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Position of the problem

Gaussian data ~ Classification output
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How to predict performances in high dimension ?
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Position of the problem

Real data Classification output
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How to predict performances in realistic settings ?
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Position of the problem

Real data Gaussian Predictions
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— Resort to RMT + Concentration of measure hypotheses
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Classical study of singular values of rectangular RM
X = (x1,...,xn) € My p, spectral distribution of %XXT:
1
- Z Sy
AeSp(LXXT)
Classical Hypothesis
» X has i.i.d entries with bounded variance
> X =C2Z,Z~N(0,l,).
Classical conclusions

> Weak convergence of the spectral distribution to the
Marcenko-Pastur law

Question : Can we find relaxed hypotheses and control the speed
of convergence 7
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With the concentration of measure theory (CMT)

Hypothesis of CMT

1. For all 1-Lipschitz maps f : M, , — R:
Vi>0: P(f(X)—E[f(X)]| > t) < 2e7 /2

(Independently on p and n )
2. The column of X are i.i.d.

Remarks

» (Cons) Implies all the moments are bounded

» (Pros) True if the columns are Lipschitz transformations of a
Gaussian vector Z ~ N(0, Ip).
— dependence between entries of a column possibly complex
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With the concentration of measure theory (CMT)

Conclusions on the spectral distribution

> Noting Q(z) = (AXXT + zI,) 71, the resolvent of 1XXT,
(% Tr(Q(z)) : Stieltjes transform)

EIC’Cpnioo 0(1):
) . nt?
vt >0: P (|TH(AQ(2) - THAQ)| > t) < Cexp <_c||A||%>

where Q € M, is a deterministic equivalent of Q

1

. _ l . . . .
(if A= 5ln : convergence of the Stieltjes transform of spectral dist. of —*+)
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Concentration of Measure Phenomenon!

X=X, Xp) ~ 5p Observations
-ttt - ;B
- =
/7 \ %
¢ ~, Xit+4+X, — =] 0(1)
{ 7
\\-.. // 1Xlloo \>‘==-_ 0(1)
\.' e '//’. | =
Distributi Ob bl
c;isa;e:elron = E[HZ - EZH] dias:::ere p—_>oo O(]-)

=_ 0(Vp)

p—_><>o

'Ledoux - 2001 : The concentration of measure phenomenon

Louart & Couillet, Concentration, RMT and Machine Learning

a-lab




Setting
(E,|l - ]l), a normed vector space, Z,, € E, a random vector

> (R?, |

), with [|x[| = /377 x?

> (Mpn, [I1l¢) with [M[[p = /Tr(MMT) = \/Ziggg M,
> (Mo [[-l]) with [|M][ = supy <1 [|Mx]]

Definition of concentration

if 3C,c >0, (0pn)pnen € RY | Vn,p e N,
Vi (E, |- ) = (R, ]| -]) 1-Lipschitz:

Vt >0 : P(|f(Znp) — E[f(Znp)]] > t) < Ce—(t/crrpAn)z’

we note Z o & (o)
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Fundamental example of the Theory:

Z € RP, if Z ~ Unif(,/pSP~1), Z ~ Unif(Bg» (0, /p)) or
Z ~N(0,1,):
Vf : E — R 1-Lipschitz :

vt >0 : P(|f(Z)—E[f(Z)]] > t) <2e 772
Choosing C =2,c = V2, op=1:

Z X 52(1) (Independent of p !).

——Standard Hypothesis : Z « &,
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Notion of deterministic equivalent

> if C,c>0, (0pn)pmen € RY | Vn,peN,
Vf:(E, |- ]]) = (R,]|-]) 1-Lipschitz :

Vi>0 : P(|f(2) —E[f(Z2)]| >t) < Ce*(f/cap,n)z,

Notation: Z o< &(0)

» In particular, if 37 € E | Vu: E — R 1-Lipschitz and linear :

VE>0 P ((u(z - 2)’ > 1) < Cem/eom),

Notation: Z € 7+ &(0)
Z : Deterministic equivalent of Z.
Of course: Z x &(0) = Z € E[Z] £ & (o)
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Strategy for the study of Q = (%XXT + 1)t

