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Abstract

We study the resolvent Q* = (zI, — 1 XX")™" for z € C, with J(z) > 0 and where
X = (z1,...,2n) € My, is a random matrix with independent but not necessarily
identically distributed columns. Following the concentration of measure framework,
we assume each column vector z; has a “concentration function” «(-/n,) for a certain
np = o(y/p) and a : R4 — R4 possibly slowly decaying non-increasing mapping. In
particular an hypothesis on independence between the entries of z; is not required.
Quasi-asymptotically, Q° has a natural deterministic equivalent Qz, which depends
on the second moments of the column vectors zi,...,x,. We demonstrate that
for a given deterministic matrix A € M,, the projection Tr(AQ*) is concentrated
around Tr(AQ?), with decay speed proportional to 7,||A|| when [ ta(t)dt < oo and
proportional to 1, ||A|lus/v/n when [ t3a(t) dt < co.
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Limiting spectral distribution.
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Notations

Let us introduce the notations R, = [0,00), R} = (0,400) and H = {2z € C,3(2) > 0}
(the complex half plane). Given n,p € N, [n] = {1,...,n}, the entries of a vector z € C?
are generally denoted 1, ..., x,, the columns of a complex matrix A € M, ,, are denoted
ai,...,an. Let us denote M,, the set of square matrices M,, ,,, H,, the set of Hermitian
matrices and D,,, the set of diagonal matrices. Given M € M, , the transpose of M
i denoted M7 and the transpose conjugate is denoted M* = M7T. We introduce the
natural order relation on H,, given A, B € H,,:

A<B — VeeC": z*(B—-A)xz>0.

Given z € C", D = Diag(z) € D,, is the diagonal matrix having the elements z1, ..., z, on
the diagonal then one usually denote Vi € [n], D; = z;. Given a square matrix A € M, (C),
the spectrum of A is Sp(A) and we denote |A| = VAA* € H,,.

The ¢, norm on C? is denoted | - || (||z| = v/>_5_; |z:]?), then the Hilbert-Schmidt
norm is denoted | - [[us (VM € My n: [[M|lns = /Tr(MM*) = sup ay <1 | Tr(AM)]),
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the spectral norm is denoted || - || (|M| = supj, = [[Mz[)) and the nuclear norm is
denoted | - [ (|M| = Tr(VMM*) = supjay<1 | Tr(AM)[). Given two normed vector
spaces (E, || - ||g) and (F, | - ||r), and a linear mapping « : E — F, the operator norm of u

is denoted ||u| = SUD||3 | g <1 llu(2)|| F-

Given an index set © and two family of parameters (ag)gco € RS and (bg)oco € RS,
we denote: “ag < O(bg), 0 € ©” or “a < O(b)” or, abusively, “a < O(b), 0 € ©” iif there
exists a constant C' > 0 such that V0 € ©: ayp < Cby (and we note a > O(b) iif 3C > 0
such that V8 € ©, ayp > Cby). We further denote a < o(1) iif for any constant ¢ > 0, there
exists a finite subset 7' C © such that V§ € © \ T: ag < ¢ and a < o(b) signifies § < o(1).
If A, B € []yco Hn, are two families of Hermitian matrices, A < O(B) means that there
exists a constant C' > 0 such that:

Vo e O: BQ—AQZCInS.

Given a normed vector space F, random variables Y € F are typically measurable
mapping from a certain probability space (2 to F but (2 is omitted for simplicity. Without
any further specification, Y’ designates an independent copy of Y.

Introduction

Considering a non centered sample covariance matrix %X XT,where X = (21,...,2,) €
M, is the data matrix, The spectral distribution of 2 X X7, denoted by y is given by
the expression p = %Z)\GSp(%XXT) 0 and is classically studied through its Stieltjes
transform, which is defined as:

g:C\Sp(iXXT> — C

)

Note that actually The Steiltjes transform g is linked to the so-called resolvent of %X XxT
Q" = (I, — 7z XXT)~" through the formula g(z) = - Tr(Q*) valid for all z € C\
Sp (1 X XT). The importance of the Stieltjes transform has been thoroughly established
in seminal works [MP67, Sil86], through the Cauchy integral formula. This formula
allows the evaluation of integrals of analytical functions f defined on a neighborhood of
a subset B C Sp(: XXT) by:

[0 = 5 § #ate1e

where v : [0,1] — €\ Sp(: X X7) is a closed contour in C \ Sp (:XX”) on which f is
defined. The interior I, satisfies I, N Sp(1 X X7) = BN Sp(: X XT).

Historically, much of the foundational work in sample covariance matrices focused
on matrices with independent and identically distributed (i.i.d.) entries [MP67, Wac78,
Yin86, SB95] or on Gaussian hypotheses allowing to access independence assumptions
through linear transformation [BKV96, KA16]. The readers are referred to the mono-
graphs [BS09], [AGZ10], [PS11] for further details.

In practical scenarios taken from telecommunication [WCDS12] or machine learning,
data matrices often exhibit strong correlation between the entries. This has prompted
significant interest in extending random matrix theory to account for dependent entries
like in [Adall, DKL22] where they mainly assume concentration hypotheses on the
second moments of the columns of the matrix. These results are already quite strong
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but mainly concentrate on the limiting behavior when we try here to provide quasi-
asymtotic results on the eigenvalue distribution. This is done through a concentration
of measure framework (for comprehensive presentation refer to [Led05, BLM13] or to
[Tao12, Ver18] for specific applications to random matrices). To reach “heavy tailed”
settings, we consider an example recently presented in [Lou24] of random vectors whose
1-Lipschitz observations have only finite moment up to a certain order.

We are able to show Marcenko-Pastur convergence under our hypotheses assuming
that the second moment is bounded and we can also reach convergence of the resolvent
in Hilbert-Schmidt norm under the hypothesis of bounded fourth moment. This last
result seems to be very close to the local law convergence which was first set for Wigner
matrices in [ESY09] and adapted to Wishart matrices in [ESYY12, KM23]. However we
still do not manage to get the typical decay proportional to ﬁ(z) when z is getting close
to the spectrum. To avoid presenting unaesthetic and unusable powers of 3(z) in our
result, we thus decided to take z as a fixed complex number of either positive imaginary
part or negative real part.
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1 Main results

Our approach naturally decomposes in two almost independent steps:

1. A purely deterministic approach relying on complex analysis and basic topology
and algebra to express the so called “deterministic equivalent” of the resolvent.

2. A probabilistic approach relying on concentration of measure assumption to set
concentration of the resolvent binding around its deterministic equivalent.

1.1 Deterministic results

The ultimate goal of our paper is to express quasi-asymptotic results, meaning
that our concentration inequality will be valid for big but finite p and n. However we
adopt, although misleading, the denomination “limiting distribution” that can be found
in random matrix litterature. For us it will simply be a deterministic approxiamte of
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the eigen value distribution of %X X7, given n,p € IN. It expresses thanks to the non
centered population covariance matrices:

Vi € [n] : ¥ = Bzl ]

and the following uniquely defined diagonal matrix:

Theorem 1.1. Given n nonnegative symmetric matrices ¥1,...,%, € M,, forall z € H,
the equation:

-1

h‘M

(1.1)
n

Vieln,Li=z—~T ! Xn:
(3 = Z— — 1T —
n :
admits a unique solution L € D, (H) which we denote by A=,
Then the mapping
1 n

1 ie 1 1
§12|—>Tr(QA):<1—n>+ —
p z p) P Af

happens to be an analytical mapping that can be shown to be the Stieltjes transform of
the limiting distribution.

