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| - Motivation in machine learning

Given a data set D = ((z1,y1),-- -, (Tn,Yn)) n independent drawings of X € RP and Y € R
Look for a mapping ®p : RP — R that “minimizes’:
L(®p(X),Y)  Foragivenaloss L:R?* — R
Behavior of the loss L(®p(X),Y) ?
Ex: D, X — &p(X) A, ,-Lipschitz:

P (|%p(X) - ®pr(X)| > 1) < o (Ai)

Consider o : ¢ — sup {P (| f(X) — f(X')| > 1), f:RP — R, 1-Lipschitz}.

lim; oo () = 0 7 Dependence on p,n? When ® non Lipschitz ?
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| - Motivation in machine learning

m -
Given Z ~ N (u, I,), Vf : R® — R, 1-Lipschitz:
Given ¢ : R™ — R™ A-Lipschitz and f : R™ — R 1-Lipschitz:
P(|f(P(2)) — f(cp(Z’))] > 1) Insight in section 2:
1 1 t _ 42 |®(Z) —®(Z)|| <A|l|Z—-Z"]| a.s.
=P |=f(®(2))— =f(®(Z")| > =] <2 222, =
(|3 - S|z §) <2 #

Random
(Talagrand)
Given Z = (Z1,...7Z,) € [0,1|" s.t. Z4,...,Z, independent
VI :RP — R, 1-Lipschitz and convex:

P(f(Z) —E[f(2)]] > t) < 2¢~ .

Michel Talagrand (1995) Concentration of measure and isoperimetric inequalities in product spaces. Publications
mathématiques de I'lHES, 104:905-9009.
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| - Motivation in machine learning

Theorem: Given Z ~ N (u, I,), Vf : R" — R, 1-Lipschitz: Recall: V& : R® — R? A-Lipschitz, Vf : R" — R,
1-Lipschitz:

P(1f(Z) - E[f(2)]] = t) <22 L

P(If(®(2)) — E[f(2(2))]]| > t) < 2e72/)

GAN generated images are concentrated vectors

Generator v/ Concentrated by construction
—~
S
Oﬁ§
— T___

_>
~
C-Lipschitz
with C < O(1)

Y]

Gaussian input
N
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| - Motivation in machine learning

Outside from Gaussian contration:
Possible to set heavy tailed concentration depending on the dimension

Consider X = (X1,...,Xy) € R" and Z = (Z1,...,2n) ~ N(0, 1) such that:
Vie n]: X; = ¢i(Z;) 1X517] = E[|¢i(Z;)] ] | Z:9i(Z:)|"]
, | = EXZ-T:E@Z'T<EZ'¢/'Z¢T

3C,q¢ > 0, Vt € R, Vi € [n]: W()\S% P(S—q) /
ze 2

—)dz
For all f:R™ +— R 1-Lipschitz:

Cn
=

~""w___ Dependence on the dim:
Stand. dev. ~ 1+

P(f(X) = f(X)21) <

Vr < q: E[|X;|"] < o and Ellf(X)]"] < o0
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Il - Operation with concentration inequalities.

aBf=(a"t+p7)""

Given o, 8 : Ry — R, two random variables
X,Y € R such that Vt € R:

P(X>t)<alt) and P(Y >1t)<B(t)
P(X+Y >t) <208 3(1)

Proof: Denoting v = aH S, forany t € R:
In particular: a=t(v(t)) + 871 (y(t))=1

31| D)

SCHOOL OF
( DATA SCIENCE
ese University of Hong Kong, Shenzhen B30 % B R

C M
*
e

Il
Vt € [tl,tz] :
PX+Y >t)=2=P(X>)+PY > 1)
Y A
T
’ alHa=a(s5)
T
>

Uniform distribution of (X,Y") on T1,T5,T5
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Il - Operation with concentration inequalities.

aXp=(at-p71H)!