1. Zx & in (RP]]-]))

= Q x &(1//n) in (Mpn, | - 1IF)

— Q € E[Q] £ &(1/y/n) in (Mpn, - |F)
2. 3Q € M,, |[E[Q] — Q|| = O(1/+/n)

= Q€ Q£ &(1/v/n)in (Mpn, |- )
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How to build new concentrated random vectors 7

> [If Z o &(0) and f : E — E \-Lipschitz, f(Z) x &(\o)]

> No simple way to set the concentration of (Z1, ..., Zp) if
Z1,...,2Zp x E(0). Two possibilities:

1. Zy, Z,, independent then: (Zy, Z5) x &(0)

2. (£, 2>) = f(Z) where Z x &(o), and f 1-Lipschitz.
Then: (Z1, Z2) x &(0o)
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Realistic images built with GANs are concentrated

(1 ]

‘M"'IWIM

FAKE IMAGE = £(Z), with f 1 — Lipschitz and Z ~ A/(0, I,))

Generator

Fake images

Lipschitz maps

Real images
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Characterization with the moments

Vr > q,Vf : E — R, 1-Lipschitz, 3¢ > 0 :

r

Zx &(0) = r\ a
B1f(2) - B2 < € (L) (co)
Proof (f = f(Z) and f = E[f(2)]):
= Fubini:
D Hf - ’FH - fz (fooO ]lrg\ffﬂ’dt) dz
= [P (|f—f|]" > t)dt
< [ CetT /e gt < ¢ (5)é o'
< Markov inequality:
P (|- F> 1) < A

with r = e(‘éif:)q > q:P(|f -] >t) < Ce(t/e)/e.

Louart & Couillet, Concentration, RMT and Machine Learning

gipsa-lab



Table of contents

| - Concentration of the Measure and Random matrix tools

C - Key result: Concentration of the Norm of a random vector

Il - Application to machine learning

Conclusion

Appendix

Louart & Couillet, Concentration, RMT and Machine Learning

gipsa-lab



Key result : Control of the norm

» Infinite norm :

IP’(HZ—ZHOO > t) =JP’< sup &' (Z—~2) > t>

1<i<p

< p sup IP’(e,-T(Z— 7)> t)
1<i<p

< Celosp—(t/ca)® < (o= (t/0\/log(p))?
» For the general case, use of “e-nets”. If 3H C (E*,|-||,) |

Vze E: ||z| = sup f(2).
feH

ZeZ+CE(0) = Hz . z” e 0+ glim(Veet(H) g, (20)

on (RP, || - |I), H=TRP, and dim(Vect(H)) = p
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Norm degree

Degree of a subset H C E* and of a norm

» ny = log(#H) if H is finite
» ny = dim(Vect(H)) if H is infinite

Degree of a norm

>y = inf {maH € E° [ vx € x| = supr ()}
c

Example
> (R, lloc) = log(p) > n(Mpn [ -l)=n+p
> (R =p > (Mo |- llF) = np.
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Concentration of the norm

If Z € Z 4 C&(0):

HZ— ZH €0+ & (o /ny) and IEHZ— ZH =0 (cr\/m) .

Example Z € RP, X € M, ,

>ifZeZ+& E|Z|<|Z|+Cyp
> ifXeX+&:E|X| <X+ CypFa,
> if X e X+&: B|X||g < |X|r+ Cypn.
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Concentration of the sum and the product

If (X, Y) € 52(0') (X,Y independent or (X,Y) = f(Z), Z € £x(0)):
> X+ Yeé&(o)
> (X = X)(Y - V)

& (0%) +& (o /mpy) in (E])

where ¥x,y € & |xyl| < x|/l (usually x| < [x]).
Example X e M, ,, Y, Z e RP, Y. Z X x &
> 0 oy (V) 41 (3) in (Mo |l)
> YO ZxE(VIogp) + & in (B, -)

Louart & Couillet, Concentration, RMT and Machine Learning

gipsa-lab



Hanson Wright-like results

Classical Theorem?
If Z1,...,2Z, € R, independent, Vi, Z; x &, E[Z;] = 0:

2
= TAz —EZT >t) < —cmi oy B
™ P(‘Z AZ —EZ AZ‘ _t> < Cexp( ¢ min ((IIAIIF) TA]

With the Concentration of the measure phenomenon

If Z=(Z,...,2p) x &, E[Zj] = 0 two results:

. t 2 t
L m< Cexp <—cm'” ((ﬁuAu) ||A||>>
2 < C . t 2 t
- T Cexp | —cmin (@HAH) 1Al

2Roman Vershynin - High-Dimensional Probability
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Proofs

A=5; —5_+ Rwith §;,5_ >0 and R antisymmetric
= enough to prove the result for A >0
1| ZTAZ < & (P IAl) + & (AN |-

ZTAZ = ||AY2Z|?> where AY2Z oc &(||A||*/?) and
E[|AY2Z|] = v/n| A[I"/2.

2 [27AZ % & (ViogplAlly) + & (JAll)
A= PIAP, with A = Diag(A1,- .-, \p)
Y = PZ x & (since ||P| = 1) and:

ZTAZ=(YoY)"A

But Y © Y x &(/log p) + &1
— we conclude since ||A|| = ||Al|r
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Position of the problem

Data matrix X = (x1,...,%) € Mpp,

Hypothesis:
» p=0(n) and n= O(p)
> X x &
> [[E[X]l = O(v/n)
Strategy:

1. concentration of the resolvent: Q = Q(z) = (%XXT + zlp)_l,
2. computable deterministic equivalent Q,

3. spectral dist. of £XXT from estimation of Stieltjes transf:

1
m(z) = E Tr(Q(2)).
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1 - Concentration of Q = Q(z) = (%XXT + z/p)f1
Q = f(X) with f O(%)—Lipschitz and X o &thus:

Q € E[Q] £ & <\;>

2 - Choice of a computable deterministic equivalent

> naive choice : Q = (T + z/,)~! — wrong!
> clever choice : Q = (=5 + zl,) "lwith
1. 6 = L Tr(ZE[Q]) — not directly computable !

2. ¢ solution to:
1 pN -1
O—nTI’<Z(1_|_6+ZIp> )
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Conclusion for the spectral distribution of %XXT

Theorem

ReQ+& (%) in (Mp,n, | - [])in particular, Vz > 1:

P <’m(z) - Tr(@(z))‘ > t> < Ce (/9 for C,c=0(1)

— prediction from % T Q

41 00 empirical distribution |
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Regression in Machine Learning

Setting with 2 classes

» 2lawsin RP: Cy; C_
» X = (x1,...,Xn) € Mpp: data matrix, x; ~ C4 or x; ~ C_
> notation: p, = E[x], 5 = E[x;x;], for x; ~ C,
» Y e {-1,1}": label vector x; ~C, = y; = a
— Look for BeRPst. XT3~ Y.
Ridge Regression
Minimise £ |87 X — YH2 + 18|12, 7 : regularising parameter

Robust Regression®

Minimise 2 5™ £(y;87 x;) + || 8||2, for a loss function f : R — R.

3El Karoui - 2013 : On robust regression with high-dimensional predictors
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Ridge Regression

1
Minimise n;(ﬂTxi_YI)Q‘F’Y”ﬁP.
=

Solution : 8 = L QXY with Q = (1XXT ++/,) .

~n
Performance estimation

> Training error: E, = 1| XT3 - Y|>?
= 1|1 2
Etr = ;E HnXTQXY -Y = ff(Zi,ui).