Theorem 1.2. The mapping g is the Stieltjes transform of the measure:

where ¢ is the Dirac measure on 0 and the measures [i1, ..., i, have as Stieltjes trans-
= . And /i has a compact support Sc R..

Once those object are well defined, one can introduce forall z € C\S‘ the deterministic
equivalent:

-1

~xs 1 ¢
QY = n—z

j=1

I>I‘ \g|

S.w

and next part of the paper will aim at showing the convergence of the resolvent Q*
around Q"".

1.2 Probabilistic results

In what follows, we study the asymptotic properties of the eigenvalue distribution
when p and n tend to infinity, the random matrix X should then be seen as a family
of random matrices depending on the asymptotic parameters p,n € IN, however, for
simplicity we will not index the family of matrices X and of columns z1,...,z,,... with
n and p.

To stay as simple as possible in this first presentation, we only present here two
representative settings, one of highly concentrated random vectors and the other one
allowing heavy-tailed decays. More general assumptions will be presented in Section ??.

Setting (S). There exist some parameters A\, C, K,r > 0 such that for all p,n € N, there
exist a set of n independent Gaussian random vectors z(1), ... 2" ~ N(0,1,), asetof n
\-Lipschitz mappings G(*) : R? — RP, i € [n] such that:

(S1) Yic[n]: =z =GW(W).
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(S2) Vi € [n], there exist g1,...,g, : R — R, such that:

(@) (@
. ; . . . (v) — g (w
2i = GO (g (A7), g (o)), and ap 19 029 ()]

p —
i€ln],j€lp]|v],lw|<u v —w]

e 2r

)

C w2
u
and we assume in both case that ||E[z;]|| < K. Later, we will restrict ourselves to

the cases r > 2 and r > 4.

Under this setting, it can be proven that ([?]) forall f: R?» - Rand all F: M, , = R
1-Lipschitz (respectively for the euclidean and for the Hilbert-Schmidt norm):

sup P (|f(z;) — f(z))| > t) <« (t> and P(|F(X)-FX)| >t <a (ﬂptﬂn) , (1.2)

i€[n] Mp

where the concentration function o : R4y — R, and the parameters 7, £k € IN vary
depending on the exact setting:

« in setting (S1): a(t) = 2~ */Y*/2 and Vk € N 7, = 1
* in setting (S2): a(t) = 6(<*)" and Vk € N: 1, = k'/".

These concentration of measure results being given, the assumptions of next theorems
will then sound more natural. First when the second or fourth moment of « is bounded
one can set the concentration of the projections of the resolvent.

Theorem 1.3. Considering a constanty > 0, a family of random matrices (X(”"”))n%m €
HWLG]N M, satisfying Setting (S), let us assume that the concentration function o :
R — R introduced in (1.2) satisfies that' [ ta(t)dt < oo then given z € H, there exist
some constants C,c > 0 such that for all n,p € IN such that p < yn:

IP( Cﬁt).

mpp|| Al
In the same setting, if we assume further that® [ t3a(t)dt < oo, then the concentration is
expressed as:

THAWQ" — Q)| > 1) < ca(

P ([Tr(A@ - @M))| 2 1) < Ca <*/7“5> ‘

3l Allss

As a corollary, assuming that the second moment of a is bounded, one can set the
concentration of the Stieltjes transform of Q~.

Corollary 1.4. In the same setting as in 1.3, if we assume that a has bounded second
moment [ ta(t)dt < oo, then the concentration of the Stieltjes transform is expressed as:

P (Jo) - - @) 20) < Catevit/n).

After introducing some basic lemmas to control the norm and the concentration of
the resolvent, the two results of Theorem 1.3 will be proven in two different subsections
of Section 3 since they rely on quite different approach.

IThat happens in Setting (S1) or in Setting (S2) when r > 2.
2That happens in Setting (S1) or in Setting (S2) when r > 4.
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2 Deterministic study: Definition of the limiting distribution

2.1 Definition of the deterministic equivalent of the resolvent

We consider in the whole section a set of n nonnegative symmetric matrices >4,...,%, €
M,, (they will be in next section the non-centered empirical covariance matrices of the
columns of X). Let us then introduce the mapping ®*:

VL € D, (H) : ®*(L) = Diag (z - %T&r (ZiQL))

1<i<n

we want to show that $* admits a unique fixed point AZ. For that purpose,let us introduce
a semi-metric dy for which ®# happens to be contractive. Then a Banach-like theorem
(Theorem B.6 given in the Appendix B) will provide the existence and uniqueness of A=,
For any D, D’ € D, (H) let us define:

Di - D)
du(D,D’) = sup |D: i

1zisn /S(D)S(D))

To be able to bound the variation of ®7 for the semi-metric dy, one first needs to restrict
the study on a subset:

De- = {D € D,(H),D/z € D,(H)} C D, (H).
Lemma 2.1. For any z € H, *(Dg-) C Dg-.
Proof. Considering z € H, and L € Dz- and i € [n], the decomposition QF =

) a7 ys ) —1
(Ip — % 2?21 %(‘fj |)§J + 4 2?21 ”v(éj ‘)EJ) allows us to set:

S((L)i) = o (@*(L)i — D*(L)i)

| —

1

9 g (@0

Il
&l

S(z) + %Tr EiZéL <%(|EZ|LEJ) QY| >0
j=1 :

(since QF¥;Q" is a non negative Hermitian matrix). The same way, one can show:

1 oL QF 1 = (=S8 -
%((I)z(L)i/z):ZiTr<Ei<QZ—QZ>>:21,|Z|2Tr Q" Zm Q| >0

Jj=1

Let us now express the Lipschitz parameter of ®* for the semi metric dy.

Proposition 2.2. For any z € H, the mapping ®~ is 1-Lipschitz for the semi-metric dy
on Dg- and satisfies for any L, L' € Dg-:

dn ((L), ¥*(L')) < /(L — C(2, D)(L — (2 L))dua(L, L),

where for anyw € H and L € Dgw:

D) = e S(9(L);

€ (0,1).
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Proof. Let us bound for any L, L’ € Dg-:

1

~ 1 & ~
®*(L); — ®*(L);| = —Tr [ QL | = Iy L
n SLAS(L.
sty bk PERE A
! n o (T L:L' J
i=1 /S(L;)S(LY) i

< du(L, L')V/(3(®*(L);) — 3(2)) (3(2*(L'):) — 3(2)), (2.1

thanks to Cauchy-Schwarz inequality and the identity

o<t Tr 5, ZQL (ELEJ) O | = s(@7(L),) - 3(2) 2.2)

issued from the proof of Lemma 2.1. By dividing both sides of (2.1) by \/S(®%(L);)S(®=(L');),
we obtain the desired Lipschitz constant. O

Q2| <0(J<z))

Here, one could have merely assumed £ € D,,(I) instead of A € De.-.

