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Abstract

This paper provides a large dimensional anal-
ysis of the Softmax classifier. We discover
and prove that, when the classifier is trained
on data satisfying loose statistical modeling
assumptions, its weights become determinis-
tic and solely depend on the data statistical
means and covariances. As a striking conse-
quence, despite the implicit and non-linear
nature of the underlying optimization prob-
lem, the performance of the Softmax classifier
is the same as if performed on a mere Gaussian
mixture model, thereby disrupting the intu-
ition that non-linearities inherently extract
advanced statistical features from the data.
Our findings are theoretically as well as nu-
merically sustained on CNN representations
of images produced by GANSs.

1 Introduction

The intricate nature of deep network training leaves
little insight on the information encoded into the inter-
layer connectivity weights of a fully trained network,
thereby so far not allowing for any useful interpretation
and control of their performances [YKYR18].

At the very source of these difficulties are the im-
plicit optimization scheme as well as the multiple
non-linearities involved in the network design: the
activation functions in the intermediate layers and
the soft or hard decision in the last layer [LWL*17].
For lack of a tractable comprehensive analysis, liter-
ature studies have mostly focused on individual net-
work components or rough network approximations.
For instance, the effect of non-linearities in a single-
hidden layer network was analysed in [PW17, LLCT18],
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Figure 1: Illustration of the Softmax classifier with
concentrated random vectors [Led05, LC18] (belonging
to some space X) as input data, i.e., satisfying the
property P (|p(x) — Ep(x)| > t) < Ce~#/9)" for all
1-Lipschitz ¢ : X — R (see Definition 1). GAN data
as well as their deep network-based representations are
practical examples of such random vectors [SLTC20].

the learning dynamics in elementary network designs
in [SMG13, dCPS'18] and the basic understanding of
the loss surface geometry in a largely approximated
version of the deep network in [PB17, CHM " 15].

These analyses provide basic behavioral intuitions but
fail to provide a performance assessment at the final
decision stage. As a first answer, the present article
instead focuses on the analysis of the weights and per-
formance of the Softmax classifier, commonly used as
the last decision step in neural networks. This clas-
sifier has the property, of key importance here, to be
optimal for Gaussian mixture inputs with equal co-
variance [YW19]. Modelling the input features of this
classifier as concentrated random vectors [Led05] (see
Figure 1), which is a natural assumption as concen-
trated random vectors enjoy the property to be stable
through Lipschitz maps and thus through the action
of intermediate neural network layers [SLTC20], the
article studies the statistical behavior of the Softmax
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classifier when trained independently of the remainder
of the network.

Our analysis leverages recent advances in random ma-
trix theory by supposing the realistic setting where the
number of data samples n (here their representations
at the penultimate layer) and their dimension p (the
size of this representation, i.e., the number of neurons
in this layer) are both large and comparable.

From a technical standpoint, as the (isolated) Soft-
max classifier training corresponds to a (possibly non-
convex) optimization problem, our analysis of the Soft-
max weights is performed by first expressing the op-
timization as a contracting fixed point equation, and
then showing that the concentration properties of the
data features “propagate” to the solutions of the fixed-
point equation and thus to the Softmax weights. This
importantly implies that, for large n,p, the Softmax
weights become fully deterministic and can be explic-
itly evaluated as a function of the data statistics and
the Softmax parameters. These conclusions may be
summarized as follows:

1. The above deterministic behavior exhibits a sur-
prising wuniversality of the Softmax classifier, in
the sense that the large dimensional statistics of
the weights solely depend on the statistical means
and covariances of the input data features;

2. this suggests in turn that, quite counter-intuitively,
at least as far as the last Softmax classification
layer is concerned, no further discriminative fea-
ture of the data is extracted and, in particular,
the Softmax classifier treats the input data as if
they were Gaussian random vectors; this, in pass-
ing, supports the Gaussianity assumption on the
data representations commonly considered in the
literature [HRUT17, PRUT18, KG17];

3. combined to the aforementioned optimality of the
Softmax classifier on Gaussian mixture models
with strongly discriminative class-wise means, this
compellingly supports an overall classification op-
timality of the Softmax classifier on large dimen-
sional representations of real data. A similar be-
havior was already pointed out, yet not well un-
derstood, by the authors in [MVPC13, GCM18§];

4. our findings are supported both theoretically and
practically by considering the input data features
as CNN-representations of images generated by
the BigGAN model [BDS18].

The remainder of the article introduces works related
to the present analysis (Section 2), before precisely
introducing the Softmax classifier and data model un-
der study, along with basic concentration of measure

prerequisites (Section 3). Our main theoretical results
are developed in Section 4 along with supporting ex-
periments, finally discussed in Section 5. The main
derivations of our results are deferred to the Supple-
mentary Material.

2 Related Works

The Softmax activation is commonly used as an output
activation of deep neural networks in many applications
[HZRS16, SVL14, CVMG™14, GMH13| to model cate-
gorical probability distributions [Bri90]. It is also used
in some recent learning mechanisms such as attention
models [VSPT17], at the core of a variety of very effi-
cient NLP models known as transformers [TDBM20].

Significant efforts have been made on the analysis and
improvement of the Softmax classifier: the authors
in [KFYA18| highlight the source of the bottleneck
effect of Softmax and propose an alternative which
improves the performance for language modelling; in
order to reduce the computational cost of training with
Softmax, the authors in [RCY 19| propose a sampled
version of Softmax relying on random Fourier features;
in [LWYY16], a generalized large-margin Softmax is
devised to enforce intra-class compactness and inter-
class separability between learned features in convolu-
tional neural networks; finally and closer to our present
findings, the article [KG17| develops a structured clas-
sification model relying on Softmax, which is the state-
of-the-art approach for deep learning heteroscedastic
classification — specifically, the model places a Gaus-
sian distribution on the logits of a standard Softmax
classification model. By describing the actual behavior
of the Softmax classifier on realistic data models (based
on concentration assumptions on data; see next), our
present findings support the Gaussianity assumption on
the logits as made by [KG17], which, to the best of our
knowledge, constitutes a first theoretical justification
of this assumption.

Our approach is closely related to the analysis of the
logistic regression model in [EKBB* 13, MLC19| with
Gaussian assumptions on data, although we generalize
these ideas to a k-class mixture model under the more
general concentration assumption on the input data.