> Test error: Eyge = L||IX] 8- Y|, X¢, X iid
- 1_[1
Eist = —E [n YXQX: X! QXY —2Y T XTI QXY + YTY} = (X, ps
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Example with One-Layer Neural Net X = o(WZ)

» Z = (z1,...27) € Mg, MNIST data
> W e M, g, fixed initial drawing
> o :R — R: Lipschitz activation function

[l
4

o(t) = max(t,0)

pvnl vl ol 1 g

Il Il
10-4 1073 10~2 10°! 109 10% 102
v

Ll

7 =]
100 [ T TTTIIT m———p) T T 1T T T 1T T T TTTITT T \\HH P

| B ;7 | 7
E - B
3 E
f ; Etr i\\;x\*x

X 5 K~ 5
i B R o 52 o)

e ) ?
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Robust Regression

1 n
M- - . - f i 'T 2
inimise p izgl (vixi' B) + 8]

Solution : 5 = % >y (;5(2,-7—6)2,- with z; = y;x; and ¢ = —%f/

Theorem

If X o< &, ¢ : R — R is A-Lipschitz bounded and ~ > ﬁ/\HH{;[X]H2
then (3 is uniquely definedand:

B x & (}) and B[] = 0().

— estimation of E[3] and E[337] to predict performances

Louart & Couillet, Concentration, RMT and Machine Learning

gipsa-lab



Statistics of 5
Definition of 5_ ( )
Sol® of 3 ;(t Z¢ z' B
i
B-i=p-i(0) and B = 5_(1).

1 - differentiation of 5_;(t)

1 n
BLi(t) = P Z ¢/(ZjTﬁ—i(t)) ZijT

Jj=1
i Di(t)

_ L T
—WZ_, () Z731(t) +

to(z B-i(1)) zi.
\—,_/

xi(t)

1

BLi(t) + ;Xi(t)zf

1
nX:‘(t)zia

with Q(t) = (%z,,o(t)z_ﬁ _ %/p)*l;g/_i(t) = LY()Q(t)z
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Statistics of [
2 - Link between z"3_; and z 3
zT B (1) =X ()12 Q(t)z

1

with Q(t) = (%Z_,-D(t)ZL _ %/,,>_ and x(t) = té(z7 B_i(t))

Proposition

’1 TQ(t)z — 7zTQ(O)z,-} = O(f)and with § = E[127 Q(0)z]:

1 1 1
EZ,-TQ(t)Z,' S =¥ <ﬁ> + &1 <n>

Integration

o700 o0 +0 ()

Louart & Couillet, Concentration, RMT and Machine Learning
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Statistics of

3 - computation of E[S] and E[357]

> B_; and z; independent = z B_; ~ N'(m] mg, Tr(C,Cp))
» Deduce* mg and ¥4 from:

> z,-Tﬁ - Z,-Tﬁ—i ~ 5(25(2/7—5)
> =12 oz Bz

“Mai, Liao, Couillet - A Large Scale Analysis Of Logistic Regression:
Asymptotic Performances And New Insights
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Application
> p=128, n =512 > Y =2l

> x; x N(yip, X) > Y/ =diag[l, 5, 1,_2]
‘ ‘ O Empirical results for X ‘ ‘
-~~~ Theoretical results for ©

% Empirical results for ¥’

K
——— Theoretical results for ¥’ /—x\’

0.20

Misclassification rate

274 273 272 p71 0 21 22 28 24 25 26

Regularization parameter ~y
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Conclusion

Real images
Concentrated
vectors

Ridge Regression,
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Conclusion

Random matrix theory allows for:

> precise estimate when n = O(p)

Combination with Concentration of Measure allows for

> extension to realistic hypotheses (GAN-generated data),

> tracking of concentration through explicit and implicit
formulations,

» rich and adaptable characterisation of relevant quantities.

Thank you |
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Position of the problem

Data matrix X = (x1,...,X) € Mpp,

Hypothesis:
» p=0(n) and n= O(p)
> X € &(c)
> IE[X]] = O(v/n)

Goal:

Show the concentration of the resolvent:
1 -1
Q=0Q(z) = (XXT + zlp>
n

and find a computable deterministic equivalent Q; depending on
the population covariance : ¥ = 1E[XX]

“n
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. -1
Basic results on the resolvent Q = (%XXT + zlp)

» The resolvent is bounded:

1Q(2) (Z)%TH <1 and HQ(Z)LH <,

> X = Q(z)is W—Lipschitz:
If we note Q(z)" = (%(X + H)(X +H)T + zlp)

|e@) ~ @), = |2 @@HOXT — (x + )X + H)T)a() .

-1 .

