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| - Motivation in machine learning

Given a data set D = ((z1,y1),-- -, (Tn,Yn)) n independent drawings of X € RP and Y € R

Look for a mapping ®p : RP — R that “minimizes’:
L(®p(X),Y)  Foragivenaloss L:R?* — R
Behavior of the loss L(®p(X),Y) ?

Ex: D, X,Y — L(®p(X),Y) A\, ,-Lipschitz:

P(L(@o(X).Y) - L 2 ) < o (1)

np

Consider o : ¢ — sup {P (| f(X) — f(X')| > 1), f:RP — R, 1-Lipschitz}.

lim; oo a(t) = 0 7 Depends on p?
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| - Motivation in machine learning

Given Z ~ N (u, I,), Vf : R® — R, 1-Lipschitz:

P(£(7) — fMd

Given ¢ : R™ — R™ A-Lipschitz and f : R™ — R 1-Lipschitz:
P([f(2(2)) = f(2(Z2))] = ¢)

=P <|§f(<1>(Z)) _ %f(cb(z’))‘ > ;) <937, |®(Z) —2(Z2")| < i\HZ - 7| as.

Random

(Talagrand)
Given Z = (Z1,...7Z,) € [0,1|" s.t. Z4,...,Z, independent
VI :RP — R, 1-Lipschitz and convex:

P(f(Z) —E[f(2)]] > t) < 2¢~ .

Michel Talagrand (1995) Concentration of measure and isoperimetric inequalities in product spaces. Publications
mathématiques de I'lHES, 104:905-9009.
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| - Motivation in machine learning

Theorem: Given Z ~ N (u, I,), Vf : R" — R, 1-Lipschitz: Recall: V& : R® — R? A-Lipschitz, Vf : R" — R,
1-Lipschitz:

P(1f(Z) - E[f(2)]] = t) <22 L

P(If(®(2)) — E[f(2(2))]]| > t) < 2e72/)

GAN generated images are concentrated vectors

Generator
= P Concentrated by construction
—~
Q. o
=T
-
c
C-Lipschitz

with C < O(1)
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| - Motivation in machine learning

Il

Outside from Gaussian contration:
Possible to set heavy tailed concentration depending on the dimension

Consider X = (X4,...,X,) € R", . ,

; : <
Z=(Zy,...,Z,) ~N(0,1,), ¢; € L1(R) and vt ER, Vi € [n]: |¢;(t)] < A(lt])
dh : Ry — R, increasing s.t.: for all a > 2log(2n), b > 0:
h(va +b) < h(\/a)h(/b).

Ve £1(Rn,R)Z

Mn
P(|f(X)— f(X)]>1t) <3&o (Id-h)_l o (h(\v\/ﬂtog(n))> Where & : ¢t — 2e~t /2

Consider the case ¢¢|R trs et /20 1, b = gb7;|]’R .
+ +

“Conjecture” : IfVr <1: E||X, ,|"] < N < o(4/n)
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Il - Operation with concentration inequalities.

aBf=(a"t+p7)""

Given o, 8 : Ry — R, two random variables
X,Y € R such that Vt € R:

P(X>t)<alt) and P(Y >1t)<B(t)
P(X+Y >t) <208 3(1)

Proof: Denoting v = aH S, forany t € R:
In particular: a=t(v(t)) + 871 (y(t))=1

31| D)
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Il
Vt € [tl,tz] :
PX+Y >t)=2=P(X>)+PY > 1)
Y A
T
’ alHa=a(s5)
T
>

Uniform distribution of (X,Y") on T1,T5,T5
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Il - Operation with concentration inequalities.

aXp=(at-p71H)!

Given a, 6 : Ry — Ry, X,Y > 0s.t.:
Vi>0: P(X>t)<at) and P(Y >1t) < B(t)
P(X Y >t) <2aXK3(t)

Proof: Denoting v = aX 8= (a~1-5~1)~1, Vt > 0:
P(X-Y>t)<P(X Y >a'(y(1) 87'(v1))
<P (X >a ' (y(t) + P(Y > 87 (v(1))
< 27(¢)
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Il - Operation with concentration inequalities.