Lemma 2.3. Given A € Dg:-,

Proof. Let us consider the inverse matrix of 1Q* = (21, — 1 >°7" | 28:)~1 applied to a
vector u € RP

(e

2

LS (A
> (5@ + 2338w )il > sl
Reversing this inequality, we deduce the result of the Lemma. O

Lemma 2.4. Given L € Dg-, we can bound:

3 2 [2lplI%]] S(2) ( |Z|I
S(2)I, < |P*(L)| < <|Z| + 13() >In and <Z||—|—|z|%(z)> I, < ‘Q‘p Dl <

where ||| = sup;ep, [[Xl-

Proof. The lower bound of ®*(L) is an immediate consequence of the inequality $(®*(L)) >
3(z) (see the proof of Lemma 2.1). Given L € Dg:, we know from Lemma 2.3 that
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QY| < ) which directly provides the upper bound on ®#(L). Finally, we can bound:
I~ 3 ||E H =0
- <2+ = <zl +
< 3:(L), H Z S(@*(L),)] 3C)
which gives us the lower bound on [Q® (7] O

Theorem 2.5. For all z € H, the equation:
—1

(2.3)

h‘M

. . 1 1 —
Vi€ Li=2(L)i=z—~Tr |3 fﬁz

admits a unique solution L € D, () which we denote by A*, it satisfies in particular
3(A%/z) > 0.

Proof. On the domain Dg-, the mapping ®* is bounded and contracting with respect to
the semi-metric dyy thanks to Proposition 2.2 and Lemma 2.4 (indeed inf ep,. ((2, L) > 0).
Therefore the hypotheses of Theorem B.6 are satisfied, ensuring the existence of a unique
diagonal matrix A € Dg- such that <I>Z(A) A. Besides, Proposition 2.2 being true on
the whole domain D,,(H), we are sure that there are no other fixed point in the entire
set D,,(H). O

2.2 Definition of the limiting distribution

We present here some arguably well known results (see [KA16] for instance) about
the Stieltjes transform of the eigenvalue distribution which provide valuable insights into
its support. To show that g is a Stieltjes transform, we will use the following theorem
that can be found, for instance, in [Bol97]:
Theorem 2.6. Given an analytic mapping f : H — H, if lim, .., —iyf(iy) = 1 then
f is the Stieltjes transform of a probability measure p that satisfies the following two
reciprocal formulas:

o) = [ 52

« for any continuous point® a < b: pu([a,b]) = lim, 0+ %f; S(f(z +iy))da.

If in particular, Vz € H, zf(z) € H, then u(R~) = 0 and f admits an analytic continuation
on C\ (R4 U{0}).

The first hypothesis to verify for applying Theorem 2.6 is the analyticity of g, which
follows from the analyticity of the mapping = — A?. While it is possible to prove the
analyticity of A* using limiting arguments, by viewing it as the limit of a sequence of
analytic mappings, we opt instead to derive this property directly from its original defini-
tion, even though the approach is somewhat more laborious. We start with establishing
continuity by using Proposition B.8.

Proposition 2.7. The mapping z — A# is continuous on H.

Proof. Given z € H, we consider a sequence (t5)seny € {w € C | w+ z € H} such that
lim, , o ts = 0. We now verify the assumption of Proposition B.8 where for all s € NN,
& = ®*tts, ' = A*tts and I'S = A? (which does not depend on s). From Proposition 2.2
we already know that each f° is contracting for the stable semi-metric with a Lipschitz

3We can add the property Vz € R, p({z}) = lim, o+ yS(f(z + 1y)), here for u to be continuous in a, b, we

need ji({a}) = p({b}) = 0
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parameter A < 1 which can be chosen independent from s for sufficiently large s. Next,
we express for any s € IN and any i € [n]:
FAI); —T5 = @¥H (A7), — A7 = ¢, (2.4)
Noting that for sufficiently large s, S(®* % (A%)) = I(ts) + F(A*) > ‘(\y(i\z) > %Ef), we
observe that dp (S(f°(I'%),), (%)) < 4@82)‘ — 0. Thus, the assumptions of Proposi-
S$—>00
tion B.8 are satisfied, and we can conclude that there exists a constant K > 0 such that
for all s € IN:

H A#tts — AZ K|t _ 2K]t]

< < .
JOR)SA) || T infiep /SA)3(Rs)  S)

Besides, we can also bound:

SRt < zvs(gz)(sma + Kt) < O(1),

This directly implies that |A**% — A*|| < O(t;) — 0, and consequently, the mapping
S— 00

z — A# is continuous on H. O

Let us now show that z — A? is differentiable. Using the notation f! = ®**¢, we can
decompose:

(Az—‘rt _Az) _ (ft(]\z—i-t) _ ft(Z\Z) +ft(AZ) _ fO(Az))

: 1 e Lo AT AS g
j=1 5
Now, we introduce the vector a(t) = (]Xf*t — Af) cien € C", and for any D, D’ € D, (H),
1<i<n
the matrix:
P T (2:@72,07) M
s = —_ S n
1<i,j<n

we then have the equation:
a(t) = U(A*, A*)a(t) + 1. (2.5)

To be able to solve this equation we need the following property:
Lemma 2.8. Forallz,2' ¢ H, I,, — \I/(/N\ZJXZ/) is invertible.

Proof. We are going to show that I, — \I/(]XZ, /N\Z/) is injective. We introduce a vector
x € C" such that x = U(A?, Az/)x. We can bound using the Cauchy-Schwatz inequality,
with similar calculations as those in the proof of Proposition 2.2:

1 ~ Az n sz %(AZ)%(AZ/) ~ 3z
R B S
i=1 1/ S(A#)S(A#) it
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zj

therefore, if we denote ||z[|; = sup;c, TS50
J(A#)S(A?

, we have then the following bound:

l2llz &= < llllz= &= \/(1 — (2 A))(1 = ¢(2,4))

This directly implies that = 0 since we know that ((z,A*"") =

S(w)
SUPj<i<n (2w (A=),

(0,1). O

The continuity of z — A* given by Proposition 2.7 and the continuity of the inverse
operation on matrices (around I,, — ¥(A*, A®) which is invertible), allows us to let ¢ tend
to zero in the following equation

1 -
za(t) = (In - W(A% AT 7ML,
to obtain:

Proposition 2.9. The mapping z — A% is analytic on H, and satisfies:
%
0z

We can then conclude that for all i € [n], the mappings z —
transforms.

— Diag ((In — (A%, AZ))—lﬂ)

_ 1
A%

are Stieltjes

Proposition 2.10. For alli € [n], there exists a distribution fi; with support on R, whose

Stieltjes transform is z — — -

A7
Proof. We now check the hypotheses of Theorem 2.6. We already know that z — —é is
analytical thanks to Proposition 2.9 and the lower bound S(A?) > $(z) > 0. Furthermore,
Vz € H:
1 S(AZ I(A?
S —=— :\s(~l)>0 and ) [ :M>O,
A7 |A7] A7 |A7/z]
since A* € Dg_. Finally recalling from Lemma 2.4 that for all y € R, QA" | < %‘E%) =1,
we directly see that for all j € [n]:
A 1 —
L =1+ —(Ee) — 1
1y yn y—r+oo
we can thus conclude with Theorem 2.6. O

We can then easily deduce from Proposition 2.10 that g is a Stieltjes transform of the
measure:

n 1 n
ji= 1)60 fiis

where ¢, is the Dirac measure on 0, and f; is the measure whose Stieltjes transform

is z — —-L. To show Theorem 1.2, one is just left to show that the supports of all the

Az
measures y;, i € [n] (and the measure /i) are bounded. Actually, they are all bounded

with?:
8
Ty, = max (p,4> 1=
n

We need the following preliminary Lemma.