Notation: For m € N, [m] = {1,...,m}. Vectors are
denoted by boldface lowercase and matrices by boldface
uppercase letters. The set of matrices of size p X n is
denoted M,, ., the set of squared matrices and diagonal
matrices of size n respectively M,, and D,. | - | is
the Euclidean (resp., spectral) norm for vectors (resp.,
matrices); || - ||r stands for the Frobenius norm.
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3 Model setting

3.1 The Softmax classifier

Let (x1,y1),- .., (xn, Yn) be aset of n labeled data asso-
ciated to one of k classes Cy, . .., Ck, where x; € RP and
y; € R¥ are one-hot encoded vectors such that y;, = 1
if &; € Cy. The x;’s form the input of an /5-regularized
classifier with regularization parameters (A¢)ecir € RT
and class-wise weight vectors wi, ..., w; € RP set to
minimize the loss!

k k
1 & 1 )
‘C(w17"'7 EZZy@IngM—"_gZ)‘Z”wZH
i=1 £=1 (=1
with p;p = 2wiz) g some real-valued function
¢ Z?:l gb('w;ml)

¢ : R — R. In particular, ¢(t) = et for the classical
Softmax classifier [GP17]. Cancelling the gradient of
the loss with respect to each weight vector wy yields,
for each ¢ € [K],

1 n
_EZ

=1

Apwy =

(yiw(w}wi)

k
- i 1/] ’U) €T Ty,
Z] 1¢( z_: ’ >

where 1) = ¢'/¢. Under appropriate statistical assump-
tions on the data matrix X = [x1,...,2,] € Mp,,
and assuming p,n large, we subsequently show that
the stacked vector W = [w],...,w]|T € RP* has a
tractable behavior, which in turn allows us to accurately
predict the performances of the Softmax classifier.

(1)

wg x;)

3.2 Mixture of concentrated vectors as input

This section introduces the statistical data model used
to study the behavior of the weight vector W. We first
characterize the data classes: if x; € Cy, then x; € RP

is a random vector with
= E[x;], C,=E[z;x]] -

e ILEN[ )

, the proportion of data in class
C¢. The vectors xq, ..., x, are further assumed to be
independent and such that X = [z1,...,2,] € My,
satisfies a concentration property. To properly state
this central assumption (Assumption 1 below), the
notion of concentrated random vectors needs to be
defined.

Definition 1 (Concentrated vector). Given a normed
vector space (X, ||]|) and ¢ > 0, a random vector x € X

and we note vy = #

!Biases are not introduced in the present formulation as
their effect is known to be negligible in practice [KXR119)
and would impede readability.

is said to be q-exponentially concentrated if for any 1-
Lipschitz ¢ : X — R, there exists C > 0 independent
of dim(X) and o > 0 such that, for allt >0,

P (jp(x) — Ep(@)| > t) < Ce” W/, (2)

This is denoted as © x &;(0), where o is called the
observable diameter. If o does not depend on dim(X)
we simply write & o< &,.

The prototypical example of a concentrated random
vector is the Gaussian random vector z ~ N(0, I,)
for which z «x & [Led05]. But the richness of concen-
trated random vectors lies in their fundamental stability
property through Lipschitz operations, which naturally
generates wide families of concentrated random vectors.

Remark 3.1 (Stability through Lipschitz transforma-
tions). It is easily deduced from Definition 1 that, given
some Z 3 z x &; and an L-Lipschitz transformation
G: Z— X (L might depend on dim(X)), the concen-
tration property on z is transferred to G(z). Specifically,
G(z) x & (L). Indeed, for all p : X — R, 1-Lipschitz,
+¢ 0@ is 1-Lipschitz, and one can apply (2) to -

The concentration of Gaussian vectors combined with
the stability through Lipschitz transformations as per
Remark 3.1 provides a wide range of concentrated
random vector families with possibly quite complex
dependence structures. A remarkable example of such
random vectors are random vectors produced by gener-
ative adversarial networks (GANs) [GPAM*14]: GAN
networks? are such that their outputs have the same
concentration® as their inputs [SLTC20]; in particular,
for Gaussian NV (0, I;) inputs (as traditionally assumed)
whose observable diameter does not depend on the
dimension d, the observable diameter of the GAN gen-
erator outputs does not increase with the output data
dimension. Further operations through neural network
layers with controlled Lipschitz norms (as is again tra-
ditionally done) on concentrated random vectors also
maintain the concentration and observable diameter.

As a further consequence of the above remark, mak-
ing the reasonable approximation that GAN-generated
data are alike real data, we may assume that GAN data
fed into the first layer of a deep neural network are out-
put in the one-before-last layer as concentrated random
vectors with observable diameter independent of their
dimension. For our present interest, this assumption is
summarized as follows:

Assumption 1 (Concentrated data). Letting X =
[1,...,2,] € My, with independent x;’s, X x & in
the sense of Definition 1.

2Specifically, the generator part after training.

3When the GAN model has a controlled Lipschitz con-
stant, which is practically ensured by spectral normalization
as in the BigGAN model [BDS18].
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Our objective is to “transfer” the concentration of X
to the weight vector W as defined in (1). To this end,
we demand that the number of data n be of the same
order of magnitude as their dimension p.

Assumption 2 (Growth rate). As n — oo, p/n —
c € (0,00) and for each £ € [k], ||me] < O(1)%.

Concentrated vectors satisfy a host of further inter-
esting properties (see [Led05] for a detailed account
and [LLCT 18] for their application to random matrix
asymptotics, closer to the present work). We close this
section by stressing one of these properties, of central
importance here, and which fundamentally justifies the
appearance of Gaussian-like behaviors in large neural
networks, even when the network input is far from
Gaussian [KGC18, NBAT18].

Theorem 3.2 (CLT for concentrated vectors [Kla07,
FGPO7]). Let x € RP be a random vector with E[z] = 0
and ElxzxT] = I, and v be the uniform measure on the
sphere SP~1 C RP of radius 1. Then, if © &, there
exist two constants C,c > 0 and a set © C SP~! such
that v(©) > 1 — /pCe™ VP and VO € O:

sup [P(0Tx > t) — G(1)| < p~'/*,
teR

—u?/2 .

for G(t) = \/% [Ze

4 Main results

4.1 Convergence of the Softmax weights

This section characterizes the statistical behavior of
the softmax classifier weights W = [w],..., w]]T €
RP% under Assumptions 1-2 and, as a result, retrieves
the (asymptotic) exact classifier performance. The
complete proofs of the results can be found in [LC20b].

For readability in the following, we restrict ourselves to
scalar labels (thus in R rather than R¥) and synthesize
(1) under the compact form

n

1
w=— flwTx)x,;, 3
2 D Swre) 3)
where w € RP plays the role of the weight vector and
f:R — R is a scalar function (parametrized by ¢ and
A in the formulation of the Softmax classifier). The
results specific to the generic Softmax classifier (1) with
arbitrary k£ are only more technical; the detail is left
to the Supplementary Material.

4When not satisfied, this assumption is classically ob-
tained after a re-centering of the data, the dependence
between the data brought by the re-centering is limited and
can be controlled.