Consider Z € R", random, s.t. Vf : R" — R, Consider @ : R"™ — RP s.t.:
1-Lipschitz:
|(Z) — (Z")|| < max(A(Z), MZ)NZ = Z'|| as.
P(f(Z)~ f(Z)| =t <alt) (2,7 iid)
: R™ — R 1-Lipschitz, Vt :
Consider A : R" — R, s.t.: v/ ~ ipschitz, vt > 0

vt>0: P(A(Z)>1) <B(1) vi>0: P(f(P(2)) = f(P(Z)]2¢) <3 a i)

ap= (!t g7 o=5"1(7())
P(|f(®(2)) ~ f((Z)] > t,max(A,A') < 0) + P (max(A, A') > 0)

\ . 4

Proof: Denote A = A(Z), N =A(Z"), v =
(

P(lf(2(2)) - f(2(Z)] = 1)

VAN

N

<E(IA(@(2)=h(2(2)[21) < o 5=rLrry) S2B(10()

With h: x — supy )<y | © P(2) — 0d(z, 2) < ala"t(y(t))
equal to f o on {z € R" A(z) < 0}.
1 (0)-Lipeit on B (Since V> 0+ a4 (0) 5 (1(0) =1
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Il - Operation with concentration inequalities.

Givend € N, & : R®" — RP d-times differentiable:
Consider Z € R", s.t. Vf : RP — R, 1-Lipschitz, convex:

P(1f(2) - f(Z')] = t) < a(t)
| N where, Vk € [d — 1], we introduced 772;., a median of
with o : R — R |d*®@| || and 14 = sup,can [|d?®| |

P(|®(Z) —mo| >1t) < Cq ao By(cy t),

1
1

H...H ((d—k)!ld) TF Last step kK = 0: Given t > 0, denote:

Proof: Denote: [3;. = ( 1d ) o
A = {z eR" Vi€ [d), ||d'®| | —my| < B (50(75))} |

M 41
Strategy: Show recursively for k =d —1,...,0:

P (‘Hqu)\ | — mk| > t) <CaleBlt)), Core inference: ® .is a{t—conEilnuous on A; with certain
wt : Ry — Ry satisfying w, (1) > ¢0y(1)

P(|®(Z) —mo|>t, ZcA) < 200w, ()<Oa(cﬁo())

d
P(Z ¢ A) gz ([l il =mi| > 871 (Bu1) < an (cBro Bt o Bolt)) < C'alcBo(t))

=)
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Application 1: Heavy tailed concentration

Il
Consider X = (X4,...,X,) € R", . ()] <
7 = (Z1,...,Zpn) ~N(0,1,), ¢; € L1(R) and vt ER, Vi € [nf: [¢5(t)] < A(]t])
dh : Ry — R, increasing s.t.: for all a > 2log(2n), b > 0:
h(va +b) < h(y/a)h(\/b).

Ve Ll(Rn,R)I

t

h(+/21og(n))

P(’f(X)_f(X/)‘ > 1) S3‘(:20(101'h)_10 ( ) Where &5 :tHZe_t2/2

Given h : Ry, — R, increasing s.t.:

for all @ > 2log(2n), b > 0:  h(va+b) < h(y/a)h(/b).
min(1,n;oh 1) <& oh to 717—d, with: n,, = h(y/2log(n))

n
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Application 1: Heavy tailed concentration

Consider X = (Xq,...,X,) € R™, . Y
7 = (Z1,...,Zpn) ~N(0,1,), ¢; € L1(R) and vt ER, Vi € [nf: [¢5(t)] < A(]t])
dh : Ry — R, increasing s.t.: for all a > 2log(2n), b > 0:
h(va +b) < h(\/a)h(/b).
Ve £1(Rn,R)Z Mn w
_ L 2
P(lf(X)— f(X")| >1t) <3Eo(Id-h) o Where & : t + 2e 7" /2
(LF(X) = fF(XT)| = 1) < 3& 0 (Id-h) <h<\/210g(n))> ere & 1 £+ 2e
“Conjecture” : If Vr <1: E[|X, ;"] < ¢ N < o(4/n)
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Application 2: Hanson Wright Theorem

(Hanson Wright) Given A € M,, deterministic, Z = (z1,...,2,) € R™ such that:

Vf:R"™ — R 1-Lipschitz: -
P(f(Z2) -E[f(2)]| >t) < C'e™"

IELZ]]| < K

C,c,C', ¢, K > 0, independent with n

2
ct ot

P(|Z"AZ —E[ZTAZ]| > t) < Ce "E 4+ Ce T4

©(Z) satisfying: |2(2) — ©(Z")| < (|[AZ]| + |AZ'|) [[|Z — Z'|

A(Z ):variations of &

Adamczak, Radostaw (2014) A note on the Hanson-Wright inequality for random vectors with dependencies.
Electronic Communications in Probability. 20. 10.1214/ECP.v20-38209.

