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e Given a random vector : X € R":
| vi>0: P(|/(X)—-E[J(X)]]>1)<alt)
Concentration Vf:R" — R 1-Lipschitz
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| - Motivation: Hanson Wright for Random Matrix Theory

Given x1,...,z, ~ N(0,%), i.i.d. random vectors, note X = (x1,...,x,) € R"*P,

Eigen value distribution of XX : 1 = zl? b0,

Eigen values of %XXT /

(Sp (%XXT) SV Ap})

Correspondance /i <— m : 2+ [, —dp(A)

“Steiltjes Transform” (similar to Cauchy Transform)

Link with the “Resolvent”: m(z) = %Tr@(z), where Q(2) = (21, — %XXT)_l.

Find deterministic () € M, such that @) = Q
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| - Motivation: Hanson Wright for Random Matrix Theory

Approach E[Q] = E {(le _ %XXT)_T

A

Of course E|Q)] far from (21, — )~ V=R [ XX =Elra]], Vi€ n]
- —1 _
| ook for Q — (Z]p _ %) 0 to be determined
A\/ Dependence
Given A € M,,, deterministic: between () and z;
. » o1 . 1S~ | [A0SC 2\ |
(a0l - @) =5 [t (40 (125 - 2xxr) @) - £ om e (422 - alilra)
i=1 L _
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| - Motivation: Hanson Wright for Random Matrix Theory

m(eier-0) = 3o [ (5 - g ) 40eet )] +o ()

() _;x;
1 + %ZC;FQ_ZZEZ '

Use the Schur Formula: Qz; = with Q_; = (20, — =X X' —z;z])

‘\— Independent with x;

independent with p, n

Chose 8, = LE[2TQ_,z] ~ 1Tr(SEIQ)) ~ LTr(20,,) [\
P <| lx?Q_zxz — 51
n

> t) < Qe

Chose > solution to 0 = %Tr(ZQ(;) Tr (A(E[Q] -~ Q(;Q)) =0 (

Sl
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| - Motivation: Hanson Wright for Random Matrix Theory

(Hanson Wright) Given A € M,, deterministic, Z = (z1,...,2,) € R™ such that:

Vf:R™ — R 1-Lipschitz: -
P(1f(Z) -E[f(2)]| 2 t) < Ce™ "

IELZ]]| < K

C,c,C', ¢, K > 0, independent with n

2
ct ot

P(|Z"AZ —E[ZTAZ]| > t) < Ce "E 4+ Ce T4

©(Z) satisfying: |2(Z) — ©(Z")| < (|[AZ]| + |AZ'|) [[|Z — Z'|

V :variations of &

Adamczak, Radostaw (2014) A note on the Hanson-Wright inequality for random vectors with dependencies.
Electronic Communications in Probability. 20. 10.1214/ECP.v20-38209.
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|l - Parallel and Product.

Vit € [tl,tz] :

aBp=(a"t+p ! PX+Y >t)=2=P(X > L)+ P(Y > )

DO |+

Given o, 8 : Ry — R, two random variables
X,Y € R such that Vt € R:

P(X >t)<a(t) and P >1t) < B(t) Ty

P(X+Y >t <2 5(1)

Proof: Denoting v = aH S, forany t € R:
In particular: a=t(v(t)) + 871 (y(t))=1

P(X+Y 2t) SP(X+Y 2a™ ' (y(t) + 57 (1(1))) -
<P(X>a™'(y(t) +P(Y > 57 (7(1) N X

< 29(t) Uniform distribution of (X,Y) on T}, Ty, T5

C M
*
e
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|l - Parallel Sum and

aXp=(at-pH=2

0
T a, B : (—o00,0) = {400}
Given a, 6 : Ry — Ry, X,Y > 0s.t.:

Vt>0: P(X>t)<a(t) and P(Y >t) < B(t)
P(X-Y >t)<2aXB(t)

Proof: Denotingy=aX 3= (o™ 57171 Vvt > 0:
P(X-Y>t)<P(X-Y>a '(v(t) 871 (y(®))
(

P(X >a ty(1)) + P(Y > B L((t)
27(t)

IA A
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|l - Parallel Sum and

Introduce:

inc,: R — R

—o0 if t<u
t +— .
+ oo if t>w,

Given « decreasing:

PV —u| > t) < alt)

— P(|V|>t) < aomin (ianu, 5

Proof: t22u:>%§t—u.

ao(fHg)=(aof)B (aog)

SCHOOL OF
DATA SCIENCE
BB EER

Now, consider X, V:
P(X >1t) <« PV —u| >t) < a(t/)),
— P(XV >1t) < aoldXmin(incs,, Id /2X)(t)

min (incu, %) = min (%, \/ %)