Equation (3) can be further simplified as the fixed-point
equation w = ¥(w) where V¥ is the random mapping
defined for any z € RP as: ¥(z) = 1 X f(XTz) (with
f applied entry-wise). For w to be well-defined and
for the concentration of X to propagate into w, the
mapping ¥ : w — %Xf(XTw) is required to have
contraction properties; assuming f differentiable, this
holds under the event

1 /
A = {17 I XX 2 1=

For this event to be highly probable, we introduce some
regularizing properties on f and X.

Assumption 3 (Countractivity). The mapping f is
differentiable and there exists € > 0 independent of n,p
such that

1
B XXTY) £ 1 22,

Remark 4.1 (Regularization parameter thresholding).
For the generic Softmazx classification problem, As-
sumption 3 implies that the parameters \g’s cannot be
chosen too small. Indeed, ||f'||cc being proportional
to 1/(infyep Ae), 21| E[| X XT|] = 0o as A — 0.
The upcoming results are thus only valid for sufficiently
large A¢’s. Yet, since (1) can be solved for small A¢’s
by gradient descent (rather than by fixed-point iterates),
one may hope that the article core results (notably The-
orem B.j) still hold irrespective of Ay > 0 (although
the theoretical estimates may not be accessible through
fized-point iterations).

Then we have the following lemma, proved in the Sup-
plementary Material.

Lemma 4.2. There exist two constants C,c > 0 inde-
pendent of p,n such that P(AS,) < Ce™".

Under these conditions, our main result guarantees the
transfer of the concentration of X into w.

Theorem 4.3 (Concentration of w). Under Assump-
tions 1-3, w concentrates w.r.t. the event A,° as

wnne ()

Since their observable diameter 1/4/n vanishes for n,p
large, Theorem 4.3 ensures that the random weight
vector w becomes deterministic as p,n grow. We now

5Formally, the random vector w is a measurable mapping
Q — RP* where (Q,F,P) is the underlying probability
space. If P(A) > 0, for A € F, the random vector (w | A)
is the measurable mapping A — RP* such that, Yw € A,
(w | A)(w) = w(w). The statistics of (w | A) are then
computed in the probability space (A, F A A,P4), where
FAA ={BNA,B € F}andVB € F,P4(B) =P(B)/P(A).
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fine-tune this result by characterizing its first and sec-
ond order statistics

P = Elw],

for all finite but large n,p. The estimation of pi,,
and Cy, unfolds in two steps: (i) a first control of the
statistical dependence between w and X, delineated in
Subsection 4.2, and (ii) the proper evaluation of 1,
and C,,, in Subsection A.2.

Cw = [WwWwT] — pow ],

4.2 Control of the weight-data dependence

Taking the expectation on both sides of (3), the
main technical difficulty arises from the evaluation of
Elz; f (2] w)] due to the elaborate dependence between
w and x;. Our approach consists in approximating
f(x]w) with a functional & (x]w_;) where k(i) is
the class of x;, §(;) : R — R is deterministic and w_;
is the vector w deprived of the contribution of x;, i.e.,
the solution to
w_; = %f(XIiw,i)th

where X_; = [@1,...,2;-1,0,Zit1,..., 2] € M, .
From there, we are left to estimating E[ax;& ;) (2] w_;)]
which is far easier to handle as Theorem 3.2 ensures
that z; = x]w_; behaves with high probability like
a Gaussian variable whose mean and variance can be
estimated from the statistics of @; and w (the latter
having the same statistics as w_;); see next Figure 3.

The link between w_; and w is made thanks to the

interpolation mapping w_; : [0,1] — R?, defined for

i € [n] as the unique solution, for all ¢ € [0, 1], to
w,z(t) =

(4)
This mapping can be seen as a path between the weights

vector w = w_;(1) of the Softmax classifier and w_; =

% FOXTw_i(8) X i + % f(@Tw_

By the inverse function theorem, ¢ — w_;(t) is shown
to be differentiable, and we obtain the explicit formula:

Xi(H)Q_i(t)x;, with

_1
)= (I — fX DO (¢ )X_Z) - € My, o

tf (@]w_i(t)), and DU (t) €
a diagonal matrix with diagonal entries D
f(@jw-_;(t)) € R for j € [n].

Relying on concentration
ments [LC20al,

e M, is
DY(t)

where x;(t) =

of measure
the random vector Q

argu-
—i (t)ml is

almost constant w.r.t. ¢ and thus almost equal to
Q_;(0)x;. The fact that @_;(0) (now simply denoted
Q_;) is additionally independent of x; allows us to
integrate (5) to obtain the core technical result of the
article, which relates w_; to w. This is achieved under
a last very light assumption.

Assumption 4. [|f" || < o0.

Theorem 4.4. Under Assumptions 1-4 there exist
C,c > 0 independent of p,n such that, vVt > 0,
> 1)

Pa, (
< Cefcnt?
To estimate a:iT'w as a deterministic functional of a:iT'w,i
we still need to estimate %a:iTQ,ia:i. This follows from
the following random matrix argument (see [LC20a]).
Proposition 4.5. For any ¢ € [k], let D, =
Ea,[f'(zTw)] for x; in C; and define, for any pa-
rameter vector § € R¥, the deterministic matriz

k _ -1

~ a‘Da

Q((S) = <Ip—zlj“)Ca> GMP
a=1 a=a

Then the system of fixed point equations

1
rJw—xz]w_; + E:czTQﬂwzf(wlTw)

Ve e K] 6 = %Tr (C1Q(5))

admits a unique solution § € R* such that, for any
i € [n] and for all t > 0,

1
Pa, (‘%TQZ% — Ok(i)
n

> t) < Cement
for some C,c > 0 independent of p,n

Theorem 4.4 combined with Proposition 4.5 lead to the

approximation:

fl@]w) = f (2]w_i + oy f(2]w)),
which allows us to connect ]w and z; = x]w_;.
Proposition 4.6. Under Assumptions 1-/ and for any
L€ [k] and z € R, the fized point equation
z = f(z+ 0pz),

admits a unique solution &s5,(z). Besides, ¥t > 0,
P4, (|f(2z]w)

Note that for all z € R and ¢ € [k], &, (2) =

F' (246085, (2))
143, f'(2+6e€s, (2))
tails.

Lemma 4.7. Under Assumptions 1-4, VL € [k],

2
— &) (mZT'w_Z)| > t) < Cement”,

from which the following result en-

k

1
0p——TrCo | I,— oE 5
e r Z(p ZW A, (&5,

a=1

1

(2a)}ca> <O(n"2)

where Z; is a copy of z; = x]w_; for k(i) = L.
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4.3 Estimation of the weight statistics

By breaking the statistical dependence of the problem
through w_;, we may now estimate the statistics 11,
and C,,. Indeed, letting || - ||« be the nuclear norm®
and k(i) the class of x;, from the identities

<o(nt),

1 n
How — n Z Ea, [5519(1:) (CE;’w,Z)IBl]
i=1

IR :
Cy n Z B, 18500 (20)€6, ) (27)mim] ]| < O(n_f)

4,j=1 N

and Stein-like formulas [Bri90| provided in the Supple-
mentary Material (those can be used since x; behaves
like a Gaussian vector by Theorem 3.2) we deduce an
estimate of p,, and C, depending on the input data
statistics (te)eeqr) and (Cy)eepr) as well as on

Ea, &, (Z0)],  Ea,lé,Gol,  Ea,lés, (2%,

for £ € [k]. In turn, Z, behaving like a Gaussian random
variable, the latter quantities only depend on the first
order statistics of w and @1, ..., x,. This brings us to
the final result of the article.