L X F ERID
ese University of Hong Kong, Shenzhen

Sﬁﬁ?ﬁ%ﬁim Cosme LOUART - Operation with Concentration Inequalities ;5

BB EER



Application 2: Hanson Wright Theorem

Consider @ : R — RP s.t.:

Consider Z € R", s.t. Vf : R™ — R, 1-Lipschitz:
|2(Z) — ©(Z2)|| < max(AMZ2), MZ)Z = Z'|| as.
P(f(Z2) - [(Z)]2t) <alt)  (Z,7'iid)

Consider A : R™ — R, s.t.:
vt>0: P(AZ)>1) <B(t) P(|f(2)—E[f(2)] >t) <2 "/
f(Z) = [(Z))] = t) < Ceet
(

— P (
Vf:R"™ — R 1-Lipschitz, Vi > 0: — P(|f(Z) - E[f(2)]]| >t) < Ol e—c't
For C,C", ¢, c > 0 numerical constant.

> 1) < !
)_
vt 0 P(F(®(Z) = (D7) > 1) <2 a R A(t)

| F(Z" E[f(Z) Yes, IF a, B:t— 2e 1 /2
Possible to replace

]
f(@(Z")) E[f(®(2))] for o, B 77
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Application 2: Hanson Wright Theorem

Consider @ : R® — R convex s.t.:

Consider Z € R", s.t. Vf : R"™ — R, 1-Lipschitz, convex:
|2(Z2) — @(Z")|| < max(A(Z), AMZ)NNZ - Z'||  a.s.

P(f(Z2) =EF(2)]] 2t) < all)

Consider A : R" — R s.t.:

vt>0: P(AZ)-EAZ)]|>1) <a G) Oo = \//]R+ ta(t)dt < o (E[|f(Z) - E[f(2)]]'] < 02)

Assume « independent with n and:

vt>0: P(®(Z) —E0(2)] > 1) <2 a (plzy) +2 0 (\/g) .
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Application 2: Hanson Wright Theorem

- -
v
Consider Z € R", s.t. Vf : RP — R, 1-Lipschitz, convex:

|27 AZ — Z'T AZ'|| < 2max(||[AZ]], |AZ')|Z - Z'|| a.s

P(|f(2) ~ E[f(2)]| > 1) < a(t =

v Assume « independent with n and:

t
¥ >0: P(AZ] - 5Az])] 20 <a () L \/ [ tateyie <
Ry

VA e M,,:

ve>0: P(|27AZ-E[Z7AZ]| > 1) <2a (b)) +2a (/)

(R I
ese University of Hong Kong, Shenzhen
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Application 2: Hanson Wright Theorem

Consider Z € R", s.t. Vf : RP — R, 1-Lipschitz, convex: E[||AZ]||] < VE[||AZ]?]
P(I£(2) ~ E[f(Z)]| 2 1) < a(t = VE[TH(ATAZ27)]
with « : RT — R_ independent with n. = [|A F\/ E[ZZ7T]||

Oo = \// ta(t)dt < oo = | Al [IZ]]
Ry

VA e M, Vt > 0:

P(|774Z ~EZ77AZ]| 21) < C o (5t ) + Ca (/)

_ 2
Adamczak’s result: o : t — e 20a

2
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Application 3: Random matrix concentration

Given x1,...,z, ~ N(0,%), i.i.d. random vectors, note X = (x1,...,x,) € R"*P,

Eigen value distribution of XX : 1 = zl? b0,

Eigen values of %XXT /

(Sp (%XXT) SV Ap})

Correspondance /i <— m : 2+ [, —dp(A)

“Steiltjes Transform” (similar to Cauchy Transform)

Link with the “Resolvent”: m(z) = %Tr@(z), where Q(2) = (21, — %XXT)_l.

