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Robust Regression algorithm
» Data matrix X = (x1,...,Xn) € Mpp,
> labels: Y = (y1,...,yn) €R"

» Robust regression problem®? with regularizing parameter:
min B) + \|A|I?
SeRPZp [l

with p: R — R convex, A > 0.
» Score of a new data x € RP : 37x

Performance: Ex ,[p(37x — yx)]
Goal: Understand the statistics of 3 = f(X).

"Noureddine El Karoui, Derek Bean, Peter J Bickel, Chinghway Lim, and
Bin Yu. On robust regression with high-dimensional predictors. Proceed- ings
of the National Academy of Sciences, 2013.

2Xiaoyi Mai, Zhenyu Liao, and Romain Couillet. A large scale analysis of
logis- tic regression: Asymptotic performance and new insights. In ICASSP'19
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Setting and conclusion

Concentration hypotheses on the data X
» For all 1-Lipschitz maps f : M, , — R:

VE>0: P(F(X)=E[f(X)]| >t) < Ce
> Xxq,..., Xp are independent

> (Representativity) True if the columns are Lipschitz
transformation of a Gaussian vector Z ~ N(0, /).
— dependence between entries of a column possibly complex

> (Flexibility) the inequality can be extended to the weight
vector 3 = B(X)
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Concentration of Measure Phenomenon?

X = (X1,...,Xp) ~ Unif(SP~1) Observations
J— . &
. &
/ ‘\ X144+ X, — é
; . =
/ N T =
.S\.\O.\ ~//: o H X H > &)’ a‘%
‘\‘ o __.//’ -
Distributi Ob bl
c;isa:ml;elron = E[HZ - EZH] di;g::ere p—:>oo

=_ 0(Vp)

p—_><>o

3Ledoux - 2001 : The concentration of measure phenomenon
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Fundamental example of the Theory

Theorem

Z € RP, if Z uniformly distributed on \/pSP™! or Z ~ N (0, I,,):
Vf : E — R 1-Lipschitz :

ve>0 : P(|f(2) —]E[f(Z’)]| >t) < 2e~ /2,

we note (since2 = O(1)):

p—00

Z x &(1) or, more simply, Zx &
= Standard hypothesis
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Notations

(E,|| - ||), normed vector space, Z € E, random vector

» RP endowed with: ||x|| = m or [|x|lec = supy<i<p |Xil

> M, , endowed with: [|[M||g = /T (MMT) = /S 1<ico M
1<j<n
or [[M]| = sup <1 [IMx|]
Lipschitz concentration and linear concentration
> “Z x &E(o)”
3C,c > 0| Vp,n € N,Vf : E — R 1-Lipschitz, :
Vt>0 : P(|f(Z)—E[f(Z)]| > t) < Ce (/7
0 = 0pp : Observable Diameter of Z.
> “ZeZ+&E(o)
If Vp,n € N,Vu: E — R 1-Lipschitz and linear :

VE>0 1 P (‘u(zf 2)‘ > t) < Cem<(t/",

f J

Z : Deterministic equivalent of Z. (Z x &(0) = Z € E[Z] + &(0))
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How to build new concentrated random vectors 7

> If Zx &E(o) and f: E — E A-Lipschitz, f(Z) o E(\o)

> No simple way to set the concentration of (Z,..., Zp) if
Z1 x &(0), ..., Zy x E(o) non independent

> 71,7, < C&(0), independent (2, Zo) oxx Eq(0)

» (Z1,25) = f(Z) where Z x E4(0), and f 1-Lipschitz
(Z1,22) € Eq(0)

Louart & Al., Regression & Concentration of measure

gipsa-lab



Realistic images built with GANS are concentrated

? -D : \;::I . %—- DM i il rema
E e ot ™ -+
=0 O 0 voeimgs | [ ] el -

Rl % / - ..%:}f’ ‘I} = Faln

el lmvigey

IMAGE = (Z), with f 1 — Lipschitz and Z ~ N(0, I,))
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Characterization with the centred moments

Z x Eq(0)iif. 3¢ > 0|Vp,n € N,Vr >0, Vf : E — R, 1-Lipschitz:

£

E[|f(2) - EIf(2)]I1< (%) o

Proof :

@ Fubini: E[|Z —a|"] = [, (fo t<|Z— a‘rdt) dZ
SRz R

< fcettidr < C(£) o
@ Markov inequality:
E[|Z—a| P\ a o
P(1Z-al >0 < 2 < c(£)" (9)",
with r=9 > g P(|Z—-al>t)< Ce—(t/o)i/e

ecd

Qh

r
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Control of the norm

Given (E, || - ||), if Z € E[Z] + &(0):

E[l|Z[l] < IE[2]]| + O(o\/my.)