Theorem 4.8 (Asymptotic statistics of w). Under As-
sumptions 1-4, there exists a unique tuple of parameters
(8, m,a) € (R¥)? satisfying the identities:

o V0 € [K]: Z ~ N(my,0});

oVl [k]: 6p=1Tr (Ce (I, — K)il) ;

o 1=, wE[Es, (Z) e € RP

o C =Y uElEs,(2)%Ch € My;

o K=Y, wE[&,(2)]Cr € My;

Ry = (I, - K)7;

o Ry: M, = M, defined, for M € M,, as

Ry(M) = M + K(R:(M))K;

e 07 =L Tr(C/R2(C)) + ATRICyR: fi.
With these definitions,

It = Raal) < O (%),

<o(nt),

SFor A € My, || Al = sup Tr(AM) = Tr(VAAT).

[IM][<1

ch ~Lrye)
n

and, for all ¢ € [k] and any x € C; independent of X,

E[zTw] — my|, [E[(zTw)?] — (o2 + mZ)| < O (n—%> .

Extrapolating Theorem B.4 to the generic Softmax
classifier (thoroughly covered in the Supplementary
Material), we obtain that, under data concentration
(Assumption 1), the (large n,p) behavior of the Soft-
max classifier only depends on the class-wise means
and covariances of the input data. This, we recall, is a
direct consequence of (i) the Lipschitz character of the
Softmax classifier which preserves concentration (by
Lipschitz stability: Remark 3.1) and of (ii) the presence
of a projection of the parameter vectors wy onto the
concentrated data x; at the core of the optimization
formulation (by Theorem 3.2, these projections induce
an asymptotic Gaussian behavior with mean and vari-
ance depending only on the first order statistics of the
data and the weight vector w).

As an aftermath of this stable large n, p behavior, the
performances of the Softmax classifier are in turn the-
oretically tractable. Specifically, the asymptotic mis-
classification probability

E(xeC)=1-PNj e [k]\{{}: pe(x) > pj(x))

for x genuinely belonging to class ¢ € [k], with

po(z) = S ¢(wj 2)

jew O(w] )’

(6)

the probability for z to belong to class ¢ € [k], can
be inferred as an immediate corollary of Theorem B.4.
Again, Ei(x € C;) is only a function of the means and
variances (te)sefr) and (Cp)eep)- This demonstrates
the remarkable universality property of the Softmax
classifier with respect to the data distribution, which
we recall is only requested to satisfy the very loose
concentration condition of Assumption 1.

4.4 Experimental validation

4.4.1 Synthetic Gaussian and MNIST data

This section aims to validate Theorem B.4 by means of
Algorithm 1 which estimates the quantities (8, m, o)
as defined in Theorem B.4.”

Figure 2 depicts the practical versus theoretical accu-
racies 1 — E; (based on Theorem B.4) on synthetic
Gaussian data, for varying data dimension p. A per-
fect match between theory and empirical results are
observed both for training and test data, thereby sup-
porting Theorem B.4 even for not-so-large n, p couples.

"A Python and Julia implementations of Algorithm 1
will be provided on a Github link.
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Algorithm 1: Estimation of the statistics of
zTw
Input: Data statistics {p, Cr}h_,, scalar
function f : R — R, precision
parameter € and number of drawings T’
for Monte Carlo (MC) estimation.
Output: 6, m,o € R*
om,o«—1;;8,m' o + 2 1
while |m —m/||+ ||c —o’|| + ||0 — &’|| > e do
m' <~ m; o' +— o; 6 < §;
for ¢ € [k] do
- Sample (z¢)¢e[7) ~ N(my, 07);
- Estimate E[&5,(20)], E[&s,(2¢)?] and
E[5, (2¢)] with MC based on (z;);c(7)-

end
- Compute the quantities fi, C, K, R, and
R (C);
for ¢ € [k] do
- my < py Rifi;
- 02 « L Tr(CyR,(C)) + AT R C Ry fi;
N PR 1 (Ce (I, - K)*l).

end

end

Since our results hold under the broader “quasi-realistic
data” Assumption 1, our results are next applied, step
by step, to raw data from the MNIST dataset [LeC98],
specifically to classify images of the digits “1” and “2”
(so k = 2 here). Figure 3 first depicts the histograms of
the random variables &]w_; and zch-'w_j with x; € C;
and x; € Cy, as well as their estimated Gaussian limits
as per Theorem B.4. Remarkably, even though the
input data is far from Gaussian, their projections onto
w have clear Gaussian distributions, the means and
variances of which are obtained in Theorem B.4; this

] | == Theoretical (test) |- —|
==== Theoretical (train) R
0.9 O Practical (test) - -_'_'_'_%‘-_----"§ N
g 0.8 :‘jractica—lv(‘train) =" Class 2
j=] % _¢X',
5 0.7|%g |
< b Class 1
0.6 70““‘*-“—9—13_5_0 |
0.5 frerrereerne o ‘ ...................... “,.W
200 400 600
p

Figure 2: Classification accuracy on Gaussian mixtures;
n = 400, Y1 = ]./3, Yo = 2/3, A= 20, Cl = CQ = Ip,
lp12] = 5 and pipz =0.

— N(mg;o’%)

m |

—-0.04 O

L L
—0.04 0 0.04

Figure 3: Histogram of (left) z; = ] w_; and (right)
zj = xjw_j, for k(i) = 1, k(j) = 2 on MNIST dataset;
Ci: digit “17, Co: digit “2%, 71 = 72 = 1/2, A = 20,
with centered means. my, oy, for ¢ € [k], defined in
Theorem B.4.

result supports the Gaussianity assumption on the
logits previously made by Kendall and Gal [KG17]. As
a result, the classification accuracy on MNIST data,
here depicted in Figure 4, is consistently estimated.

4.4.2 CNN features of GAN images

This section provides further experiments to support
our theoretical findings on CNN representations of
GAN-generated images which, unlike the previously
studied MNIST images, are truthfully concentrated
random vectors. The input data X = [x1,...,2,)
are here independent Resnet18® representations of size
p = 512 [SIVA17] of images generated by the BigGAN
generative adversarial network model [BDS18]: as such,
being the composition of two neural networks (BigGAN
and Resnet18) applied to random standard Gaussian
noise (as per the BigGAN model), X is concentrated by

8We used the Pytorch implementation [PGM™19] pre-
trained on the Imagenet dataset [DDS™09].