Given a, 6 : Ry — Ry, X,Y > 0s.t.:
Vi>0: P(X>t)<at) and P(Y >1t) < B(t)
P(X Y >t) <2aXK3(t)

Proof: Denoting v = aX 8= (a~1-5~1)~1, Vt > 0:
P(X-Y>t)<P(X Y >a'(y(1) 87'(v1))
<P (X >a ' (y(t) + P(Y > 87 (v(1))
< 27(¢)
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Il - Operation with concentration inequalities.

Consider Z € R", random, s.t. Vf : R" — R, Consider @ : R — RP s.t. Vz,2' € R™:
1-Lipschitz:
|2(2) — @(2")|| < max(A(z), A(z)) [z =2
PUf(2) - f(Z) > 1) <alt) (%7 iid)
: R™ — R 1-Lipschi :
Consider A : R" — R, s.t.: v/ ~ pschitz, vt > 0

vt>0: P(A(Z)>1) <B(1) vi>0: P(f(P(2)) = f(P(Z)]2¢) <3 a i)

alp=(a"t-g7H7 0= 7 (v(t))
P(|f(®(2)) — f(@(2")] > t,max(A. A') < 0) + P (max(A, A') > 0)

\ . 4

Proof: Denote A = A(Z), N =A(Z"), v =
(

P(lf(2(2)) - f(2(Z)] = 1)

VAN

N

<E(IA(@(2)=h(2(2)[21) < o 5=rLrry) S2B(10()

With h: x — supy )<y | © P(2) — 0d(z, 2) < ala"t(y(t))
equal to fo¢ on {z € R" A(z) <0} | 1 1
()L ipohite on B (Snce vt > 01 @ () (1) =1
DUsEoEED Siﬁc‘g}}igfé Cosme LOUART - Operation with Concentration Inequalities 4




Il - Operation with concentration inequalities.

Consider Z € R", s.t. Vf : RP — R, 1-Lipschitz, convex:
P(f(Z) = f(Z')] = t) < a(t)

with o : R, — R

Given d € N, & : R®™ — RP d-times differentiable:

t L
P(|®(Z) — mo| >t) < Cy oo min (—Cd ) |
keld] \ 1k

where, Vk € |d — 1], we introduced 11, a median of HdkCID‘ZH and 1, = Sup,cpn HddCIDIZH.

Radostaw Adamczak and Pawet Wolff. Concentration inequalities for non-lipschitz functions with
bounded derivatives of higher order. Probability Theory and Related Fields, 162:531-586, 2015.

Friedrich Gotze, Holger Sambale, and Arthur Sinulis. Concentration inequalities for plynomials in
sub-exponential random variables Electron. J. Probab. 26: 1-22 (2021).
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Application 1: Heavy tailed concentration

Consider X = (X1,...,X,) € R" and Z = (Z4,...,2Z,) ~ N(0, I,,) such that:
Viecn]: X;=¢i(Z;)andVteR: |¢:(t)] < & ol exp(é—)
For all f:R™ — R 1-Lipschitz:

P(f(X) = f(X)]=1) <

Where C’ only depends on C, g.
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Application 1: Heavy tailed concentration

Consider Z € R"™, random, s.t. Consider ® : R" — RP s.t. Vz, 2 € R™:
Vi :R"™ — R, 1-Lipschitz: / / /
[®(2) — @(2")|| < max(A(z), A(27))||z — 2]
PUF(Z) - f(Z) > t) <alt) (2.7 iid)

: R™ — R 1-Lipschi :
Consider A : R™® — R, s.t.: vf — ipschitz, Vt > 0

Vi>0: P(A(Z)>t) < Bt ViS00 P(f(2(2)~ f(2(Z)] 2 1) <3 a5

Assume: Z = (Z1,...,Zn) ~N(0,1,) &> a=Es it 2e7t /2
Vie[n]: Xi=¢i(Z) and VteR: |gi(t)] < S exp(L) = h(t)

t]

|®(2) — (21" = X1y 16(Zi) — ¢i(Z)1* = maxy<i<n(R(Z:), M(Z)))? S0, | Zi — ZL)?
P(max;<i<n(h(Z;), h(Z])) > t) < 20P(Z; > h=1 (1)) < 2n&s 0 h=1(t) = B(1)

aX B < (2n€) K 2nE o h™! < 2n&y o (IAXA)