*Recall that ||Z|| = sup; e [1Z4-
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Lemma 2.11. For all z € H such that R(z) > zx:

R(2) 1,
2

R(A*) > and 1M <2

Proof. Let us show first that given z € H such that #(z) > zx, ®* is stable on A =
Dp,({z€H:R(z) > 5}) NDg-. Given L € A:

R ((QL)A) - ig §R|(/L\i|)22 > (1 _ 2||E||> > %p

s

which implies (as in the proof of Lemma 2.3) that ||Q*| < 2. We can then bound:

; 1 ~ L& RILHE =
R(@*(L)i) =2 — —Tr 2:Q" 1‘&2# Q"

|8
)

3
|8

Now, setting Lo = (R(z) + i)/, and Ly = (®*)*(Lo) for all k£ > 0, we know from the
proof of Theorem 2.5 that A* = limg_, o L, thus, A being a closed set, A% € A, and in
particular, Vi € [n], R(A?) > §R(2Z). O

Note then that we can deduce, as an interesting (but not useful) side result from
Lemma 2.8:

Lemma 2.12. Given any z,z' € H, |¥(A*,A*)| < 1
Proof. We know from Lemma 2.11 that Vz, 2’ € H such that R(z), R(z") > zo:

T (2@40Y) | iz 4

< —
- AA - on S(2)]

(A%, A7),

3=

which can be as small as needed if we let J(z) tend to +oco. Therefore, from the continuity
of (z,2') — ||[U(A%, A7), ¥(A*,A7)|| < 1 (otherwise,
there would exists z, 2’ € H such that \IJ([V, ]\Z/) would not be invertible, which would
contradict Lemma 2.8). O

Let us finally conclude.

Proof of Theorem 1.2. We are just left to prove that i has a compact support. Given
z € H let us denote for simplicity z = £(z) and y = 3(z) such that z = x + iy. Then, with
the notations of Lemma 2.11, assuming that x > xy, we know that:

N 1 o1 N S(AE <4
(93 Zy — 7T . Aif # Ai
R P Py e

4p||2)|2 Az
<yt p||2|| sy S(AF)
n= e §R(Az)

Besides §R(/~\j)2 > #2=, and denoting v = M which allows us to eventually bound:

sup %(A )<y +Z sup \S(Az)
JEln] T jeln]
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This implies, for z > 2v:

sup\sA < - <
je€ln] (43) 1=32 y—0t

returning to the Stieltjes transform, that gives us:

Stetin) =zt (L-1) 43 Z Rpril

That allows us to conclude that i has compact support thanks to the relation between [
and g given in Theorem 2.6. O

Let us end this subsection with an interesting connection between the deterministic
Stieltjes transform g and the random one defined for all z € I as:

n

1 1 1
g(z) = -Tr(Q*) = -+ — xlTszz (2.6)
D z npz

Remark 2.13. A classical procedure in Random matrix theory is to disentangle the depen-
dence between () and z; thanks to the introduction of a resolvent deprived of the contribu-
tion of z;, namely: Q*; = (I, — - X_,XT,)"! where X_; = (z1,...,2i-1,0,2i41,..., ) €
M, . The Schur identity then provides

1 1 Z.x;
Q" =Q%, + —Qzwl Q7 and ~Q%z; = % 2.7)
nz z STy QZ i Ti

To get closer to the form of §, one naturally introduce the diagonal matrix A€D,,(H),
defined for any i € [n] as

1
z — T
Ai =z — EI'Z Q_iZi,

and that will play a central role in next section (similar to the role Af played in this
section). The identity zQ* — %XXTQZ = [, and (2.7) finally give us from (2.6):

1 1 afQ w1
9(2) z + npz = AZ z ( > Z A? )

Given a mapping A : H 3 z — A*D,,(H), if one denotes:
1 1
A
2= = 1= = — —
R (A

then, finally®:

A

A gt

g=g and g

5Similarly, the Stieltjes transform of the spectral distribution of 1 =X TXisg=gh A* where forall D: H>
z+ D € Dy(H), gP° 12— 1 Z

in 3.5. we see here that the Spectrum of ;XTX has |n — p| less or more 0 eigenvalues than %XXT.

ie1 DZ . This is stralghtforward from the 1dent1ty 3 = Q” given later
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3 Probabilistic study: concentration around the deterministic
equivalent

3.1 Problem settlement

Notations

We will set in this section quasi-asymptotic results on random matrices, meaning that
we will express convergence results for inequalities or concentration inequalities when
important quantities like the number of rows p and the number of columns n converge to
oo. Just the rate of convergence is relevant, therefore, in order to remove smoothly the
constants from the quasi-asymptotic result, we will introduce several notations. Below,
the set of indexes © could be thought to be IN x IN x C or even something more elaborate
like {(p,n,z) e N x N x C,p < n,S(z) € (0,1]}.

Following a previous work done in [?], we will express concentration inequalities
with operators which are set valued mappings and conversely (which gives natural
meaning to a < a(t) for some a,t € R and « : R ~ 2®). Classical mappings from R to
R are identified as singleton-valued operators. An operator o : R — 2% is said to be a
positive probabilistic operator or a “concentration function” and we denote o € Mp, iif
it is maximally decreasing® {1} C Ran(a) and Dom(a) C R,. Given a parameter r > 0,
the r-moment of a concentration function o € Mp , is defined as’:

MP® = r/t"—la(t)dt - /a (t%) dt.

Given two families of probability operators «, 5 € /\/l](?+, we will denote o C g iif there
exist two constants C, ¢ > 0 such that:

Vo € ©,Vt>0: ap(t) < CPBy(ct),

A good illustration of this order relation is given in Lemma A.1.

Let us consider a family of random variables (Xy)sco € R® and a family of positive
probabilistic operators (ay)s € M%. If there exists some constants C, ¢ > 0 such that
Vo € O:

Vi>0: P(|Xy— X >t) < Caglct),

where (X})gco is a family of independent copies of Xy, 6 € ©, then we denote X € « or
if one needs to describe more precisely the dependence on O:

Xp € g, 0 e 0O.
When there exists a family of deterministic parameters (Xe)gee such that V6 € O:
VE>0: P(|Xy— Xg| >t) < Caglct),

for some constants C, ¢ > 0, one denotes X € X + a or more simply X € O(m) £ «, for
any (mg)geco such that | X| < O(m).

6Following the monotone operator theory (see for instance [BC11]), given an operator a : R — 2R one
denotes Gra(a) = {(z,y) € R? : y € a(x)}, the graph of @, Dom(a) = {z € R, f(z) # 0}, the domain of
and Ran(a) = {y € R, 3z € Dom(«) : y € a(x)} then « is maximally decreasing iif it satisfies the implication
Vz,y € R2:

Y(w, z) € Gra(a) : (z —w)(z —y) >0 = (z,y) € Gra(a).

7One can naturally define the integral of maximally monotone operators as the integral on continuous points.
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We rely on real-valued functional to extend those notations to random vectors. Given
a family of normed vector spaces (Fy, || - ||)¢oco and a family of random vectors (Xp)g €
Hee(—) E, we will work on concentrations (for assumptions and results)®:

f(Xo) € ap, 0 €O, f: Eg— R, 1-Lipschitz.
that we will rather denote for simplicity:
X ea.