0.8 T T : : -
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Figure 4: Classification accuracy on MNIST data; Cy:
digit “17, Co: digit “27% p =784, v4 = v = 1/2, A = 20,
with centered means.
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Figure 5: (Left) Learned weights (blue circles) versus theoretical estimates (red crosses) from Theorem B.4.
(Right) Practical (a) versus theory-predicted (b) logits, on a test set independent from the training set. The data
are Resnet18 [SIVA17] representations (p = 512) of BigGAN-generated images [BDS18], which are concentrated
vectors by definition [SLTC20]; k = 3 classes: hamburger, mushroom, pizza; n = 3000; regularization constants
A1 = A2 = A3 = L.5; data normalized such that |x;| = 0.1-,/p to ensure A,,.

construction and satisfies Assumption 1 (see [SLTC20]
for a detailed analysis of the Lipschitz properties of
these networks). Under this setting, Figure 8-(left)
depicts the learned Softmax weights against their ex-
pected large n, p asymptotics as per Theorem B.4 (see
the Supplementary Material for the adaptation of the
theorem to the generic Softmax classifier). Despite the
finite p, n setting of the simulation, a perfect match is
again observed between the learned weights and the
theoretical predictions. Further experiments, available
in the Supplementary Material, were performed on real
images from the ImageNet dataset [DDS'09], which
confirm this perfect match between theory and practice.

Figure 8-(right) then displays the class-wise scores of a
practical Softmax classifier on an independent test set
against their simulated Gaussian equivalents predicted
by Theorem B.4. Again here, the empirical and theoret-
ical values agree. The Supplementary Material reports
similar outputs for real (rather than GAN-produced)
ImageNet data. We insist again that, in compliance
with Theorem B.4, the theoretical estimates in all these
figures were obtained using only the empirical class-wise
means and covariances of the input data.® Figure 8

9For GAN images, these can be estimated accurately by
drawing a large number of independent realizations, while
for real images, the whole dataset is used to obtain empirical

thus confirms the theoretically predicted universality
of the Softmax classifier.

5 Concluding Remarks

Even though the Softmax classifier has a non-linear
nature, a property supposedly useful to extract “deep”
non-linear features, the article proved instead that, for
reasonably large n, p, the input data are in fact treated
as if generated from a mere Gaussian mixture model.
This universality phenomenon fundamentally revisits
the conventional insights acquired along the years on
non-linear classification methods. As an aftermath,
being optimal for Gaussian mixture inputs with com-
mon covariance, our study strongly suggests that the
Softmax classifier is indeed the optimal last layer of a
deep neural network classifier.

This claim however assumes a clear-cut separation be-
tween a back-end network training isolated from the
front-end Softmax layer. A thorough validation of
the equivalence between full network training and this
divided approach would be necessary to confirm the
claimed optimality and anticipate the performances of
Softmax classification for an end-to-end deep neural
network.

estimates.
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Supplementary Material

Outline: This supplementary material provides the essential derivations to obtain the results of the main
paper (Section A), the extension of these results to the Softmax classifier (Section B) and further experiments
supporting our findings (Section C). Specifically, Subsection A.1 provides justifications about the CLT result
for concentrated vectors as per Theorem 3.2. Subsection A.2 next presents the main ingredients for obtaining
Theorem 4.8. Notations about the Softmax classifier are presented In Subsection B.1, while Subsection B.2
provides an analog of Theorem 4.8 for the general case of the Softmax classifier. Finally, further experiments
using multi-class classification with synthetic Gaussian data and MNIST data as well as CNN representations of
real images are shown in Section C.

Notation: The notation z € Z £ £;(0) stands for z € R satisfying z o< (o) and |Z — E[z]| < O(0), where | - |
replaces Euclidean norm for vectors. ® stands for the Kronecker product.

Reproducibility: A github link for the project will be provided.

A Proofs of the main paper results

A.1 CLT for concentrated random vectors

In this section, we consider an asymptotic quantity p € N that will represent the dimension of the random vectors
we consider, and will be the quantity implicitly tending to infinity when we will employ the notations O(o) of £,(o).
Let us first provide two fundamental result that were already evoked in the main paper: the concentration of the
Gaussian distribution v = A(0, I,,) and the uniform distribution on the Sphere \/pSP~! = {x € R?, ||z| = /p}.

Theorem A.1 (Concentration of the Gaussian distribution and the uniform measure on the sphere). If & ~ v
or x ~ Um‘f(\/ﬁSpfl), then x < &s.

Those two distributions are very similar and almost equal when p is high'?. In general one can imagine concentrated

10A famous result of Poincaré states indeed that any orthogonal projection of a random vector uniformly distributed on
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vectors « as distributed along a sphere of center E[z] and radius 1/Tr(C,) where
Cy =Elxa™] — E[z]|E[x],

thanks to the following lemma that is a mere consequence of the 1-Lipschitz character of the Euclidean norm and
whose full proof can be found in [Led05].

Lemma A.2 (Concentrated vectors are distributed close to the sphere). If © o« &, then:

P (|Ie - El2ll - vIV(C,)

) < CefCtQ.

We have the following result that can also be found in [LC20a], which controls the moments of concentrated
random variables.

Proposition A.3 (Characterization of the concentration with a bound on the moments). A random variable z
follows the concentration z € Z + E,(0) if and only if there exists two constants C,c > 0 such that for all p € N,
for allr > q:

Elz-2]<C (q) (co)".

We provide below a proposition (similar to the result of [K1a07] provided in Theorem 3.2 in the main paper but
more simple) supporting the fact that concentrated vectors share a common concentration behavior with Gaussian
vectors. Specifically, given a random concentrated vector & o &, if one samples a vector w from the uniform
distribution on the unit sphere sphere!! SP~!, then most likely, the random variable uTa behaves asymptotically
(as p grows) as a Gaussian random variable. Technically, this observation allows us to compute expectations of
functionals of wTx when « is independent from w (for instance in wT ;). Note however, that even though w is
a priori not guaranteed to be uniformly distributed on the unit sphere, our experiments (in the main paper and
subsequently) tend to validate the Gaussianity of the random variable wTx.
Proposition A.4. Given an integer p € N and a random vector x € RP, if x < & and |E[z]|| < O(1), then
for any parameter k > 1 there exists two constants ¢,C > 0 and a subset © C R? such that v(©) > 1 — 26_“2,
~ = N(0, %Ip) and for any \-Lipschitz mapping f : R — R:

vu e O [E[f(uT2)] ~ Bl ()] < T

VP

where z ~ N (0, %E[Hw”]) or z ~ N (0, %E[Tr(C)]), with C = E[zxT] — E[z]E[z]T.
Remark A.5. If 6 ~ N(O, %Ip), then @ o< £3(1//p) and P(|||0] — 1] > t) < 2e~P/2. Therefore, considering a

vector u € RP, if w is far from the sphere SP~1, although it could possibly be in the set ©, it is highly unprobable.
Our heuritic thus requires to apply Proposition A.4 with the vector uw/||u|| and the mapping t — f(||u||t).

