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- Probability in Machine Learning

“Almost all of machine learning can be viewed in probabilistic terms, making
probabilistic thinking fundamental. It is, of course, not the only view. But it is through this
view that we can connect what we do in machine learning to every other computational
science, whether that be in stochastic optimisation, control theory, operations research,

econometrics, information theory, statistical physics or bio-statistics. For this reason alone,
mastery of probabilistic thinking is essential.”

Shakir Mohamed, DeepMind
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Geometric vs. Probabilistic view on data

Who is dog/cat ?
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Geometric vs. Probabilistic view on data

. Who is dog/cat ? Dog
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B - Dimension of input / Dimension of output
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Requirements

Al(X): iabl
Ex 1: Unsupervised learning (X): random variable

‘ )
X =(x1,...,xy) € RPX™: i%g {—1,1}"
Data random matrix £ == Estimate:
\» = E[|AI(X) - Y]
T ¢ F P(AI@) —wlz 1)
B
—
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Requirements

Al x () (random)
A

Ex 2: Supervised learning

y € {—1,1}: Label of x

Test data = € R? (Random) Estimate:

E[[|Alx (z) — yl”]
P(JAlx(z) =yl = 1)

""'""'"'""'|||||\“\\\“‘m|||||||\|||||"""'"'"||||lﬂmﬂm||H\\\\\\I||||""'"""""'"""""""'

>

X = ($1,...,$n) ERpan
Training data (random)
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Conclusion

X — Alx and x — Alx(x)
non linear

A

Test data z € RP (Random)

“Concentrated vectors”
Advantages:

- Larger hypothesis
. Flexible with non-linearities

X =(x1,...,2,) € RPX™:
Training data (random)
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Alx (z) (random)

Alx (X) Concentrated as X, z!

Cosme LOUART - Concentration in Machine Learning



|| - Concentration of the measure

Given Z ~ N(u, I,), Vf : R® — R, 1-Lipschitz:
P(5(2) ~ELf(Z)| > 1) <207 (X o ) — Ao

Given ® : R™ — R"™ A-Lipschitz and f : R" — R 1-Lipschitz: If (X,z)— Alx(x) C-Lipschitz:

P (|Alx(z) — E[Alx(2)]| > t) < 2%

Michel Ledoux (2005) The concentration of measure phenomenon. vol. 89. Mathematical Surveys and
Monographs. Providence, Rhode Island: American Math- ematical Society, page 181.
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From Gaussian to realistic Hypothesis

Given Z(" ~ N(u,I,), , 3C,c > 0, Vn € N,
Vi :R"®™ — R, 1-Lipschitz: a—>»r Jx&

P (‘f(Z(”)) —E[f(ZW))]‘ > t) < Ce

Our “Gaussian like" setting
Vn,p e N XUnr) ¢ RXp

3C, ¢ > 0s.t. Vn,p e N, Vf : R*"*P — R 1-Lipschitz:

P (‘f(X(n’p)) — E[f(X(nyp))” > t) < Ce—ct2

—

X,ZEOCSQ(O') — Alx(a?)OCgQ(O')
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From Gaussian to Realistic Hypothesis
Theorem: Given Z™ ~ N (u, I,,), Recall: V& : R" — RY C-Lipschitz:

ZO((SZ (I)(Z) OC((:Q

GAN generated images are concentrated vectors

Generator
- —/_\ Concentrated by construction
a
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Lipschitz
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Concentration of measure tools

3C > 0s.t. Vn € N, Vf : R®™ — R 1-Lipschitz:
X x&(0) «—

ol

N3

r
E[f(X™) —E[f(X™M)]]"] < C(3)
Consequence: o measures the moments

For random variables:

Z(): random variable, Z(™): scalar.

Vne NVt > 0:P(|Z2™ — ZM| > ¢) < Ce cW/7)" s Z € Z+E(0)

7y € Zy £ E(0) — 71+ 7o € Z1 + Zy + Ex(01 + 02)
Zo € Zy 4 Ex(0-) Z1-Zy € Z1-Zy + E(|Z1] - 09+ 01 -|Z2|) + E1(01 - 02)
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Control of the norm
Infinite norm (Given z € R™: ||2]|c0 = maxj<;<n |2:])

Given Z") € R", Z x &(0):

N\

IP’(HZ—ZHOO Zt) :IP< sup el (Z —2Z) >t
1<:<p /

[V

<p sup P (e;-r(Z— Z) >
1<:<p

< Celogr—(t/co)* < (o~ (t/
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11 - Regression

= -

Classification problem with two classes.