Id\
roof: Id™' - min (incu, X) = Id - max (u, AId)

= max (uId, A1d?)
fa:t— et

+2

<e wE e X

Retrieve Hanson Wright right-hand term with:
u=|AlF
A= [|A]

Cosme LOUART - Operation with Concentration Inequalities
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Il - Concentration in High Dimension

Given Z ~ N (u, I,), Vf : R® — R, 1-Lipschitz:

P(£(7) — fMd

Given ¢ : R™ — R™ A-Lipschitz and f : R™ — R 1-Lipschitz:
P([f(2(2)) = f(2(Z2))] = ¢)

=P <|%f(<1>(2)) = %f(@(Z’))‘ > ;) <9 3T, 12(2) —@(2')| < rHZ — 2| as

Random

(Talagrand)
Given Z = (Z1,...7Z,) € [0,1|" s.t. Z4,...,Z, independent
VI :RP — R, 1-Lipschitz and convex:

P(f(Z) —E[f(2)]] > t) < 2¢~ .

Michel Talagrand (1995) Concentration of measure and isoperimetric inequalities in product spaces. Publications
mathématiques de I'lHES, 104:905-9009.
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Il - Concentration in High Dimension

Consider Z € R", random, s.t. Vf : RP — R, Consider @ : R"™ — R" s.t.:
1-Lipschitz:

P(f(Z) - f(Z) 2 t) <alt) (2,7 iid)

Consider V € R, random s.t.:

|@(Z2) —2(Z)| < VIZ-Z"| as.
Vi :R"™ — R 1-Lipschitz, V¢t > O:

vVt > 0:

VE>0: PV >t)<B(t)  POf(OZ)) = f(O(Z)] 2 t) <2 a X 5(t)

Proof: Denote y = aX 3 = (a~!-B871)"1 In particular, Vt > 0: a1 (y(t)) - B~ (y(t)) =t
P(1f(2(2)) - f(2(Z)| = t) <P( V<8 (v(1) +P(V =87 (v(1))

t >+Mﬁ*@®»
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Il - Concentration in High Dimension

Consider Z € R", random, s.t. Vf : RP — R, Consider @ : R"™ — R" s.t.:
1-Lipschitz:
|®(Z) —@(Z)|| <V|Z-2Z'|| a.s.
P(f(Z)~ f(Z)| =t <alt) (2,7 iid)

: R™ — R 1-Lipschi :
Consider V € R, random s.t.: vf — ipschitz, vt > 0

Vt>0: P(V>t)<B(t) Vi>0: P(f(2(2)— f(P(Z)]>1) <2aXpb(t)

Consider X = (X4,...,X,,) € R",
Such that Vi € [n]: o X; = ¢(/;)

Z; ~ N(0,1)

CGR I
ese University of Hong Kong, Shenzhen
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IV - Application to Hanson-Wright inequality

Consider @ : R® — R"™ s.t.:
Consider Z € R™, s.t. Vf : RP — R, 1-Lipschitz:

P(f(Z)— [(Z)2t) <alt) (2,7 iid)

Consider V' € R, random s.t.:

|2(2) —2(Z2)| <VIZ-Z|| as.

Vi>0: P(V>t)<B(t) P(f(Z) = EL[(Z)]| 2 t) < 27/
P(|f(2)— f(Z)| = t) < Ce™
Vf:R"™ — R 1-Lipschitz, Vi > O: — P(|f(Z) - E[f(2)]|>1) < (ot

For C,C", ¢, c > 0 numerical constant.

vt 0 P(F(®(Z) = (D7) > 1) <2 a R A(t)

- f(z") E[f(Z) Yes, IF a, B:t— 2e 1 /2
Possible to replace

]
f(@(Z")) E[f(®(2))] for o, B 77
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IV - Application to Hanson-Wright inequality

Consider ¢ : R — R" s.t.:

Consider Z € R", s.t. Vf : R™ — R, 1-Lipschitz:
|®(Z2) —2(Z)|| < VIZ-Z"| as.

P(f(Z2) =EF(2)]] 2t) < all)

Consider V' € R, random s.t.:

vi>0: P(V—-E[V]>t)<a <t> O = \//]R+ ta(t)dt < oo (E[|f(2) - E[f(2)]]"] < oa)

Assume « independent with n and:

A
Vi :R™ — R 1-Lipschitz, Vt > 0:

V> 00 P(f(@(2) = E[(0(2)]> 1) <Cagghy) +Ca (\/Z/\) ]

< .. Id . Id Id
87 (v O 111N | 11C - = aomin | ———-— ——
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IV - Application to Hanson-Wright inequality

v

|27 AZ — 2" AZ| < (||AZ|| + | AZ"|) |12 - Z'| as.