Proof. The set © appears from a concentration result where the deterministic vector u can be seen as a drawing
of the random vector 6 ~ ~ that we chose to be independent of x. We already know that 8 o £>(1//p) and we
know that ¢ : u — E[f(uTx)] is N-Lipschitz with:

AN <A Hs1‘|1£)1]E[|va|] < A|E[vTz]| + O(1)) < O(N)

thanks to Propostion A.3, since vTax € 0 £ &. Therefore ¢(8) € E[¢(0)] £ £2(\//p) thanks to the concentration
of 6 and noting © = {u € R? | ¢p(u) — E[¢(0)]| < ’\7’%}, we know that there exist two constants C, ¢ > 0 such that
P(0 ¢ ©) < 2e<".

Besides, noting E, and Eg, respectively, the expectation on x (with @ fixed) and the expectation on 6, we can
estimate:

E[¢(8)] = Ex [Eg[f(6T2)]] .

the sphere ,/pS” ~! tends to a Gaussian vector when p tends to infinity.
"'Which is equivalent to the Gaussian distribution A/(0, {—f)
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For a fixed x, 0Tx is a Gaussian random variable with mean equal to 0 and variance equal to %||:13||2 (since
E[#0T] = 11,). Introducing a random variable z ~ N(0,1), independent of @, we have thus the identity
Eo[f(0Tx)] = E.[f(||x]2/\/p)]. Finally, we have the following bound thanks to Proposition A.3:

\E [f (f/g)} _E, [”‘“\'};”} | < jﬁu«:nw — Efjel)] B[] < O (jﬁ) |

Therefore, choosing well the constant C' > 0 provides the result of the proposition. O

3 =

However, the above proposition needs to be adapted for estimating quantities of the form E[f(uTx)vTx] or
E[f(uTx)vTezaxTw] for some deterministic vectors u, v, w € RP, as we will need subsequently. In particular, we
have the following result.

Proposition A.6. In the setting of Proposition A.J, let us note v = Unif(SP~1), for any parameter k > 0, there

exists two constants C,c > 0 and a subset ©5 C (RP)2 such that'®> v*2(05) > 1—2e=%" and for any \-Lipschitz
mapping f: R — R such that |[E[f(uTx)]| < A\, we have

V(u,v) € O : [E[f(uTz)vTx]| < C:Z?

Remark A.7. Giwen two independent random vectors 0,0 ~ N(O,%), the couple (0,0) € (RP)? has the
distribution Y92 and one can show that

P(|0To| > t) < Cle P 4 C'e Pt

for some constants C',c’ > 0 (independent of p). The same result particularly holds for (8,0) ~ v*2. Thus,
we see that for sufficiently large K, the couples of ©2 have high probability to be quasi-orthogonal. Hence, if one
considers two vectors u,v € RP, our heuristic requires not to employ directly Proposition A.6 as if (u,v) € Oa,
but rather employ it with the couple (u,v — (uTv)u), we end up therefore having the identity

E[f (uTz)v7e] = uTvE[f (uTa)uTz] + O (\/;) ,

where the right hand side expectation can be estimated by Proposition A./, through the mapping t — f(t)t.

Proof. This proof follows the same steps as the proof of Proposition A.4. Considering (0, 0) ~ v*2, we know

that (8, 0) oc E2(1//p) (v*? is similar to N'(0, I»,/2p)), and the mapping (u,v) — E[f(uTz)vTx] is N'-Lipschitz
for the Euclidean norm of (R?)2, where we can bound thanks to Proposition A.3 and Hélder inequality:

N = \/IIJEP\vT:Bw]II2 + |E[f (ure)a]|?
< \/l sup A? [E[(vTz)’[E[(aT2)?]| + [E[f(uT2)?’[E[(aT2)?]| < O(N).

lall<1

Therefore, thanks again to Proposition A.3, if we note:

Oz {(u’v) eR? | [E[f(uTz)vTx] — E[f(0Tz)oTx]| < f/;}v

then, there exist two constants C,c¢ > 0 such that P((0,0) € O3) < Ce=*" and we retrieve the result of the
proposition since (with the same notations as in the proof of Proposition A.4):

E[f(0T@)o ] = By [Eo[f(0T2)|Eq[oTa]] = 0.

12,%2 — ) x v stands for the measure product.
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A.2 Estimation of the weight statistics

The complete justifications leading to Theorem 4.8 are quite long and already provided in [LC20b] in the Gaussian
setting. We thus only provide here the main ingredients to have some intuitions on the results. Typically,
Propositions A.4 and A.6 will allow us to employ Stein-like identities as the ones given in the up coming
proposition. They are specifically provided for Gaussian vectors x, but, as we saw from the previous subsection,
they can be extended to any concentrated vector, as long as x o< &2 and ||E[z]|| < O(1).

Proposition A.8 (Stein identities). Given & € R?, a Gaussian random vector satisfying x ~ N(u,C) and,
f: RP = R some three times differentiable function such that f, f' and "' are all A-Lipschitz with A < O(1),
then for any v,w € R? and any A € M,, we have

E[f (wTz)vTz] = E[f (wTz)jv"p + E[f (wTz)]vT Cw,
E[f(wTz) Tr(xzaTA)| = E[f(w )] Tr (A (up” + C)) + E[f' (wTz)|uT(A+ AT)Cw + E[f" (wTx) |l wTCACw.

Proof. The proposition is a straightforward result of applying the Stein’s identity; for z ~ A(0,02) and f : R — R
differentiable, E[f(2)z] = o2[f'(2)]. O

Remark A.9. In the case where x is not Gaussian but rather only concentrated, such that x x & and
||| < O1)'3, the formulas in Proposition A.8 become estimations with a vanishing error of order O(n=z)
when ||v]] < O(1) and ||A|| < O(1/n). In particular, normalizing the second inequality with n and considering
A € M, such that |A| <1, we have

lE[f('wTa:)mTA:c] = lIE[f(me)] Tr (AC) + O (n_%) ’

n n

since LpTAp < O(L), [2uT(A+ AT)Cw| < O(2) and [LE[f" (wTz)lwTCACwW| < O(1).