This choice of notation is not ambiguous because in R, the concentration of Lipschitz
observation is equivalent to the concentration of the random variables themselves.

If, in addition, we are given a family of deterministic vectors (XQ)QE@ € [[yco Eo such
that X € a and®:

u(Xg) € u(Xyg) £ ayg, 0 €0, u: By — R, linear, |ju|| <1,
then we denote:
XeX+a,

and when there exists some family of positive parameters (og)gco € IR? such that
| X|| < O(c), we denote X € O(c) + a.

We denote Id, the identity operator ¢ — {¢}, and for simplicity, given a parameter
A € R and an operator o, a(AId) = a o (AId). The same way, VId : t — {V/t}, it satisfies
Dom(\/Td) C R,. Given two operators o, 5 : R — 2%, the parallel sum and product of «
and 3 are respectively denoted a3 = (a1 +471) "L and aX B = (o=t - B71)~! (where
the inverse of an operator « is classically defined as a™! : y — {z | y € a()}).

Setting

By default, the sets of matrices M, , (in particular D,, C M,), p,n € IN are endowed
with Hilbert-Schmidt norms || - ||us and the sets of random vectors R?, p € IN are endowed
with the /5 norm.

In what follows, we consider a constant v > 0 and introduce:

0, ={(n,p,2) € N> x H,n > yp}.

the index set that will direct our quasi-asymptotic results. With the notations we
introduced, v < O(1), there for seeing p, n as families of parameters indexed with ©,,
one has p < O(n).

Considering a family of random matrices X = (X (n,p))(n,p)e(_)w, given 7 € NN, let us

naturally denote x; = (:cgn’p))(nyp)e@wnzi, the family of the i*" column of X and recall

the family of means, of centered and non-centered empirical covariance matrices for all
1€ IN:
¥ = B[zl

8That means that there exists some constants C,c > 0 such that V0 € O for all 1-Lipschitz mappings
f:Eg = R:

VE>0: P(|f(Xe) — f(Xg)| > 1) < Cag(et),
9that means that there exist some constants C, ¢ > 0 such that V0 € © for all linear form u : Ey — R such

that ||ul| < 1:
VE>0: P(lu(Xe— Xg)| >t) < Cag(ct).
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Assumptions
Let us assume the following properties are satisfied:

(A1) =z;,...,z, are independent,

(A2) there exists some concentration function oo € Mp, (independent with n, p) and a
sequence 7 € RY such that:

ac,»an(I:),z‘e]N Xeao(\/lgm>, O(1) <n < O(\/p),

(A3) [|Z;] <0(1), i€ [n].

Later, one will have to make one further assumption on the existence of moments of a,
depending on the result (Assumption (A4.a) and (A4.b)).

3.2 First concentration results and general strategy
Concentration of the resolvent

It is somehow convenient to study simultaneously the so-called “co-resolvent” () defined
as:

. 1 -1
= (I,-—XTX n-
@ < zZn > < H My,
('n,p)E@W,S“(z)E(O,l]
Lemma 2.3 already provided the bounds:

Edl
3(2)

(since in our regime O(1) < S(2) < |z] < O(1)). Further note that the identity
QL XXT = Q — I, provides:

Q7| < <0(1) and Q%] < O(1) (3.1)

2|

Qz XTQZ ﬁ

IA

1
>x< 7
n

1
@r-al<o(r) 2
Proposition 3.1. Q*, Q* € a(y/n1d).

Proof. Introducing the mappings Q : M,,, — M, and O : M,,,, —+ M,, defined as:

and o(M) = (In —

it is sufficient to show that Q and Q are both O(1/y/n3(2)?)-Lipschitz (for the Hilbert-
Schmidt norm). For any M € M, , and any H € M,, ,,, we can bound:

<0 <||H|Hs) 7
HS Vn

thanks to (3.1) and (3.2). The same holds for QZ O

ot = Jown L mimann

We also provide here the expression of the concentration of QX and X7 Q that will
be useful later.

Lemma 3.2. Q°X = XQ* € o (S(2)?1d)
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Proof. Let us look at the variations of the mapping R : M,,,, = M,, ,(C) defined as:
MMTN\ ™!
R(M) = (Ip — ) M.

to show the concentration of Q*X = R(X). For all H, M € M, ,, (and with the notation
-1
Q(M) = (Ip — MMT) given in the proof of Proposition 3.1), let us bound:

zZn

], < e Lo

+Q M) Hllys < O ([|H|lus) -
HS

O

Strategy to approach the expectation of the resolvent

Once Proposition 3.1 is set, Lemma A.6 provides the concentration around the expecta-
tion (since o has the first moment bounded):

Q* € E[Q?] £ a(v/nId)  (in Hilbert Schmidt norm).

We are then left to bound ||E[Q?*] — QN I« and | E[Q*] — QN |las to be able to set concen-
tration around our deterministic equivalent thanks to Lemma A.3. It seems difficult to
prove this result straightforwardly, one will rather rely on two proxies for A® (namely
A and A) to progressively approach Q4" from E[Q?]. To identify these proxies let us
consider a certain deterministic diagonal matrix A € D,,(H) and express the difference:

i=1 v

z

To pursue the estimation of the expectation, one needs to control the dependence
between ()% and z;. For that purpose, recall the Schur identity given in (2.7) %QZL’ =
z_ixi

7 Where we also recall that Vi € [n]: A7 = 2z - 12TQ% ,x;. 1t is then possible to
express:

z A 1 . z xlx? 27 ANA 1 . z z Zl ANA
E[Q*] -Q ngE{ —z’( Az _Ai)Q ]+H§E[( —i_Q)EQ

1 n
—Llyeagan (3.3)
n 1=1

where we introduced, for any i € N, A € D,,(IH) the matrices £2, 62 defined as:

[ 2
A zZ .l (1 1 )AHA
. &f —]E[ 2Ty (A;z Ai)Q }

-2 = AB[(@, - @)miQ?].

It can be shown easily that the matrix 514(when S(A) > 0) is of small size:

Lemma 3.3.

l57 <0 (W)

This result is a consequence of Lemma 2.3 that provides the bound ||Q2|| < O (1) and
thanks to the following result:
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Lemma 3.4. |E[Q,] - E[Q%]| < O (ﬁ)

This Lemma relies on the formula:

Q*—Q7, = z el Q7 (3.4)

consequence to the Schur identities (2.7). Naturally one then want to look for upper

bounds on Ai That can be obtained through two ways. The first one relies on the

identity: (3.1) to express:

1 , 1 1. L2TQ a;
p = Dlagie[n] (Z — ix?Qil$2> = ; Dlagie[n] (1 + 5 %x;r > z;
1 1 . T Nz
= — | I, + — Diag(X* Q*X)
z zZn

= Diag (1In + 1XTXQZ> = 1Diag(q”f). (3.5)
z nz z

The second one relies on the inequality |A?| = ‘lez\lf L > % and the identity:
2 —
S(AF) = 3(2) — 2T Q%) = 3(=) +27Q* S X XTG% > 3(). (36)

nlz[?

Both bounds (3.5) and (3.6) can lead to:
Lemma 3.5. A* € D,(H) and 3= < 577 < O(1).