P(f(Z2) —E[f(2)]l = t) < a(?) 7
Assume « independent with n and:

Consider Z € R™, s.t. Vf : RP — R, 1-Lipschitz:

vt >0: P([AZ] - E|lAZ])| 2 1) < a (,%) 70 = \/ / ta(t)dt < o

VAe M, Vf:R"® — R 1-Lipschitz, Vt > O:

vi>0: P(|2TAZ - EB[ZTAZ)| > ) < Ca(arton) + Ca(y/ah)-

(R I
ese University of Hong Kong, Shenzhen
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IV - Application to Hanson-Wright inequality

Il
Consider Z € R", s.t. Vf : RP — R, 1-Lipschitz: E[|AZ|]] < VE[|AZ|?]
P(f(2)~Ef (D) >t <alt) — \[E[Tr(AT AZZ7)
with a : R* — R, independent with n. = ||Allr/[E[Z27))|
Oa = \//R ta(t)dt < oo Given Z € R" satisfying ():
_|_

|E[ZZ7]| < |E[Z]])* + Cog,

Assume |E[Z]|| < 4.

, _ for some numerical constant C > 0
VA e M,, Vf :R"™ — R 1-Lipschitz, Vt > O:

P(|27AZ ~E[ZTAZ)| > 1) < Ca () + Ca (/%)
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IV - Application to Hanson-Wright inequality

Consider Z € R™, s.t. Vf : RP — R, 1-Lipschitz:

P(1f(2) = E[f(Z2)]| 2 1) < al?) (%)

with o : RT — R, independent with n.

o = \//R ta(t)dt < oo

Assume |E[Z]|| < 4.

VA e M,, Vf :R"™ — R 1-Lipschitz, Vt > O:

P(|27AZ ~E[ZTAZ)| > 1) < Ca () + Ca (/%)

_ 2
Adamczak’'s result: o : t — e 20«

2
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V - Multi-level concentration and conjugate of parallel sum

<Id>1 | ( (1@1)1)
— min | incy,, | —
Vl / (91

What happened ?

7 N\
SE
N——
Ol

|

P

-

®

D

@)

[=
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V - Multi-level concentration and conjugate of parallel sum

1

VteR:  at)=min ( t ) " and  B(t) = min <i> |

a€A \ (, beB \ 7,

ol

where (dg)eea € RY and (By)oen € RE, for A, B C R,

1

t a-+b
aXl = min .
(Clb EAXB Oéaﬁb

SCHOOL OF

% ) SDMASCME Cosme LOUART - Operation with Concentration Inequalities 20/24

of Hong Kong, Shenzhen BRKEER




V - Multi-level concentration and conjugate of parallel sum

If Vt € R,Vk € |n] : o™ (t) = min (L> a

ac A) \ 1)

where (O'C(Lk))aeA(k) c Rf(k) and A% Cc R,

t al+---+an
VXK. . X o = min o3 - .
(@1,...,a0n)EAM) x...x A(N) O + Oy

C

Useful when ||©(7) — (Z’)H < Vy-- V |Z —Z'||)

SCHOOL OF
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V - Multi-level concentration and conjugate of parallel sum

Proof:

+ \a
Hypothesis:  a'®(t) = min <W)

acAk) g,

(e K- @<n>)—1
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V - Multi-level concentration and conjugate of parallel sum

Consider Z € R™, s.t. Vf : RP — R, 1-Lipschitz:
P(F(Z) - [(Z)|=t)<alt) (2.7 iid)
® : RP — RP: |P(Z2) —D(Z2")| < ||Z = 7", a.s.

If AL ={0}: A = 5D
Vk € [n], 3A® c Ry, (0 ) e R {0} o
1 Appears in speed

(k) - L *
P (‘ — 0 ‘ > t) <ao aEAl(Ikl)f\{O} (ac(bk)> Do not affect powers

Vi :RP — R, 1-Lipschitz:

v,

P(f(®(2)) — F(®(Z)| > 1) < (n+ao  inf ( . (m)

ar €Ak ken] Oy
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V - Multi-level concentration and conjugate of parallel sum

il B
1

t 1+aq+-+an
C PUs@@) - f@@)| 20 <ao i |
areA®) ken] \ gi ... o

Our assumption:

|D(Z) = @(Z)|| < Va--- Vil Z = Z7]))

Rigorous proofs in:

3 I‘(lV > math > arXiv:2402.08206 - T H A N K YO U |

Mathematics > Probability
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