> 7 (RP, |- lloo) = log(p) > n(Mpn, |l )=n+p
> n(RP |- [l2) =p > n(Mpn, |l - lIF) = np.

Example Z € RP, X € M,

> ifZeZ+&: E|Z|, <||Z| + CViogp
> ifZeZ+&:E|Z|<||Z)|+Cyp
> ifXeX+&:E|X| <|IX| +CypFn,
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Concentration of the sum and the product

If(X,Y)e&(o) : X+ Y x&lo)
IFIEIXT BN < oy /m where Vx,y € E |Ixy[l < [[x|'lly]:
XY x & (021 /T/H-II’) + & (02) in (E,|-|N*

IXTY I

Principal idea: | XY <
IXI Yl

Example

XeEMpn ZeRP, Z, X €&, |E[X]|| <O01), |E[Z]]lo < O(1):
> X e & (BE) + & (2) in (Mo, IHl)

> Zo Z e &(Vlogp)+ & in (RP ] -]])

‘= 3C,c > 0,Vp,n,Vf : E — R, 1-Lipschitz, Vt > 0:
FIXY) — E[F(XY)]| > t) < Ce /7m0 4 ce=ct/o”
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Practical example: Hanson-Wright Theorem

Theoem

Given random X,Y € RP, and A € M,, deterministic, if
(X,Y) o< & and [E[X]|, |[E[Y]]| < O(1):

XTAY o &(v/1og pl|AllF) + E1(/|All)

Proof:
» Decompose A= PAQ, P,Q € Op, N€ D,
> Note X = PX, Y = QY, )v<,\v/oc52
> XTAY = XTAY = AT(X ® Y) where A = Diag()\)
> E[|[X]loc] < [E[X] | + O(v/Tog p) < | E[X] | + O(log p) <
0(loz)
> X YO(SQ(\/@)“‘(S‘]_
> AT(X © V) x &(IAViogn) + & (Al
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When E =R

» o >0, (changes with p, n),
X ~ N(0,02) (then X oc &(0)),
> Y solutionto Y =1+ XY, Y == X

—a-12/02
> H0) =S

v

e—l/o‘2

» Clearly : Y  &(0’) because fy(y) ~

y—00 y?
> Note Ay = {X < 1}, P(A5) < 2¢71/37°,
>t ﬁ 4-Lipschitz on Ay,

= (Y| Ay) x &(o)and we note Y 04 &E(o

IS
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Concentration of solution to Concentrated equation
» F(E) : set of mapping E — E,
> ”(bHB(yo,K) = SUP||Ix—yo|I<K H¢(X)

> 1]l = supycp IO

Given random ¢ : R" — R",we note Ay = {||¢||0 <1 —¢} if:
> P(AG) < Ce=" (for C,c >0)
> 3y € R” [ yo = B, [6(y0)].¥K > 0, (K < O(1)):

]

1 .
¢ﬁ&(wj|e" in (FR), |- 500.40)

Then, under Ay the equation Y = ¢(Y') admits a unique solution
Y € My, that satisfies:

Ag 1 _
Y n
O(gg(ﬁ) |e
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Heuristic of the proof

Hypotheses

> P(AG) < Ce" (for C,c > 0) with Ay = {[|¢]| <1—¢}
> 3y € R | yo = Ea,[0(x0)]. VK >0, (K < O(1)):

1 .
% & (7) e in (FR).| - l500)

“Proof:”
> Y =~ ¢/(y) for j sufficiently big
» Under Ay, for K < O(1), sufficiently big
vj €N, ¢/(y0) € B(yo, K)
> Since ¢ concentrated in (F(R"), || - [I5(y0,)):

. A
VieN, ¢ % & (%) e
. . . 1 Ay 1 —n
= for j sufficiently big, Y =~ ¢/(n) < & NG | e
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Position of the problem

» Data matrix X = (x1,...,Xs) € Mp,

> labels: Y = (y1,...,yn) €R"
Robust regression problem with regularizing parameter:

P) : [ 312
(P) _Srglgpzp B)+ Al

with p: R — R convex, A > 0.
Differentiation:

(P) — [3—,1/\2/) (vi — X B)xi < ‘B:%Xf(XT[ﬁ)

> =30 (i —)
> f:R" = R", f((z)1<i<n) = (fi(z))1<i<n
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Hypotheses
On X,Vie[n, =E[x], =E[xx'], =X —up:

> p=0(n)

» Xi,...,Xp independent (with possibly different distributions)
> X x & (as if X ~N(0, rn))

>l = (1)

On f:

» ||f]loo < 00 (< O(1)) (unnecessary)
> [ lloos [[f"lloo < 00

Contractivity of 8 = Xf(XT3)

> [ lE[IEXXT|] < 1 — 2¢ with € > O(1)
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Goal
“Concentration of § and Estimation of first statistics”

s = Ea,[B] Cs =Ea,[887] — npup

First approach: p5 =137 E [f(x"8)x]

If we admit x; behaves like a Gaussian vector,
— Issue: dependence between x; and 3
— Solution: “Leave-one-out™

> introduce [B_;:

1
Bui=— D B
1<j<n
J#i
> Construct ¢; : R — R deterministic | x;” 8 ~ ¢;(x.] B_;)
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Strategy of the study

1.

Louart & Al.,

Introduce event Ag = {||f'||oc | XX || < 1 — €} where 3
concentrates.

. Disentangle 8 and x; :

Boi(t) = s Xoif (X 8-5(1)) + SF (T B-i(£))xi

n
where X_; = (x1,. .., Xi—1,0, Xj41, - -, Xn)-

B-i = B-i(0) and B = B-i(1).

2.1 Differentiate S_;(-).
2.2 Approximate 3’ (t).
2.3 Integrate the approximation to obtain approximation of

Jo BLi(t)dt = 8 — ..

Construct deterministic ¢; : R — Rst. 37x ~ (8-, x;).

. Estimate 15, Cg with Gaussian Hypotheses on xq, ..., X,.
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High probability of As = {||F/[l|I2XXT| < 1 — &}

Lemma

1LXXT| o £2(1//R)

Contractivity of 5 = 1Xf(XT$)

> || |lE[EXXT] < 1 — 22 with ¢ > O(1)

Lemma
3C,c >0, constant | P(Af) < Ce™"

Proof : P(A5) < P([I3XX7 | — E[I :XXT 1| = 1777)
< Ce-ene?/If'%
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Concentration of (3

Lemma

Under Ag, ||B]| < O(1)
Proof: [|8]| = [|LXF(XT8)|| < U= x|||1]| < O(1).

n

Note W such that 5 = W(X)(5)
Hypothesis for concentration of 3:

1. P(AG) < Ce™" (recall that Ag = {|[W(X)[| <1 —¢})
2. VK >0, K < 0(1)%
(W(X) | Ag) ox &(1/+/n) in (F(RP), || - I50,k))

°if yo = Ea, [W(X)(%0)], lloll < O(1)
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Concentration of (3

Proposition
B | Ag oc £(1/+/n)

Proof: Recall that W(A)(y) = Af(ATy), (B = V(X)(B))
V:Mp,— (FRP), - ||B(0,K)) is O(1/4/n)-Lipschitz on Ag.
Vlyll < K. A, B € Ag (Al |B]| < O(1)):

[W(A)y) ~ W(B)W)I< - [|(A— B)FATy)||+ || B (FaT )~ F(BTy)|

<o(J:)1a-el,

= W(X)(y) o< &2(1/v/n) in (F(RP), || - [loo)-
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Differentiation of 5_;(-)

> Boi(t) = XX Boi(0) + LF(xT B-i(t))xi

“n

> X_; = (X1,...,X,',1,0,X,'+1,.. . ,Xn)

Proposition

B—i(-) is differentiable and:

BLi(1) = Qe X (1)

where:
> Qi(t) = (I — 1X,D()XT) L e M,

—1

> D(t) = Diag(f’(XJ-TB_;(t)hgjgn
> x(t) = tf(x B_i(t))

— Show that t — 1 Q_;(t)x; is almost constant
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Link between 3 and 5_;

Noting Q—; = Q_;(0):
> BLi(t) = 1Qi(t)x xX'(t)
> x(t) = tf(tx] B_i(t))
- 20— 20 €02 Ex(1/n) | &
> X'(H)eO(1)+ & | e

18 = B-i = 2 (xTB)Qixil| € 0 £ &2 (7) | €7

Proof: 5_;(1) = B8, x(0) =0, x(1) = 1f(x B) so:

B = FT Qi+ /0 V(E(Qi(t) — Q_i(0))xi.

