Content
OperaUOnS with | - Motivation: Hanson Wright Theorem

Concentration -
|nequa|ities Il - Parallel Sum and Product.
H
aBB? aRp? PX+Y >t)<7
‘ ‘ ‘ ‘ ‘ Il - Concentration in High Dimension
Il

P(|f(X) —E[f(X)]| >t) <at), Vf : R® = R 1-Lipschitz, Talagrand result
Concentration of ® where | ®(Z) = ®(Z')|| < max(A(Z),A(Z")||Z — Z'||.

Cosme Louart

Assistant Professor L . . .
1t CUHK Shenzhen IV - Application to Hanson-Wright inequality

Large tail concentration, Random matrix hypothesis ?

V - Concentration of bounded kt"-differential transformations.
I N

1/15




| - Motivation: Hanson Wright for Random Matrix Theory

(Hanson Wright) Given A € M,, deterministic, Z = (z1,...,2,) € R™ such that:

Vf:R™ — R 1-Lipschitz: -
P(1f(Z) -E[f(2)]| 2 t) < Ce™ "

IELZ]]| < K

C,c,C', ¢, K > 0, independent with n

2
ct ot

P(|Z"AZ —E[ZTAZ]| > t) < Ce "E 4+ Ce T4

©(Z) satisfying: |2(2) — ©(Z")| < (|[AZ]| + |AZ'|) [[|Z — Z'|

A(Z ):variations of &

Adamczak, Radostaw (2014) A note on the Hanson-Wright inequality for random vectors with dependencies.
Electronic Communications in Probability. 20. 10.1214/ECP.v20-38209.
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|l - Parallel and Product.

Vit € [tl,tz] :

aBp=(a"t+p ! PX+Y >t)=2=P(X > L)+ P(Y > )

DO |+

Given o, 8 : Ry — R, two random variables
X,Y € R such that Vt € R:

P(X >t)<a(t) and P >1t) < B(t) Ty

P(X+Y >t <2 5(1)

Proof: Denoting v = aH S, forany t € R:
In particular: a=t(v(t)) + 871 (y(t))=1

P(X+Y 2t) SP(X+Y 2a™ ' (y(t) + 57 (1(1))) -
<P(X>a™'(y(t) +P(Y > 57 (7(1) N X

< 29(t) Uniform distribution of (X,Y) on T}, Ty, T5
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|l - Parallel Sum and

aXp=(at-p71H)!

Given a, 6 : Ry — Ry, X,Y > 0s.t.:
Vi>0: P(X>t)<at) and P(Y >1t) < B(t)
P(X Y >t) <2aXK3(t)

Proof: Denoting v = aX 8= (a~1-5~1)~1, Vt > 0:
P(X-Y>t)<P(X Y >a'(y(1) 87'(v1))
<P (X >a ' (y(t) + P(Y > 87 (v(1))
< 27(¢)
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|l - Parallel Sum and

Il B
What is [ 7
Given X' € R with a median m s.t. : P(|V] > t) < 2P(|laX| > L)
P(|X —m| >1t) < al(t)
— = < _ >t —
Concentration of XaX 77 < 2P(jaX —am| = t — |am|)
< 4P(laX — >
aX? —aX?| < |X — X'| |[aX + aX' < 4P(|a am/| + |am/| > t)
pe < 4(ao(5)) B (aoincim))
S 4o 0 (% iIlC‘am|)
It P(V >t) < B(1):
P(\aXQ - CLX/2’ >t) <aldp Introduce: inc,: R — R
2 Questions: 0 if t<uw
: t .
What is 7 7 +o0 if t>u.
What is o X1 7 7 lam| constant: P(lam| > t) < & 0 1nc|gm (1)

BT LK E R A Sﬁﬁ?ﬁ%ﬁm Cosme LOUART - Operation with Concentration Inequalities ;5

ese University of Hong Kong, Shenzhen B30 % B R



|l - Parallel Sum and

Il B
What is 7 7
Given X € R with a median m s.t. : P(|V| > t) < 4a o (%' i1C )
P(| X —m| >t) < a(t) | 7
Concentration of XaX 77 What is a0 X [

aX B <4daRao (& Bincigm)

aX? —aX"?| < |X — X'| |[aX +aX/

<4ao Id (E inc|am|))