We are now able to prove Lemma 3.4:

Proof of Lemma 3.4. For any deterministic vector u,v € CP, employing (3.4), let us
bound with Cauchy Schwarz inequality:

1
o (B1Q2.] - EIQDol = B[ QT @ 0|

- i\/E [u* Z wixl _Z_iu ]
— = 1 1
— \/IE) [wQ,;%:iQ% u] E [v* Q% ,3;Q% ;0] O <ni‘s(z)> =0 (ni‘s(z)3>

thanks to Lemmas 3.1 and 3.5. O

A?

7

% —1

}E[v* z izl Q* v

Now that we know how to bound 2 for all i € [n] and all A € D, (H), we are left

to bound £ = E [ z il (ﬁ — L%) QA} which seems possible if A either takes the

values:
A* = E[A7] or A= L

E[1/A%]
We will see that both choice are relevant, but not used the same way if one tries to bound
the nuclear norm or the Hilbert Schmidt norm. The next two subsections will present
those two approaches —- the first one requires the second moment of a to be bounded,
the second one requires the fourth moment of o to be bounded.
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3.3 Convergence in nuclear norm when o has bounded second moment

This subsection relies on the supplementary assumption to (A1-3):
(Ad.a) fm ta(t)dt < oo

The proof process follows the diagram:

. 3 L 37 .. 312 ... 312 ..
0B g BT g i 312 o
A A g A T A
3.10 2.5
D(A%) D(A*)

Reaching A* = 1/E[1/A?]

Lemma 3.6. Given any sequence of deterministic matrices A € H(n’me@7 My:

Id Id Id
1 Q7 Ax; € aomin , Caoy|—r.
Nl Allas ™\ 7* | Al nv/plIAl

Proof. Note that E[z]Q* ; Az;] = Tr(X;E[Q?;]A) and let us bound:

o] Q7 Ax; — Tr(SE[Q,]A)|
< ol Q7 Ax; — Tr(2:Q7 A)]| + |Tr(S:Q7%,4) — Tr(SE[Q,]A)| .

Therefore, the Hanson-Wright inequality provided in Theorem A.7 gives the existence of
some constants C, ¢ > 0 such that for all § € ©,, for all z € H:

)

+P (ITEQ8A) - THEEQ: 14) > 4 )

+a <c\/ﬁt )
/Il All )

P (’x?QiiAxi - E[szQz—iAxiH > t)

<E|p (|xZTQZ_iACL’i - TH(EQ,A)]| 2

DO |

< [ . ct ct
< o o min ,
_ 1@ Allus™\| 1@ A

< o Id Id +a( ct >
<aom , —
nllAllas” \| n?[|All nllAll

one can then conclude thanks to the inequality || Al/us < \/p|/A|| and Lemma A.1. O

We now have all the preliminary results to prove:

Proposition 3.7. When « has bounded second moment, one can bound:

B - QY| <o mvh)
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Proof. Let us consider a deterministic matrix A € M, such that ||A|| < 1. With the
notation introduced to set (3.3), we can decompose:

~i: 1 i i
Tr (A(E[Q7] - Q")) = =) Tr(Ae)) + Tr(A5}
r(4(BlQ]-QY)) 2 2 T4 + Tr(4d)
First the term with 5{\ can be bounded with Lemma 3.3:
mast) < o (ML) < o
n

Second, let us estimate:

Tr(4=))| = ’]E [(ﬁ@“miixi ~ BT QY 4Q% x)) 1} \

2T QN AQ* 2 — BT QN AQ

<E|

The integration of the concentration:

- Id
foA AQ7 x; € o _—
nv/pll Al

Tr(Ae}")| < O (1/p||Al) thanks to Lemma A.2 and

the hypothesis < O(,/p). Combining the bounds on 5{‘ and the bounds on 55\ for
i € [n] (the bounding constants are the same), one finally obtains the result of the
proposition. O

provided by Lemma 3.6 leads to

Reaching A* = E[A?]
Let us now go from A% = 1/E[1/A?] to:
A* = E[A%] € D,(0),
Applying Lemma 3.6 in the case A = I, one gets:
Lemma 3.8. Vi € [n] : A € Afao ( "—Id)

VP
Lemma 3.9. ‘ <0 ("T‘/f’)

I
Az Az

Proof. We know from (3.6) that %, ]E[/l\?] < O(1), the concentration given by Lemma 3.8
then allows us to bound: ' '

IN
=

| < [ B

‘E {H - E[lA] HAl - JE[lM [AZE[AZ]]

<o - B <0 ().
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Finally reaching A~

To show the convergence of A* towards A* solution to A* = ®(A*), we need Propo-
sition B.8 bounding the distance to a fixed point of a contracting mapping for the
semi-metric dp.

Lemma 3.10. |[®(A*) — A*|| <O (nTﬁ)>

Proof. Let us bound:

Tr (Zi(QAZ - EJ Z—ZD)‘

~ ~ 1 ~ Az 1 1
|(I)(Az)z — AZZ| = ‘E |: TI‘(EZ‘QA ) — *J);T Z_Z$1:| = —
n n n

1, ~is  ~i 1, =i B 1 B B
<0 (S10Y = @Vl + 11" - BIQ“Il. + LEQ"] - EIQ- I ).
One can then conclude thanks to Lemmas 3.4, Proposition 3.7 and the bound:

Tr (AQAZ;Z <IE L\l] - Ai Az) H (3.7)

1QY = Q% |l = sup

Q
A <1 i=1 i
1 1 p3/277
<0 psupE{]—A §O< )
( i) | LAT] Az n
thanks to Lemma 3.9. One then conclude thanks to the bounds ng, 5 < ?. O

We now have all the elements to show the convergence of A# to A=

Proposition 3.11. ||[A* — A*|| <O (%)

Proof. We know from Lemma 2.4 that sup;c(, 3(A?) < ||®(A*)|] < O(1), then Proposi-
tion 2.2 provides:

A Z(AzZ %(Z) %(Z) Az Az
du(®*(A?), P*(A%)) < e - |du(A*,A

< My (A%, A7),

with 1 — A > O(1). Moreover, Lemma 3.10 and the bounds $(®*(A%)), S(A%) > ()
provide:

di (®%(A?), A%) < o(1) and consequently: dRi(%(éz(/A\z)), S(A?%)) < o(1)

(recall that by assumption 7 < o(,/p) < o(y/n)). The conditions of Proposition B.8 are
satisfied and one can finally set that:

d]H(AZ7AZ) <0 AZ_—(I’(AZ) <0 (T)

Then, recalling that Vi € [n], S(A?) > O(1) and from Lemma 2.4 that S(A?) < O(1), one
can bound:

Vi€ fn: \/ S0 \/ igi; T dg: (S(A%), 3(3%) < 0(1),
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which implies that $(A?) < O(1). One then has all the elements to conclude that:
4% - &) < 0 (dn(d*, 1) < 0 ()
n
O

Similar calculus as the one done in (3.7) to deduce a bound ||QAZ — QY. from a
bound on ||A* — A?|| then leads to:
<0 (ﬁ) .

Finally Lemma A.3 allows us to combine this result with the concentration of Q*
given in Proposition 3.1 to finally obtain the first result of Theorem 1.3.

Proposition 3.12 (Convergence in nuclear norm). H]E Q%] — Qf‘z

3.4 Convergence in the HS norm when o has bounded fourth moment

This subsection relies on the supplementary assumption to (A1-3):
3
(A4.b) fR+t a(t)dt < oo

The proof process for this section is shown in the following diagram.