— X;Tﬁ ~ X,'T/Bfi + %XiinXif(X,'T/B)-
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Deterministic mapping between 5 and (5_;
From HB—B ,—f f(x; "3)@Q ,x,HGO:l:Eg( ) | e7", we deduce:
> |Ix” 8= xB_i — Aif(x]B) HEOi&(\f) | e=" where:
A =E Ex,—TQ_;x,} because %x,-TQ_,-x; eN +6E <1> | e

Lemma (Definition of ¢;)
Given i € [n], 31¢i(t) € R [ (i(t) = t + Aif(i(t))
Proof:| /[l A = B, [”f’y“ TQ ix ] <Ey4, [”fr',"”x-TQ”’f"'“x,}

Q

f‘/
||f’||:: x,-] QHI- Hoox,-
n | L oo -
1+ n X Q” I X

! ! 71
with QU1 = (1, — 1l x_xT))
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From x 3 to x” B_;

TBEGTB) 8 (L) e

Proof: x,-Tﬂ — C,-(x,-TB_;)
< T8 =5 B = B (6T 8-0)|

< B = T Bi = AT B)| [T 8) — F(GiT 8|

0 (%) N <o <%> ,

IN

XiTB - C,-(x,-Tﬁ_;)
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Integration on x; then on [3_;
Recall that pg = £ 37 | E [f(x 8)xi]
» noting & = fo(,VueRP, |ul| <1:

B[O B)uT x| —E [T 5 )uTx] | < 0(
> g~ i B & Bi)x],

xi ~ N (pi, G)
(i) Stein formula ( [ x;), (ii) Concentration of B_; ([ ;)

7)

B[S0 B-)uTx0) B [z 0T i + B [Ealéi(z- )" G|

” 1
D62 "+ BN Cns + 0 (- )
with z_; ~ N(8T,pi, BT,GB-;), and z ~ N (,U,'T/JB,TI’(ZgC‘,-))
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Fixed point equation for uz and Cg
Noting:
>z~ N(uf s, Tr(CsG))
> =5 X Bl

L 1 2o 1
pp = P+ Kpg + O <ﬁ> o G = CHKGK+ 0, (ﬁ)

A = 3 Tr(Zi(1 = K)™1) < O(5) and ||K|| < 1 —e.

> K =
> C

“Proof:" gj(t) = % and:

% Tr (z,- </,, - ing,(xTﬁ)x> _1)]

A =E
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Fixed point equation for ug, Cs, A

Proposition (Unproven)

(A, m, o) € (R")? satisfying:

> =7 2 Eli(2)]u > m; = ] Qfi -
> C=iv EgzRlG > o =wTHGAC)
> R = S BE(2)]G I

A o\ — > ZiNN(miao—g)
>Q:(Ip_K)l ' 1
> O My — M,, YM: >A,'—},Tr<C;<lp—K) )

O(M) = M+ KQMK €i(2) = f(z + Ai&i(2))
With these definitions,

e <o) [oi-
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Softmax classification

» (xi)1<i<n belong to k possible classes Cy, ..., Cx,
> Labels y1,...,y, € Rk, if x; € Cp, yi = €&
> KnOWing (X1>YI)7 SRR (Xm}/n):
Learning Procedure = Attribute a weight wy to each class Cy,
exp(w, x)
Sjrexp(w) x)
Chose the weights wi, ..., w, € RP that minimize:

> Given x € RP, score to be in Cp : py(x) =

v

n k

Llwn, ) = S5 yilo(pi(x) wauﬁ

i=1 /=1

1 n
=23 v log (softmax(vax,-)) + | WA|2
i=1

= If \ is big enough, the weights concentrate and we can
estimate their statistics.
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Prediction of performances on Gaussian data

With Gaussian data, n = p = 200,
4 classes #C1 > #Co > #C3 > #Cy

Accuracy

1

0.8

0.6

0.4

0.2

= Theoretical (test)
O Practical (test)
==== Global accuracy

C 0\‘- ----- Weighted accuracy

NNNHHEHEHEHAY

A= (A1, A2, A3, \4)
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Prediction with GAN-generated MNIST data

With GAN- generated data, p = 784, 3 classes
#C1 > #Co > #C3.°

A = (30,30,30) A = (10,20, 30)

>
v
e
3 .
S 0.4 = Theoretical (test)
< ===« Theoretical (train)
0.2 O Empirical (test)
X Empirical (train)
0 -
200 400 600
n n

5Mohamed El Amine Seddik, Cosme Louart, Romain COUILLET, Mohamed
Tamaazousti, “The Unexpected Deterministic and Universal Behavior of Large
Softmax Classifiers”, AISTATS 2021
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Conclusion

Problem:":8

1
i MBI = B=-XF(XT
dnéhg‘pr )+ AIBI2 <= 5= —XF(XTB)
Main ingredients ?