1% al
P(|aX? — aX'?| > 1) < a3 <4ao ((Id %) (Id inC|am|))
ao(fRg)=(aof)R(aog) §4ao( la |;gn|)
fX(gHM =(fXg H(fXA
( )= VB ) | _ §4ozomin( - _1d )
inc, ' it u Hanson Wright with: 2|al” 2|lam]|
IdXinc, = (uId)~' =1 am| =[[Allr e o1 ot

min(f,g)o 4 < f @ g <min(f,g) ° =4l
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Il - Concentration in High Dimension

Given Z ~ N (u, I,), Vf : R® — R, 1-Lipschitz:

P(£(7) — fMd

Given ¢ : R™ — R™ A-Lipschitz and f : R™ — R 1-Lipschitz:
P([f(2(2)) = f(2(Z2))] = ¢)

=P <|§f(<1>(Z)) _ %f(cb(z’))‘ > ;) <937, |®(Z) —2(Z2")| < i\HZ - 7| as.

Random

(Talagrand)
Given Z = (Z1,...7Z,) € [0,1|" s.t. Z4,...,Z, independent
VI :RP — R, 1-Lipschitz and convex:

P(f(Z) —E[f(2)]] > t) < 2¢~ .

Michel Talagrand (1995) Concentration of measure and isoperimetric inequalities in product spaces. Publications
mathématiques de I'lHES, 104:905-9009.

L X F ERID
ese University of Hong Kong, Shenzhen

Sﬁﬁ?ﬁf’sﬁm Cosme LOUART - Operation with Concentration Inequalities ;5

BB EER



Il - Concentration in High Dimension

Consider Z € R", random, s.t. Vf : R" — R, Consider @ : R"™ — RP s.t.:
1-Lipschitz:
|(Z) — (Z")|| < max(A(Z), MZ)NZ = Z'|| as.
P(f(Z)~ f(Z)| =t <alt) (2,7 iid)
: R™ — R 1-Lipschitz, Vt :
Consider A : R" — R, s.t.: v/ ~ ipschitz, vt > 0

vt>0: P(A(Z)>1) <B(1) vi>0: P(f(P(2)) = f((Z7)] =) <2 aB5(1)

alp= (ot~ 0= 671 (y(t))
P(|f(®(2)) — f(@(2")] > t,max(A. A') < 0) + P (max(A, A) > 0)

N

<B(IR(@(2)h(@(2)[20) < o 5Lrr) SBE-GO)

Proof: Denote A = A(Z), N =A(Z"), v =
(

P(lf(2(2)) - f(2(Z)] = 1)

VAN

With h: x — supy )<y | © P(2) — 0d(z, 2) < ala"t(y(t))
equal to f o on {z € R" A(z) < 0}.
1 (0)-Lipeit on B (Since V> 0+ a4 (0) 5 (1(0) =1
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Il - Concentration in High Dimension

Consider Z € R", random, s.t. Vf : R" — R, Consider @ : R™ — RP s.t.:
1-Lipschitz:
|(Z) — (Z")|| < max(A(Z), MZ)NZ = Z'|| as.
P(f(Z)~ f(Z)| =t <alt) (2,7 iid)
: R™ — R 1-Lipschitz, Vt :
Consider A : R" — R, s.t.: v/ ~ ipschitz, vt > 0

VE>0: P(AZ)>t) < B(b) VE>0: P([f(2(Z)) - (22| =2t) <2 al5(D)

Consider X = (X4,...,X,,) € R", P(f(X) — f(X)]|| > 1)
Such that Vi € [n] : o X; = ¢(7)) o t 2
Zi NN(O,l),Z: 17"'7” dets § P _(Id¢) (¢/(2\/1og(2n)>> /2
, "
logog’ o f’[logél’oo] subaditive
i
Large-tailed
concentration
inequality
11
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IV - Application to Hanson-Wright inequality

Consider @ : R® — RP s.t.:
Consider Z € R", s.t. Vf : R™ — R, 1-Lipschitz:

P(F(Z)— (7)) =t)<alt) (2.7 iid)
Consider A : R" — R, s.t.:

12(2) — (Z)|] < max(A(Z). MZ))|Z = Z'||  a.s.