N R % VU ¥

05 Q3 QY —h

A Ar o A
?? 2.5
o(A%) ®(A*)

Recall that A = E[A], we will demonstrate that the distance between E[Q*] and QA in
Hilbert Schmidt norm is 1/n better than in the nuclear norm. The proof follows generally
the same structure as that of Proposition 3.7. To get the best bound possible, one needs
a refined version of Lemma 3.6.

Lemma 3.13. Given any sequence of deterministic matrices A € H(n,p)e@y My:

Id Id Id
T z :
z; AQ*z; € avomin , Caoy|—i—-:
(UA|HS 772||A|> \ 7?1l Allus

Note that outside from the heavy-tailed case, in the specific case where the concen-
tration of X is the same as z; one can use the concentration of Q*x; = Q% Xe; provided in
Lemma 3.2 to employ directly Hanson-Wright theorem and set the result of Lemma 3.13.

Proof. The proof is slightly more elaborate than the proof of Lemma 3.6 because z; is not
independent with Q. Still, it follows the same scheme and starts with the decomposition:

|xiTAQZxZ- - E[miTAsziH
< |miTAQZ:Ei - E[xlTAQZxAX_iH + |E[x?Aszl\X_Z] - E[xiTAsziH .
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Observe that z; € a(Id /n) and when X _; is fixed, x; — Qx; is o(1)-Lipschitz thanks to
the bound ||Q*]| < %‘(Zi) One can therefore employ Hanson-Wright inequality given in
theorem A.7 and obtain the existence of some constants C, ¢ > 0 such that V(n,p) € 0,:

Id cld
P (|z] AQ*x; — B[z} AQ%x;| X ;]| > t) < Cavomin ¢ ,
( 21) Al | AT

To control the second part, we introduce for any i € [n] the following mapping:
q—; : M_; — E[I‘;TAQZJLL|X_Z = M—i]

Note that ¢_; is defined on the set of matrices of M, ,, that have only zeros in the ith
column. Given such M_;, M’ € M, ,, and z; € RP, we denote below:
M = (my,...,mi_1,ZTi, Mit1,...,my) and M = (mi,... ,mgfl,xi,m%h...,m;),

-1
such that now, with the notation Q : M — (Ip - M MT) already introduced in the proof

of Proposition 3.1, one has the identities ¢q_;(M_;) = E[zT AQ(M)z;] and q_;(M",) =

E[zT AQ(M")z;]. Then:

lg—i(M_;) — q-i(M",)|lns
= |Elz] A(Q(M) — Q(M"))]|

— ’E [foQ(M) (ZlnM_iMTi - ZlnM’iM’iT> Q(M’)a:i]

< ’E [%TAQ(M) (Zlan(MTz - ML)+ i(]\/Lz - M/i)M/iT) Q(Ml)mi]

zZNn

By symmetry, it is sufficient to bound one of the two terms, it is done with Cauchy-
Schwarz inequality:

% |E [2] AQ(M)M_;(M_; — M’ )" Q(M")z;]|

< \/E [%TA Q(MT?Mﬂ- M*,Q(M)

n

AT | [T QM M~ ML QO]

1 | Allms| 2]
< —0 ]ETAAT,L E[zT i — /-21‘ <O ——— i — -
< J=OyBleT adTal fEiT O~ 0 o] <0 (LR g ar

Therefore, q_; is O (%)-Lipsohitz and, as in the proof of Lemma 3.6, Theorem A.7
provides the existence of some constants C, c > 0 such that forall # € ©,, for all z € H:

P (o] AQ*x; — B[] AQ%x;]| > t)

<8 [P (JaT AQ" - BT AQui|X-d| 2 5 ) |+ P (Jos(Xo) = Blaos (X)) = £ )

= 5 =
o omi ct ct
n b
nl|Allus” \| 2| Al

<E

o (i)

one can then conclude. O

The bound on the fourth moment of a given by (A4.b) is only useful to set next
proposition:

Proposition 3.14. |E[Q*] — Q" |us < O (%)
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Proof. Let us consider a deterministic matrix A € M, such that ||A|gs < 1. With the
notation introduced to set (3.3) we can decompose:

1 (4(BQ1-0)) - Z Tr(Ael) + Tr(451)

The bound on 5{‘ is again obtained with Lemma 3.3:

| Te(A62)| < 0 <\/73”A”HS>

n(z)5

Second, let us estimate:

o) = | gy [ @ 4Qus (47 ~ B 1A

= IE[Af]E [(QC?QE[AZ]AQZ% -E [CviTQE[AZ]AQinD (A7 — E[Af])} ’

Lemma A.5 applied to the concentration provided in Lemmas 3.8 and 3.13 allows us to set
(the distribution of the composition towards the parallel product is given by Lemma A.4):

T AE[A®] z . T AE[A?] z,. z P o Id nld
(@ IAGen — e A0 ) 47~ < <\/n2|AHs@\/m/ﬁ>

oo (i) )

Tr(Ag{‘z)’ <0 (%) .

Combining the bounds on §; and the bounds on ¢; for ¢ € [n] (the bounding constants
are the same), one finally obtains both result of the proposition (take the supremum on
all A € M, such that such that ||A||gs < 1 to get a bound on ||Q* — Q" ||us). O

A simple integration then provides

The rest of the study is then exactly the same as in Subsection 3.3, we thus give the
next results without proof.

Proposition 3.15. |[A* — A%|| < O (12)

Proposition 3.16 (Convergence in HS norm). H]E Q%] — Q’V

<0 (M) .
HS "

One can then combine this result with Proposition 3.1 and Lemma A.3 to finally set
the second result of Theorem 1.3.

A Concentration functions and inequalities

Lemma A.1. Given two family of positive parameters 0,1 € RS such thatn < O(c) and
a concentration function « € M% such that a(1) > O(1), for all parameters 0 < g < r:

((5))==((Z))

e} — Ca — .

n g

Proof. By definition of our notations, one knows that there exists ¢ > 0 such that V0 € ©,
no < cog. Then it is immediate to check that for all § € ©, Vt > 0:

() oo (7))
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To set that a((14)") C a((14)7), let us consider ¢ € © and start with the equivalence:

(@)=(E)) = e

Besides, forall 6 € © and all ¢ < oyg:

(e (7)) =127 ()

Therefore, for any 0 € ©, any ¢t > 0:
(1 t\" < 1 t\?
min — — — .
@ o - min(l,C)a ol

Lemma A.2. Given a concentration function o € Mp, (independent of §), a family of
parameters o € R and a family of random variables X € R® such that X € 0tao(Id /o):

O

Vr>0: /tr—la(t)dt <oo <= E[X[]<O0(").

Proof. There exists C, ¢ > 0 such that for all § € ©, P(|Xy| > t) < Ca (5—‘;) one can then
simply bound V6 € O:

oo o) tl/r oo
]E[|X9|T]:/O P(|X9\T2t)dt§/ Ca (C >dt§(}mg/0 Lo (ct) dt.

0 g6

O

Lemma A.3. Given a family of normed vector space (Fy)pco, a family of random vectors
X € E°, two families of deterministic vectors X, X, € E® a family of parameters
o € R®, and a concentration function (constant with § € ©) a € Mp_, we have the
following implication:

- 1d - - ~ Id
XeXx, ia0(> and || X7 — Xz2| < O(0) = XGXQiaO(>
o

g
Lemma A.4. Given three operators f,g,h: R — 2%:
fogHB foh=fo(gHAh) and fogRfoh=fo(gXh).

