
Internship proposal:
Empirical risk minimization in High Dimension.

Place: Chinese University of Hongkong, Shenzhen, China mainland

School of Data science.

Supervisor: Cosme Louart – cosmelouart@cuhk.edu.cn

Assistant professor in the Department of Statistics

Working period: For a period of 4 to 6 months, starting from 2025-01-01

Stipend: 10000 RMB/month (around 1330 EUR) - Airfare covered

Underlying knowledge: Random matrix theory – Concentration of measure theory –

Optimization – Monte Carlo techniques – Kernel regression

Problem
The projects concerns the study of a broad range of regularized empirical risk minimization problems that write:

Minimize 1

n

n∑
i=1

Li(x
⊤
i β) + ρ(β)2, β ∈ Rp, (1)

where x1, . . . , xn ∈ Rp are the data, L1, . . . , Ln : R → R are convex loss functions that could possibly contain
label information (in supervised setting), and ρ : Rp → R+ is a regularization convex mapping. A large number of
applications fit into this framework (all kinds of regression, support vector machines...), but we are interested here
first of all in the theoretical insight.

Literature review
Extensive theoretical work has been carried out for several years, mainly inspired by statistical physics techniques
such as approximate message passing in [SC19]; [DM16], convex Gaussian minmax theorem in [TOS20]; [DKT22],
mean field theory in [Mig+20a], or replica method in [Mig+20b]; [SZ22]. In the case of a ℓ2 regularization, random
matrix theory can give an exact prediction of the error depending on the mean and covariance of the data [Kar13].
It was then applied to softmax classifiers in [ML19]; [Sed+21] and later extended to lasso regression [Tio+22],
showing that exact error prediction may be achievable for general convex regularizations.

Our approach
These seemingly perfect fit predictions may look impressive, but they have not yet yet led to significant improve-
ments or new insights on available algorithms (choice of loss and regularization function, optimization of the
weighting between them...). This is mainly due to the complexity of the formulation of the first two moments
(mean and covariance) of the parameter vector β ∈ Rp solution to (1). Under general assumptions (e.g.,ρ = 1

2∥ · ∥
2

and concentration of measure and indendence assumption on x1, . . . xn) the mean and the covariance of β are each
close to µβ = Qµ̄, Cβ = 1

nQC̄Q, for Q ∈ Rp×p, µ̄ ∈ Rp and C̄ ∈ Rp×p solutions of the fixed point equation:

• z ∼ N (z̄, σ)

• ξ : Rn → R satisfying for any z ∈ Rn, ξ(z) = L′(z +∆ξ(z))

• K = E[ξ′
(z)]⊗ C, Q = (Ip −K)

−1, ∆ = 1
n tr (CQ)

1



• µ̄ = E[ξ(z)]⊗ µ, C̄ = E[ξ(z)]E[ξ(z)]⊤ ⊗ C

• z̄ = µ⊤Qµ̄, σ = 1
n tr

(
CQC̄Q

)
+ µ̄⊤QC̄Qµ̄

where µ = E[x] and C ≡ E[xx⊤]− µµ⊤.

Expected outcome
We give below the program of the intership (it is arguably too long to be fullfilled)

1. Help with the writing of an article in progress on low density transfer learning relying on this equation. This
will help familiarize the intern with the mathematical tools and simulation techniques.

2. Optimize the choice of the regularizing weight for simple cases (C = In, L with trivial second derivative).
Provide more keys of interpretation and progressively increase the complexity of problem.

3. Extend the validity of these formulas to general regularization function ρ (the theoretical approach relies on a
fixed point equation which is naturally inferred from the identity ∇∥β∥2 = 2β, but there exists an equivalent
minimization formulation which should adapt smoothly to general regularization functions).

4. Design an optimized algorithm that takes advantage of these theoretical conclusions.

5. Explore the extension of this approach to Kernel regression.
The proof of the uniqueness and existence of the solution to the fixed point problem is still lacking some justification.
Our intuition is that we lack an important insight on the problem to be able to end the proof. That would be of
course a great achievement of the internship if it is identified.
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