Find deterministic () € M, such that @) = Q
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Application 3: Random matrix concentration

Concentration of Q = (21, — X X7*)~!
a e sup{P([f(X) = f(X)] = 1), f € Li(Mp,R)}

M (21, — TMMT)~"is S=-Lipschitz

n
Ve Ll(./\/lp,R):
P(1f(Q) —E[f(@) =t) < a(vnt/C)

Find deterministic computable @ close to E[Q].

Will deduce: VA € M,, deterministic:

P (ITr(AQ - Q) = t) < Ca(?)
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Application 3: Random matrix concentration

Il B
Approach E[Q] = E [(zlp _ %XXT)*}
Of course E[Q)] far from (21, — %)™ Y=2L30" % where X, =E | Laa] |, Vi € [n]
Look for Q = (21, — ZA)_l ne =45 AY;, A to be determined
‘\/ Dependence
Given A € M,,, deterministic: between () and x;

- (A(E[Q] - Q)) o {Tr (AQ (ZA B %XXT> @ﬂ _ % iﬁ;E [Tr (AiAQEiQ — AQazia;iTQ)}
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Application 3: Random matrix concentration

Tr (A(E[Q] — @5)) = %éﬁ {Tr ((Ai 1+ ?%L;TQZQJ) AQ_WMTQA” ¢ (%)

() _;x;

Use the Schur Formula: Qz; = with QO = (21, — XX — a:i:ET)_l.

‘\— Independent with x;

1 . .
Chose Ag )= F {1_%$%Q_imi} ~ 1—lTr(1zQA(”) independent with p, n.

Relies on
P (|7 Q2 AQ iz; — Bzl Q*AQ ia

Chose A(2) solution to A(-Q) = L )
g 1—LTr(ZQ” )

> t) < Ce—ct/Als) 4 crp—ct/IIAl
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Application 3: Random matrix concentration

Il
Recall the objects: X = (21,...,2,) € My,
_ ~ ~1 "
Q= (21, — LxXT)" Q= (2L, —%%) 2= 150 AT
: : (2) _ 1
With A solution to A" = IO
Gt = sup{P(|f (i) — f(7)| = t),i € [n], f € LL(RP,R)}
o st e sup (PF(X) = F(X)] > 1), f € £1(My, R)}
Assume: Forall f: M, = R:
x1,...,T, Independents .
. ~ T ~ . .
il < © [EIQ] - Q%lus < C—=  |EIQ] - Q. < CVpr + 72

Vit > 0: a(y/nt) < alt) Vn
where: 7, = [ a(t)dt, 75 = 2 [ ta(t) dtandTg—Sft2 t)dt

o(v/P) o(p) o(p3) (Heavy tailed
concentration )
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Application 3: Random matrix concentration

Assume:
) ~ T. ~ . .
r1,.... 2, independents [E[Q] - Q%lls < C=  IBIQ] = @l < OVPh + T
12| <C

Vi > 0: a(y/nt) < &t) where: 7, = [ &(t)dt, 75 = [ta(t)dt and 74 = [t3a(t)dt
S Tr(Q) in heavy tailed setting:

(i@ man| 2 ) <a (2 )1)  oe =

2

Stieltjes transform ()

“Conjecture” : It dp € L1(R): X;,;, =D(Z;;, Z ~N(0,1,,) and Vr < 1: E[|X,,;]"] < oc
71 < o(y/p) and 72 < o(p)

In machine learning:
P (‘%YTQZY _ %YTQQAY‘ > t) < (@t) Because || LYY 7| g < C
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Application 1: Heavy tailed concentration

Il
Consider X = (X4,...,X,) € R", . ()] <
7 = (Z1,...,Zn) ~N(0,1,), ¢; € L1(R) and vt ER, Vi € [nf: [¢5(t)] < A(]t])
dh : Ry — R, increasing s.t.: for all a > 2log(2n), b > 0:
h(va +b) < h(y/a)h(\/b).

Ve Ll(Rn,R)I

t 2
P(If(X)— f(X)|>t) <3E0(Id-h)" " o Where &, : ¢ s 2¢ /2
h(+/21og(n))
Consider the case gb@-| ts et /20 ] = ¢i|/ |
Rt R

Then E[ X! <00 <= 7 <gq

Ny = %n%\/Qlog(n), and for g > 1, r < q: E[|f(X)—-E[f(X)]|]"]| <Cn,"

Then E[X/| < oo <= ¢>2=1, < o(yn)

n— oo
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