2 laws in RP : Cy; C_

X = (x1,...,2y) € M, ,,: data matrix, x; ~ Cy or x; ~ C_

notation: p+ = E[z;], X4 = E[x;x]], for 2; ~ C4

Y € {—1,1}": label vector z; ~ Cy+ = y; = +1
Regression problem

Minimise — [|67X — Y|* + ~ |82 I e S :
- Minimise - Zf(yzﬂ z;) + 8|
i=1

v : regularising parameter
/R — R: loss function
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Ridge Regression

o 1 — - ) ) Example with One-Layer Neural Net X = o(W Z)
Minimise — Z(ﬁ z; — i)+ 78| - o 7 =(z1,...2,) € R*" MNIST data
(L o W ecM,,, fixed initial drawing

— : R — R: Lipschitz activation functi
Solution : 8= 1QXY with Q = (LXX7T +~I,) . * e Ipschitz activation function

T on

100 [ T TITTI m———p T T TTTT T T TTTI T T TTTT I HHH
s

T T T

Training error: Ey, = L[| XT8 - Y|?

2
_ 1 1. _
Etr — E]E EX QXY — Y — fO(Q) ~ fo(zi,ILL:t). o1 “‘===g4 . )
foooooos o(t) = max(t,0) |
Cacacacacasa-ncid -
I T I | R A N 11 N R Y
Test error: By, = ~ || X{ B —Y|? X, X i.i.d 1074 1073 1072 10~! 10° 10! 102

Y

_ 1 1 .
Eiy = —KE [_YXQXthQXY _ QYTXITQXY + YTY ~ f0(2i7 Ni) — As if L1,y - s Ly
n o |n were Gaussian!
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Robust Regression

1 mn
inimize n;f(y r; B) +v8]°, B

Assume that:
o X X 52
e o: R — R is A-Lipschitz bounded - =
o 7> LAIEX]|?

o XOCEQ
e o: R — R is convex

Then 5 is uniquely defined and:

8 o £ (%) anc E[)15]] = O(1).

— Estimation of E[3] and E[S83?] to predict performances
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Estimate E|j]

New formulation: 7 = % S (2 B)z — E[B] =1 >0 | E[o(z] 8)z]

Problem: Dependence between z; and Solution: Leave-one-out : 5, = 1 Z#i gb(zfﬁ_i)zj

)

L eave-one-out method: Find a relation between 5 and [7_,.

1 t
Progressively remove contribution of z;, i € [n], Vt € [0,1] : B_i(t) = - Z d(z B-i(1))z; + ﬁ¢(ziT6_/,;(t:
ot

—> B =p_;(1) and B_; = _;(0) independent of z;.

(a) Differentiation
'b) Approximation (thanks to concentration of measure tools)
(c) Integration
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Ve ) = D ST () + o5 (1) 2
?2 x:a)

(a) Differentiation:

qu T B-i(1)) 22l BLa(0) + X (1)

J#?« D§ )(t)
1 1
= —ZiDi()ZZ;BL(1) + —xi(1)2
1
= Exg(t)Q—z‘(t)Zi
~1
With:  D_;(¢) = Diag(D'” (#),..., DD (1)) Q_i(t) = (Ip : ~Z Dt )ZTZ)

Z—i = (Zla s 7Zi—1707Zi+17 . '7Zn)
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Vee 0,1 B = DGl B () + (i (0) 2

(b) Approximation:

B = SXU(DQ 1)z

1Q—i(t)zi — Q—i(0)z;]| < O(1)

Consequence: 1z Q(t)z; € 0 £ & (\/Lﬁ) + &1 (5)

1

. | 1 1
With:  D_;(¢) = Diag(D'” (#),..., DD (1)) Q_i(t) = (Ip - EZ_Z-D_Z-(t)Zf_Fz)
Z—iE(Z17°°°7Zi—1707Zi+17'°°7Zn) 1
n
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Vee 0,1 B = DGl B () + (i (0) 2

n <= /
J#i xi ()
(c) Integration:
Bt = X0 (hm  and  LTQM)z e ik & (L) + & () Link between
n

5 and 6—@'

— 2T = 2T = [ 2T B, (0)dt ~ 6 [ X (t)dt = 5¢(=7 15).

Va € R, 3E(w) | £(u) = u+ 66(c(u)) . Toee(zTo ) +& (%)
With:  D_;(¢) = Diag(D'” (#),..., DD (1)) Q_i(t) = (Ip - %Z_,L-D_Z-(t)ZC_FZ) _
Z_@-E(Zl,...,Zi_1,0,2i+1,...,zn) 1
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vt € R, 31E(2) | £(1) =t 4 09(c(1)) .
Z?ﬁ S f’(zzTB_Z) + & (%)

Estimation of the statistics of 3
E[8] = 5 3im1 Elo(z] D)zi] = & S Elo(8(2] 5-1))z]
B~ N(mg,Cs)
= zj B ~ N(m;mg, Tr(C.Cp) + myC.mpg)
— Can use Stein formulas to compute mg and Csj.

Mai, Liao, Couillet - A Large Scale Analysis Of Logistic Regression: Asymptotic Performances And New Insights
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p =128, n =512

z; o< N (yip, ¥)

> = 2I,

¥ =diagl|l, 5, 1, 9]

Mai, Liao, Couillet - A Large Scale Analysis Of Logistic Regression: Asymptotic Performances And New Insights
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