Lemma A.5. Given two families of random variables X,Y € R® and two family of
concentration functions «, 3 € /\/l%:

Xe0+a and Ye0+8 — XY e0+taXp

Lemma A.6. Given a concentration functions o € Mp, and a family of random variables
X € R®:

Xea = X e E[X]+a.

Theorem A.7 (Hanson-Wright Theorem). Let us consider a family of random vectors
X € [Ipeo R?*, a family of parameters o € R and a concentration functions o € Mp, .
If we assume that X € a o (Id /o) and E[XXT] < O(c?), then for any sequence of
deterministic matrices A € [[ycgen Mpy:

Id Id
XTAY € aomin ; .
<||A||Hsc72 \ ||A||a2>
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B Semi metric on D,(H)
We introduce the semi-metric di on D,,(H) = {D € D,,,Vi € [n],3D; > 0}:
A—A
du(A,A’) = sup _la-al
1<i<n %(A)%(A/)

The distance dy is not a metric because it does not satisfy the triangular inequality,
see the following counter-example:

3 1 1
dpu(4i,1) = 3 > ﬁ + ﬁ = dp(4i,2i) + dm(2i, 14)

Indeed, one has the counter-triangular inequality when certain conditions are met:

Lemma B.1. Given z,y,z € R, x < y < z implies that:
d2(a+ xi,a + 2i) > dy(a+ xi,a + yi) + diy(a + yi,a + 2i)

Proof. Here we construct the function

3 3
q"'(y) = y+ >0

This shows that g is strictly convex on [z, z|, and the statement follows from the fact that
g(z) = g(z) = d3j(a + xi,a + yi) and that g(y) = d¥(a + zi,a + yi) + di(a + yi,a + zi) O
Lemma B.2. Given A, A’ € D,,(H) and A € D;}
du(AA,AA") = dg (A, A)
dp(—A7Y —AY = dy (A, A)
Lemma B.3. Given four diagonal matrices A, A', D, D’ € D,(H) :
du(A+ D, A" + D") < max(du(A, A"),du(D, D"))
Proof. Forany A,A’,D, D" € D,,(H) :, there exist iy € [n] such that:
|Nig — A}, + Diy — Dj |
V(84 + Dig) (A, + D)
[Nig = Af, |l +1Di, — D |2
VSRS +/3(Di)S(D]
— A |D,, — D,

\/\5 10 A/ \/\Y 10

du(A+D,A"+ D) =

<

< max

O

In proving this property we have used the following elementary inequality results.

Page 25/29



Operations & concentration

Lemma B.4. Given four positive real numbers a,b, o, 3:

Vab+ v/apf < \/(a+a) b+ B)

a+ «
b+ 0

Proof. For the first result, we deduce from the inequality 2v/abafB < af + ba:

(\/%+ \/@)2:ab+a6+2\/aba6§ab+aﬂ+aﬁ+ba

For the second result, we simply bound:

< max(

a «
555)

a—l—a_

e b o B <max<a a)
b+3 bb+pB Bb+S b'B)"

O

Proposition B.5. Given three parameters a, A, > 0 and two mappings f,g :: D,(H) —
D,,(H), A-Lipschitz for the semi-metric dy, the mappings
-1
f )

are also \-Lipschitz for the semi-metric dyy.

af, fog, and f+g

The Banach fixed point theorem states that a contracting function on a complete

space admits a unique fixed point. The extension of this result to contracting mappings
on D, (H), for the semi-metric dy, is not obvious: first, because dy does not verify
the triangular inequality and second because the completeness needs to be proven.
The completeness is guaranteed by a boundedness condition that we impose on the
matrices. One can rely on the natural topology on D,,(H) endowed by any norm of the
finite dimension vector space D,,. Below the notion of closeness are introduced for this
topology.
Theorem B.6. Let us consider a closed'® subset D), C D,,(H) such that there exists § > 0
satisfying: VA € Dy, Vi € [n] : $(A;) < and a mapping f : Dy, — Dy. If f is contracting
for the stable semi-metric dy on Dy, then there exists a unique fixed point A* € D,
satisfying A* = f(A*).

Proof. Letus denote A € (0, 1) the Lipschitz constant such that VA, A’ € D, (H), du(f(A), f(A")) <
Adu (A, A'). Then let us show that the sequence (A)),~ satisfying A(®) € D, and:

VE>1: AW = f(Ak-D)
is a Cauchy sequence in D,. We can bound for any p € IN :
||A(p+1) — A(P)|| < 5dH(A(1’+1),A(p)) < )\p(SdH(A(l),A(O)).
Therefore, thanks to the triangular inequality in (D,,(H), || - ||), for any n € IN :

||A(p+n) _ A(p)” < ||A(p+n) _ A(p+n—1)H I ||A(P+1) _ A(P)H

(1) A0
_ ddu(AW, AO)

P
< T AP — 0.

As a Cauchy sequence, (A(p))pem converges to a diagonal matrix A* = lim;,_, AP) € D,
which is closed thus complete in D,, (). By contractivity of f, A* is clearly the unique
fixed point of f. O

10say, as a subset of (D, (C), | - ||).
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To set the two next result, one needs to introduce a semi-metric d]R*+ analogous to dy
but defined on D,,(R? ):

AN
' * . N —
VAN €Dy(RY): des (A A) = ’M

it satisfies the same stability properties as dy depicted in Proposition B.5 and allows to
set the following elementary result.

Lemma B.7. Given three positive diagonal matrices 'Y, T2, T3 € D, (R, ):

| |

Proof. We simply bound for any i € |

H (14 de (T, 1))

3 r3 F?(\/F?—\/FT) S| ]| r? 1!
| = | T |V | U (v )

O

Next we give the result to bound the distance between a diagonal matrix and the
other one which is obtained as a fixed point. The contractivity can be difficult to set on
the whole set, we will thus introduce a sufficient weaker condition. Given a mapping
¥ : D(H) — D(H), and a diagonal matrix A C D(H), we say that ¥ is “A-Lipschitz from
A" if:

VA" € D(H) : du(¥(A), U(A")) < Mdu(A,A).
Proposition B.8. Let us consider a family of integers (ng)sco € IN®, and for all § ¢
O, a mappings fy : D,, (H) — D, (H), \-Lipschitz from a fixed point Ty = fy(Ty)
and a family of diagonal matrices (I'9)pce) € [Ipce € Dn,.(H)®. If one assumes that
dr, (3(T), S(f(I))) < o(1), then

f(T) -
()T

du(,T) <0 H

Proof. Applying Lemma B.7 with I'; = % I =) and Ty = S(f(1))
(T) fr)-r

< R
I(I)S(T) S(f)%l‘ H,/O (T)/S(T) ()T

< dit (D). £(D) (1 + du(3(D), S ‘

(x

(1= A= Ad (S(1), S(£()) (B.1)

],
TAIRIY

Now, we know that there exists a finite subset 7' C © such that V0 € O\T": du(3(Ty), S(fo(T'9))) <

% then one can conclude from (B.1) that forall V6 € © \ T":

2 Jo(Tg) =Ty

dH(P97f9) S 1_\ = )
S(Te)S(Lg)
which can be generalized to any § € © with a constant C' > 0 replacing % O
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