VE>0: P(A(Z) 2 ) < B(t) P(I£(2) — B/ (2)]| > ) < 2¢75/2
P(|f(Z)— f(Z)] >1) < Ce™"
Vi :R"™ — R 1-Lipschitz, Vt > O: — P(|f(Z)—E[[(2)] >t)<C” 't

For C,C", ¢, c > 0 numerical constant.

vt 0 P(F(®(Z) = (D7) > 1) <2 a R A(t)

| F(Z" E[f(Z) Yes, IF a, B:t— 2e 1 /2
Possible to replace

]
f(@(Z")) E[f(®(2))] for o, B 77
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IV - Application to Hanson-Wright inequality

Consider @ : R® — R convex s.t.:

Consider Z € R", s.t. Vf : R"™ — R, 1-Lipschitz, convex:
|2(Z2) — @(Z")|| < max(A(Z), AMZ)NNZ - Z'||  a.s.

P(f(Z2) =EF(2)]] 2t) < all)

Consider A : R" — R s.t.:

vt>0: P(AZ)-EAZ)]|>1) <a G) Oo = \//]R+ ta(t)dt < o (E[|f(Z) - E[f(2)]]'] < 02)

Assume « independent with n and:

vt>0: P(®(Z) —E0(2)] > 1) <2 a (plzy) +2 0 (\g) .
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IV - Application to Hanson-Wright inequality

- -
v
Consider Z € R", s.t. Vf : RP — R, 1-Lipschitz, convex:

|27 AZ — Z'T AZ'|| < 2max(||[AZ]], |AZ')|Z - Z'|| a.s

P(|f(2) ~ E[f(2)]| > 1) < a(t =

v Assume « independent with n and:

t
¥ >0: P(AZ] - 5Az])] 20 <a () L \/ [ tateyie <
Ry

VA e M,,:

ve>0: P(|27AZ-E[Z7AZ]| > 1) <2a (b)) +2a (/)
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IV - Application to Hanson-Wright inequality

m =
Consider Z € R", s.t. Vf : RP — R, 1-Lipschitz, convex: E[||AZ]||] < VE[||AZ]?]
P(f(2)~Ef (D) >t <alt) — \[E[Tr(AT AZZ7)
with a : R™ — R_ independent with n. — HAHF\/HE[ZZT]H
Oq = \//R ta(t)dt < oo Given Z € R" satisfying ():
_|_

|E[ZZ7]| < |E[Z]])* + Cog,

Assume |E[Z]|| < 4.

for some numerical constant C > 0
VA e M, Vt > 0:

P(|27AZ ~E[ZTAZ)| > 1) < Ca () + Ca (/%)
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IV - Application to Hanson-Wright inequality

Consider Z € R", s.t. Vf : RP — R, 1-Lipschitz, convex:

P(1f(2) = E[f(Z2)]| 2 1) < al?) (%)

with o : RT — R, independent with n.

o = \//R ta(t)dt < oo

Assume |E[Z]|| < 4.

VA e M, Vt > 0:

P(|27AZ ~E[ZTAZ)| > 1) < Ca () + Ca (/%)

_ 2
Adamczak’'s result: o : t — e 20«

2
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V - Concentration of bounded kt"-differential transformations.

Givend € N, & : R®" — RP d-times differentiable:
Consider Z € R", s.t. Vf : RP — R, 1-Lipschitz, convex:

P(1f(2) - f(Z')] = t) < a(t)
| N where, Vk € [d — 1], we introduced 772;., a median of
with o : R — R |d*®@| || and 14 = sup,can [|d?®| |

P(|®(Z) —mo| >1t) < Cq ao By(cy t),

1
1

H...H ((d—k)!ld) TF Last step kK = 0: Given t > 0, denote:

Proof: Denote: [3;. = ( 1d ) o
A = {z eR" Vi€ [d), ||d'®| | —my| < B (50(75))} |

mMmek+1

Strategy: Show recursively for k =d —1,...,0:

P (‘Hqu)\ | — mk| > t) <CaleBlt)), Core inference: ® .is a{t—conEilnuous on A; with certain
Z we : Ry — Ry satisfying w, (1) > ¢[y(t)

P(|®(Z) —mo|>t, ZcA) < 200w, ()<Oa(cﬁo())

d
P(Z ¢ A) gz ([l il =mi| > 871 (Bu1) < an (cBro Bt o Bolt)) < C'alcBo(t))
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