1
n
We turn now to the estimation of the weight statistics, i.e., the quantities pt,, and C,,. Starting from the following
estimation

n

1
Hw — n Z Ey4, [5%(1‘) (x;rw—i)ajl]

i=1

<O(n7%), (7)

we apply Proposition A.8 (more precisely Remark A.9) which yields to; for most of vectors v € RP, such that
lv]] < O(1),

EAw [6%(1‘) (mgw—i)vai] = ]E[fék(i) (5;@@))}1)1-/1;,3(1-) + E[f:;k(i) (gk(i))]vTCk(i)]E.Aw ['w—i] + O (nfé) ,

where, this time, Zj(;) is a Gaussian random variable having the same mean and variance as z; = «] w_;. Moreover,
to show that w_; has the same statistics as w, we need a supplementary result (Theorem A.10) from [LC20b],
which in turn leads to Theorem 4.4.

Theorem A.10. Under Assumption 1-4, for anyi € [n]: |w — w_; — 1Q_;z; f(x]w)| € 0 & E(n~2).

Thus, since for any deterministic vector w € R such that [|u| < O(1), one can show that 2uTQ_;m; € 0+&, (n—2),
one can then deduce that uTw — uTw_; € 0+ &(n~2), which implies in particular that |[E4, [w_;] — pe| <
O(n~z). And studying now functionals of the form wT Aw, with A € M,, such that ||A|| < O(1), one can also
show that [|[E4, [w_;wT ] — Cywl < O(n~2).

Hence, setting K = 2521 YeE[5,(20)]Ce and i = Zif:l YeE[Es, (Z¢)] e, we obtain from (7),

It~ o~ Kppull <O (n74)). (8)

13The concentration  oc £ automatically implies that ||C|| < O(1). Indeed for all v € RP, vTx € vy + & and thus,
Proposition A.3 implies ||C|| = sup,<; v"Cv = sup,<; E[(vT® — vT)? < 0Q).
! Recall that p (the dimension of the data) and n (the number of data) are of the same order i.e p = O(n) and n = O(p).
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Now looking for an estimation of C,, we start from the identity:

1 & 1 1
Cw+Huwhty,— EZEAW [€5k(b)(wzw—l)2wlmﬂ ) Z Ea, [fék(i) (m;‘rw—i)&ku)(m;w—j)miw}] < O(n 2 )
=1

1<i,j<n
25 .

(9)
Then, we first deduce as per Remark A.9 that for any ¢ € [k]:

2

[Ea, 6., @Twi) @] — Ea, €5, (i) ] Crn || < O(n72),

For any 4,5 € [n], i # j, let us define w_;; as the unique solution w_;; = =X _;;f(XT, -w_;;), where

T
X_;; is the matrix X_; with a zero vector in the 4" column. Then we can show from Theorem A.10 that
xlw_; —x]w_; ; € 0+ E(1/y/n) (since x; is mutually independent with w_; and w_; ;), thus

B[S0 (@] w—i)8s, ) (x]w ;)] A
=B, (650 (w18, ) (@] wos j)a] Awj] + O(n” %)
= (E[ﬁékm(gk(i))]uk(i) +E[&, ., (ék(i))]ck(i)ﬂw) ( €505y G Bag) +EIEs,,, (B ]))]Ck(])ﬂw)
+E[€5, ., Crei)EIES,,, (r())] Tr(Chisy ACk(j) Cuw) + O(n™2).

Therefore, summing up these estimations for 1 <i,j < n and i # j, we obtain:

1 1
S Bl @), (@]w_ )l Azj] = pLApy + - TH(Cu K AK) + O(n~%).
1<ij<n
i

Moreover, if we note C = lezl YE 4, €5, (20)%]Cy, equation (9) implies that,

e

<O(n"2). (10)

Since || K| < 1 —¢&' (see [LC20b]| for details), for some constant &’ > 0, the matrix Ry = (I, — K)~! and the
linear mapping Ry introduced in the main paper are well defined, and we have from (8) and (10), the estimations,

. S(’)(n_%).

We can then naturally approximate the quantities 6, = < Tr (Cg I, — K)_l), me = E[Z] and oy = E[2}] — m?

lw = Rifl <O (n7F), | Cu — Ro(C)

as the solutions to the fixed point equation presented in Theorem 4.8 of the main paper. Note however that the
proof of the existence and uniqueness of the solutions is quite an elaborate problem, but the simulations strongly
confirm this conjecture.

B Extension to the Softmax classifier

B.1 Position of the Problem and first properties

The main encountered difficulty with the Softmax classifier setting is that the mapping f goes from R¥ to R*
instead of being scalar, thus its derivative is now a differential which brings some purely formal complexities. For
any ¢ € [k], let us denote

fo:RF — R¥ (11)
_P(va)/Aa ~

v — Y w v Y/,a'(/](va) ;
Zb 1 0(vs) 4 Z o) ‘ 1<a<k
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where Y = I}, contains in the ¢ column the label of the class £. Then, the fixed point equation satisfied by the
Softmax weights W = (w],...,w])T € RP* (all stacked in a vector) writes in the simpler form,

1 - _
W = ﬁzwifk(i)(wlw),
i—1

Z;
where &; = I, @ x; = € Mk Vi € [n]. Let us introduce a constant € > 0 and define the
x;
event Ay as,
d s
Aw =4 sup 1=l ggry<q
1<e<k n
zeRk
where X = (T1,...,&n) € Mprnk. Then, replacing Assumptions 3 by its analog as follows,

SUp 1<e<k WE[HXXTH} < 1—2¢, we have the following analog to Lemma 4.2:

zeRk
Lemma B.1. Under Assumption 1, 2 and B.1, there exists two constants C,c > 0 such that: P(A§,) < Ce™ ™.
Proof. Tt is a consequence of the result of concentration of product of concentrated variables provided in [LC20a] and

that sets that since || X || /yv/n o< E2(n~2) and E[|| X||/v/n] < O(1), then %HXXTH = %HX||2 x E(1/v/n)+E1(1/n).
This signifies that there exist two constants C, ¢ > 0 such that for any p € N:

1, 45 1, o< 2
P (‘XXTH -E [||XXT||] ‘ > t) < Ce " 4 Cem M,
n n
Thus, in particular, Assumption B.1 allows us to bound:
c 1 o l o3 —cne? —cne
P(AS) <P [ |[=|XXT|—E ||| XXT|||>¢) <Ce + Ce e,
n n
which gives us the result of the Lemma, modifying slightly the constants C,c > 0. O

Hence, in the case of the multiclass softmax classification, we obtain also the concentration of W.
Theorem B.2. Under Assumption 1, 2 and B.1: (W | Aw) x E(n~2).

B.2 Analog to Theorem 4.8

Basically, the fixed point equation of Theorem 4.8 remains the same in the (multi-class) Softmax setting, we
rather just need to adapt the objects @Q, 9, &y, C, [, K, Ry, Ry to the vectorial mapping introduced in equation
(11). Hence, we are looking at first to an analog of Theorem 4.4 to link W with the random matrix W_; defined
as the only solution to W_; = % 271%;5 :Ejfk(j)(:ijT.W_i). For that an adaptation of Assumption 4 is needed.

