Lipschitz

→ ∀f ∈ L1(Mp,R):

P (|f(Q)− E[f(Q)]| ≥ t) ≤ α(
√
nt/C)

2- Find deterministic computable Q̃ close to E[Q].

Application 3: Random matrix concentration

Will deduce: ∀A ∈Mp deterministic:

P
(
|Tr(A(Q− Q̃))| ≥ t

)
≤ Cα(?)
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Application 3: Random matrix concentration

Goal: Approach E[Q] = E
[(
zIp − 1

nXXT
)−1
]

Σ∆ ≡ 1
n

∑n
i=1 ∆iΣi , ∆ to be determinedSolution: Look for Q̃ ≡

(
zIp − Σ∆

)−1

• Of course E[Q] far from (zIp − Σ)
−1

Tr
(
A(E[Q]− Q̃)

)
= E

[
Tr

(
AQ

(
Σ∆ − 1

n
XXT

)
Q̃

)]Given A ∈Mp, deterministic:

Dependence
between Q and xi

=
1

n

n∑
i=1

E
[
Tr
(
∆iAQΣiQ̃−AQxix

T
i Q̃
)]

Σ ≡ 1
n

∑n
i=1 Σi where Σi = E

[
1
nxix

T
i

]
, ∀i ∈ [n]
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Application 3: Random matrix concentration

Use the Schur Formula: Qxi =
Q−ixi

1 + 1
nx

T
i Q−ixi

, with Q−i ≡
(
zIp − 1

nXXT − xix
T
i

)−1
.

Independent with xi

Tr
(
A(E[Q]− Q̃δ)

)
=

1

n

n∑
i=1

E
[

Tr

((
∆i −

1

1 + 1
nx

T
i Q−ixi

)
AQ−ixix

T
i Q̃

∆

)]
+O

(
1√
n

)

1. Chose ∆
(1)
i ≡ E

[
1

1− 1
nxT

i Q−ixi

]

2. Chose ∆(2) solution to ∆
(2)
i = 1

1− 1
nTr(ΣQ̃∆(2)

)

Relies on Hanson-Wright Inequality:

P
(∣∣∣xT

i Q̃
∆AQ−ixi − E[xT

i Q̃
∆AQ−ixi]

∣∣∣ ≥ t
)
≤ Ce−c(t/∥A∥HS)2 + Ce−ct/∥A∥

≈ 1

1− 1
nTr(ΣQ̃∆(1)

)
independent with p, n.
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Application 3: Random matrix concentration

Q̃ ≡
(
zIp − Σ∆

)−1
Q =

(
zIp − 1

nXXT
)−1

With ∆ solution to ∆
(2)
i = 1

1− 1
nTr(ΣQ̃∆)

Σ∆ ≡ 1
n

∑n
i=1 ∆iΣi

Recall the objects: X = (x1, . . . , xn) ∈Mp,n

Theorem: Assume:
• x1, . . . , xn independents
• ∥Σi∥ ≤ C
• ∀t > 0 : α(

√
nt) ≤ α̇(t)

where: τ̇1 =
∫
α̇(t)dt, τ̇2 = 2

∫
tα̇(t)dt and τ̇3 = 3

∫
t2α̇(t)dt

Then: For all f :Mp → R:

∥E[Q]− Q̃∆∥HS ≤ C
τ̇4√
n

∥E[Q]− Q̃∆∥∗ ≤ C
√
pτ̇1 + τ̇2,

o(
√
p) o(p) o(p

1
3 )

α̇ : t 7→ sup {P(|f(xi)− f(x′
i)| ≥ t), i ∈ [n], f ∈ L1(Rp,R)}

α : t 7→ sup {P(|f(X)− f(X ′)| ≥ t), f ∈ L1(Mp,R)}

(Heavy tailed
concentration)
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“Conjecture” : If ∃ϕ ∈ L1(R) : Xi,j = Φ(Zi,j , Z ∼ N (0, Ipn) and ∀r ≤ 1 : E[|Xi,j |r] ≤ ∞
Then τ̇1 ≤ o(

√
p) and τ̇2 ≤ o(p)

Application 3: Random matrix concentration

Theorem:
Assume:
• x1, . . . , xn independents
• ∥Σi∥ ≤ C
• ∀t > 0 : α(

√
nt) ≤ α̇(t) where: τ̇1 =

∫
α̇(t)dt, τ̇2 =

∫
tα̇(t)dt and τ̇4 =

∫
t3α̇(t)dt

• Stieltjes transform m(z) = 1
pTr(Q) in heavy tailed setting:

P
(∣∣∣ 1pTr(Q)− 1

pTr(Q̃∆)
∣∣∣ ≥ t

)
≤ α̇

((
p
τ̇2

+
√
p

τ̇1

)
t
)

Because ∥ 1pIp∥ =
1
p

• In machine learning:

P
(∣∣∣ 1nY TQ2Y − 1

nY
T Q̃∆

2 Y
∣∣∣ ≥ t

)
≤ α̇

(√
nt
τ̇4

t
)

Then: ∥E[Q]− Q̃∆∥HS ≤ C
τ̇4√
n
∥E[Q]− Q̃∆∥∗ ≤ C

√
pτ̇1 + Cτ̇2,

Because ∥ 1nY Y T ∥HS ≤ C
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Application 1: Heavy tailed concentration
Proposition:
Consider X = (X1, . . . , Xn) ∈ Rn,
Z = (Z1, . . . , Zn) ∼ N (0, In), ϕi ∈ L1(R) and
∃h : R+ → R+, increasing s.t.:

• ∀i ∈ [n] : Xi = ϕi(Zi)

• ∀t ∈ R, ∀i ∈ [n]: |ϕ′
i(t)| ≤ h(|t|)

• for all a > 2 log(2n), b > 0:
h(
√
a+ b) ≤ h(

√
a)h(
√
b).

Then ∀f ∈ L1(Rn,R):

P (|f(X)− f(X ′)| ≥ t) ≤ 3E2 ◦ (Id ·h)−1 ◦

(
t

h(
√

2 log(n))

)
Where E2 : t 7→ 2e−t2/2

Then E[Xr
i ] ≤ ∞ ⇐⇒ r < q

ηn = 1
qn

1
q

√
2 log(n), and for q > 1, r < q: E[|f(X)− E[f(X)]|r] ≤ Cηn

r

Example: Consider the case ϕi|R+
: t 7→ et

2/2q − 1, h = ϕi|′R+
.

Then E[X2
i ] ≤ ∞ ⇐⇒ q > 2 =⇒ ηn ≤

n→∞
o(
√
n)