_ HJQ(Z)HHXT + (X + H)HT)Q(2)

< = (lew@"

F

Q ' + H%QH(“ H)H QG 141,

Louart & Couillet, Concentration, RMT and Machine Learning
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> Q(Z) S E[Q(Z)] + C& (\%) (we suppose that % = 0(1))

Question

How to estimate E [(%XXT + zlp)fl} ?

Design of a Deterministic equivalent

Let & € M, to be chosen precisely later and we set:

Q=(E+zl,)"

Louart & Couillet, Concentration, RMT and Machine Learning
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With identity A= — B~ = A=1(B - A)B~!

510 - al=k [0 (2o -5 @] =3 te[ored - 9.
i=1

Schur formulas
We set X_; = (X1, ces Xi—1, 0, Xi 41,y - - - ,Xn) S Mpyn
and Q_; = (%X_;X_TI- + le)_l

1 Q_,X,X Q_; Q—ixi
Q Q an QX 1+ XTQ—IXI

nl+ XTQ_,X,
xix;| ~\ =
Q| —"— -2 |Q
: <1 + 1T Q_ix; '

_ % iE [Q_,-x,-x,-TQiél] .
i—1

Then:
N "1
@ —EQ = ; “E

Louart & Couillet, Concentration, RMT and Machine Learning
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A first deterministic equivalent

H@l—EQH: sup UT(@l—EQ>V

[[ulllIvI<1
Z A+ ¢g;

HUH IIVH<1 n
with:

xix" < A
> AFE{ Qi <1+Q_Z> le}
> <= 1E [u7 QuixT QG|

— we note §; = %Tr(ZE[Q_,']) and we chose | ¥ = %

Let us show that with this choice: Aj,e; = O (%)
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Preliminary lemmas

> uTQq = (T Q)x € &x(c) + C& (ﬁ)

> E[uTQx,-] < \/E[UTQX;XI-TQU] = \/IITE[UTQXXTQU].

<E [HUTQU\H — 0(1)

» The same way:
UTQ,,'X,', UTQ;[X,' € O(1) £ C&(c) + C& (\%)
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Preliminary lemmas

> %XI-TQ,,'X,' € gg(C) + C& <ﬁ>

> E [%XI-TQ,,'X,'] =1 TV(ZE[Q I]) < % ( )E[HQ*IH] = O(l)

»
IEQ-i —EQ| = sup u' (EQ_;i—EQ)v
llull,lIvii<1
1, - 1
= sup E|-u'Q_ixix;/ Qv| = sup —y/E|
fulllvi<t L7 [ull,lv|<1 77

Louart & Couillet, Concentration, RMT and Machine Learning
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- -1
End of the proof, @1 = (1+o + zl )

» Since Hif)lH = O(1), with Holder inequality :

g = 1IEZ [UTQ_,-X;X,-TQiélv}
n
< 2 Bl E [T 056w - ()

T XiX;
Ut Qe <1+1XTQ iX; 1+51) ]
TQ iXiX; le(él_fxTQ IXI
(14 IxTQ_ix;) (1 + 1)
T
T iX; — X 1
refores (FE) o] = o(5)
— [El01- & =o()

Louart & Couillet, Concentration, RMT and Machine Learning
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Second deterministic equivalent

1 1 1
Note that ; = - Tr(ZE[Q]) = - Tr(XQ1)+ O (ﬁ)
1 )X -t 1
:nTr(Z(l—i_(sl+le> >+O n>
The function
RT — R*
1 )X -t

_ s/
is contracting for the semimetric: ds(9,0") = If/(%

— It admits a unique fixed point:

1 Y -1
52—ETF (Z (1_{_62"‘le> )

Louart & Couillet, Concentration, RMT and Machine Learning
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End of the proof

n

It can be showed that §; —d> = O (i) thus if we set

-1
Q= (% + zlp) :

HE[Q] - QzH < H]E[Q] - Ql” + Hél - C:)2H

o) ot -o(2)
— Qe+ C&E <\%>

—=Vt>0: P <‘;Tr(AQ) — ;Tr(A@)

Z t> S Cefcnt2

(for Ac My, [|All1 < p)
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