V0 € [k], sup,crs [|df?],|| < 0o'®. Then introducing the notations X_; = (Z1,...,%i—1,0,&is1,- .. %n) € Mpr.nk
and:

1 yer ) ; . i i
Q_i= (Ikp - nX_iD(’)XIZ) € My, D = Diag(D'") € My,, DY =dfy;

W, € M.

We have the following proposition which is at the core of the Softmax classifier analysis.

Proposition B.3 (Analog to Theorem 4.4). Under Assumptions 1, 2, B.1 and B.2, for any i € [n]:

1
VE>0: Pa, ( ETW —&TW_; + ﬁizQ—iiifk(i)(i;W)

’ > t) < Ce—ent”,

5Here, given z € R®, df?|, is a bilinear form on R*, thus ||dfZ], | = SUD | o1, bl <1 df?|, - (a,b).
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Figure 6: Theoretical and practical test accuracies on synthetic Gaussian data varying the regularizing vector A.
The considered parameters are n = p = 200, k =4, y1 = 2/5, v2 = 3/10, v3 = 1/5 and 74 = 1/10. The statistics
pe and Cy for ¢ € [k] are sampled randomly as gy ~ N (0, I,/p) and C; ~ Diag(u) + vvoT with u ~ Unif([0, 1]7)
and v ~ N(0,I,/p).

Consequently, we retrieve an analog to Theorem 4.8 for the Softmax classifier.

Theorem B.4 (Analog to Theorem 4.8). Under Assumptions 1, 2, B.1 and B.2, there exists three unique tuples
(mg)lgggk € (Rk)[k], (U@)lgggk € (Mk)[k] and (Ag)lgggk € (Mk)[k] satisfying the conditions (V€ € [k]):

o 2~ N(my,0}); o R: My, — My defined, for M € My, as

o & RF = R* satisfying for any z € R¥: R(M) =M + K(R(M))K;
() = folz + Av&e(2)); o =3 VeEla(20)] ® ta € Mip;
e K = 22:1 ’YaE[dga‘ga] ®C, € Mkp,' i é = Z];::l VaE[ga(ia)ga(ia)T] ®C, € Mkp;
¢ Q= (I, — K)7' € My, o o= piQR;
e Ay = [% Tr (CEQZmIb)Lga,bgk € My; ¢ o} = [% Tr (CZR(CN’)I‘“I”) + AQ.1,CQz, .1 1<a,b<k

Where Va € [k], Z, = {ap + 1, ..., (a + 1)p} and we define for any matric T € My, and any a,b € [k]:

T7, 1, = [Ti,j]ieza,jezb v Iz,.= [Ti,j]igza,je[pk] » Lg, = [Tivj]ie[pijGIb :
Then one has the following estimations,
_ L - .
lew —Qpul <O(n~2), [Cw —RC. <O(n"2),
and for a new datum x in class Cy, independent of the training data x1,...,x,, one has

|Eay [ETW] —my|| < O(n"%), |Eay[@"WWTa] - 0? —mem]| < O(n"?).

C Further experiments

C.1 Synthetic Gaussian data

This subsection provides experiments using synthetic Gaussian data. Recalling the setting of Figure 6, which
depicts the theoretical versus the practical accuracies (of a four-class classification problem with Softmax) for
different choices of A. One can first observe that the practical accuracies are perfectly estimated by their
theoretical counterparts as per Theorem B.4. We have also depicted in this figure the global accuracy of the
classifier along with its weighted accuracy (computed as >, v¢a; with a, being the accuracy of class C;). These
quantities notably highlight the existence of an optimal choice of A for maximising the classifier accuracy (for the
less representative classes), which in turn might be anticipated through our present investigation.
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Accuracy

04 = Theoretical (test) ||
= === Theoretical (train)
0.2 O Empirical (test) =
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Figure 7: Classification accuracies of GAN-generated MNIST digits with unbalanced classes in the training set:
v1 =1/2, 72 =1/3 and 3 = 1/6 for two choices of A : [30, 30, 30] (left) [10, 20, 30] (right).

C.2 GAN-generated MNIST images

We provide in this subsection experiments with a multi-class classification of data issued from a GAN'6-generated
version of the MNIST digits “17, “2”, and “3” with the following settings:

1. We samples 50000 images of each class;

2. We multiplied each of the data by a randomly chosen matrix A € M, ,\nsr> Where p = 200 and pynisT = 784;

3. For each class Cy, ¢ € [3], we divided each set of indexes Z, = [50000] into three subset: Z,*, Z;** and Z}°"
such that #Z;" = #7;°* = 5000 and #Z}°" = 40000;

4. For all £ € [3], we computed the empirical mean g, and covariance Cy with the data indexed by I}°7;

5. In order to make the classification problem harder, for all £ € [3] we retrieved from each data indexed by I}*
and I;** the vector (1 — a)pe, with a = 0.5 and we corrected the mean (pg < apy).

Figure 7 pictures with two different regularizing vector A € R3:

e The theoretical performance on the training set and on the test set based on the estimated class-wise means
and covariances and relying on Theorem B.4;

e The empirical performances computed on the data indexed by the sets Z;* and Z}, for ¢ € [k].

As we can notice from Figure 7, the theoretical estimations closely match the empirical ones in both settings.
Moreover, it is deductible that when the classes of the training set are unbalanced, the regularizing parameter
vector A should be fine-tuned accordingly. Besides, note that with an optimal choice of A, the accuracy of
classification of the less represented class is better than the accuracy of the two other classes. We therefore believe
that our present investigation could be helpful for the automatic fine-tuning of A.

C.3 CNN features of real Imagenet images

In this subsection, we provide further experiments using real images from the Imagenet dataset [DDS109].
Figure 8-(left) depicts the learned Softmax weights against their expected large p, n asymptotics as predicted by
Theorem B.4. As for GAN generated images, we observe a perfect match between the learned weights and the
theoretical predictions. An almost perfect match is also observed for the scores (between the practical scores and
their theoretical counterparts) as depicted in Figure 8-(right) which strongly suggests that the conclusions of
Theorem B.4 generalize to real data.

6We used a standard DC-GAN model [MO14] trained on the whole MNIST dataset.
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Figure 8: (Left) Learned weights (blue circles) versus theoretical estimates (red crosses) from Theorem B.4.
(Right) Practical (a) versus theory-predicted (b) logits, on a test set independent from the training set. The data
are Resnet18 [SIVA17] representations (p = 512) of randomly selected images from the Imagenet dataset [DDS™09];
k = 3 classes: hamburger, mushroom, pizza; n = 3000; regularization constants A\; = Ay = A3 = 1.5; data
normalized such that [|z;[| = 0.1-,/p to ensure A,,.