» Concentration of measure hypothesis,

» Scalar product,

» Contractivity in fixed point equation

THANK YOU!

"Noureddine El Karoui, Derek Bean, Peter J Bickel, Chinghway Lim, and
Bin Yu. On robust regression with high-dimensional predictors. Proceed- ings
of the National Academy of Sciences, 2013.

8Xiaoyi Mai, Zhenyu Liao, and Romain Couillet. A large scale analysis of
logis- tic regression: Asymptotic performance and new insights. In ICASSP'19
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Integration on [3

For any ¢ : R — R such that ||¢/|lcc < O(1):

Es. |6 (1] 8+ VBT Cipz)| =E, [ <MiTMB+\/Tr(ZBCi)Z>]+O<%>

where z ~ N(0,1) independent with 5 and X3 = ,u/g,ug: + Cg
Proof: E, [¢ (i 8+ v/BTCiBz)| = w(u] 8,87 CiB) where
¥ : R? — R O(1)-Lipschitz, thus:

E, |6 (u] 8+ VBT CBz) | € v (Eslul 8. Es[87 CiB) £ & (%)
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Control of the norm

» Infinite norm (Z € RP, Z x &(0)) -

IP’(HZ—ZHooZ t) :P<sup e (Z—-2) t)

1<i<p

Y

< p sup P(e,T(Z—Z)2t>

1<i<p
< pCe~(t/9)" < C/e—(t/o\/@)q’
» For the general case, use of “c-nets”.
If 3H C (B[ l,) [Vz € E: ||z]| = suppey F(2).2
ZeZ+Coh(0) = Hz - ZH € 0 £ &(o+/dim(Vect(H)))

%on (R?, ]| -]|), H =RP, and dim(Vect(H)) = p
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Norm degree

Degree of a subset H C E* and of a norm

» ny = log(#H) if H is finite
» ny = dim(Vect(H)) if H is infinite

Degree of a norm

>y = inf{nH, HCE* | vxeE, x| = ;ugf(x)}
€

Example
> 1 (RP, ]| - [loc) = log(p) > n(Mpn, - l)=n+p
> nRP - lr)=pforr>1 » n(Mpn |- F) = np.
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Concentration of the norm

If Z e Z+ C&(0):

|z-2||coxcancon) and E|z-2|| <o

Example Z € RP, X € M, ,

> if Ze€ Z+25(V2): E||Z| < || Z||+ Cy/p
> if X e X £25(v2) : E|X| < |X||+ CvpFn,
> if X € X £25(V2) : E||X| < |X|lF + Cy/pn.
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LQ_i(-)x; constant : Preliminary Lemmas

;
lQ-i(o)l <
We note B_; = B_(0), X_; = X_i(0) and Q_; = Q_;(0).

X7 B-i(t) < &x(1) | 7"

[1i o/ ) || B-if( )| o< XL/ )

LXT,Q ixi x &(1) | e "and E [%HX_T,-Q_;X,-HOO} < 0(1).

Proof: || -E[XT;Q-ixilllc < || ZEIXT;Q-iluill < O(1)
E | 2= X7 Q ixilloo
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LQ_i(-)x; constant
|Q—i(t)x; — Q_,x,|| € 0(1) j:é’z | e=".
Proof: [(Q_i(t) ~ @)l < T | @)X H(D_; — D(E)XT,Q

1
<0 <f> IXT:Q il I D= = D-i(2) |-

Besides, D_;(t) = Diag(f'(X75_;(t))) and:
XTB_i(t) = %XTX_,-f(XTﬁ,,-(t)) + %XTX,-f(x,-TB_,-(t)),

10— = D-i(t)|F < |F"[loo I X T B-i(t) = X B-i(0)|

f‘//
< H"OtHf xTB_i(t)X T x

< O([[fll)
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