1 q
< 2n& o (Id-h) ' < 4dnexp (—5(\/2(]10%(1(1 /C))2> = 416('1(171
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Application 1: Heavy tailed concentration

Consider X = (X1,...,X,) € R" and Z = (Z4,...,2Z,) ~ N(0, I,,) such that:
Viecn]: X;=¢i(Z;)andVteR: |¢:(t)] < & ol exp(é—)
For all f:R™ — R 1-Lipschitz:

P(f(X) = f(X)]=1) <

Where C’ only depends on C, g.

Vr < q: E[|X;]"] < o and Ellf(X)]"] < o
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Application 2: Hanson Wright Theorem

(Hanson Wright) Given A € M,, deterministic, Z = (z1,...,2,) € R" such that:

Vf:R™ — R 1-Lipschitz:
P(1f(2) = Elf(2)]| = t) < alt/n)
With oo : Ry — Ry, [ ta(t)dl < <

IEZ]] < K

{ ct
P(|ZTAZ —E[ZTAZ]| > t) < Ca (: c :) + Ca
( Z7AzZ)| 2 1) Al 1A
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Application 2: Hanson Wright Theorem

Given d € N, & : R® — RP d-times differentiable:

Consider Z € R, s.t. Vf : RP — R, 1-Lipschitz, convex: ; ”
P(|®(Z2) - E®(Z)]| >t) <Cy oo min ( ) :
P(f(Z2) —EJ(2)]] 2 1) < aft) t=hsd

me

where, Vk € [d — 1]: my, = E[Hdk@\zm

with e : Ry = Ry and [ t7a(t)dt < oo and 11, = sup,cpn [|d?®| ||
p— ZE n e "

If [ o < oo:
P(f(Z2)-Ef(Z)]] 2t) < all)
= P(|f(Z2) - [(Z")| > 1) < Calct)
= P(|f(Z2) - E[f(2)]| = t) < C'a(ct
For C,C",c,c > 0 numerical constant.

)_
)_
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Application 2: Hanson Wright Theorem

Given d € N, & : R" — RP d-times differentiable:
Consider Z € R, s.t. Vf : RP — R, 1-Lipschitz, convex: / 1
P(18(2) - El0(2)] 2 ) < Ca o min ()"
P(lf(2) —E[f(2)l]]| 2t) < a(?) teksd
where, Vk € [d — 1]: my = E[Hdk@‘zm

and 17, = SUp,cpn Hdd<I>’ZH.

me

with o : RT = Ry 3nd ftdoz(t)dt < 00

Set ®: X s XTAX:
VH €R":d¢| -H=XTAH+HTAX and d?¢| -H=2HTAH

[dg|, | =2/ AX| and ms = [ld?¢| | = ||

= E[ld¢| ] = E|AX]| < VE[XTAATX] = /Tr(E[XXT]AAT) < |E[XXT]|| [|AllF
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Application 2: Hanson Wright Theorem

(Hanson Wright) Given A € M,, deterministic, Z = (z1,...,2,) € R" such that:

Vf:R™ — R 1-Lipschitz:
P(1f(2) = Elf(2)]| = t) < alt/n)
With oo : Ry — Ry, [ ta(t)dl < <

IEZ]] < K

{ ct
P(|ZTAZ —E[ZTAZ]| > t) < Ca (: c :) + Ca
( Z7AzZ)| 2 1) Al 1A
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Application 3: Random matrix concentration

Given x1,...,x,, independent random vectors, denote X = (z1,...,z,) € RP*™,

Eigen value distribution of XX : 1 = zl? b0,

Eigen values of %XXT /

(Sp (%XXT) SV Ap})

Correspondance /i <— m : 2+ [, —dp(A)

“Steiltjes Transform” (similar to Cauchy Transform)

Link with the “Resolvent”: m(z) = %Tr@(z), where Q(2) = (21, — %XXT)_l.

Find deterministic () € M, such that @) = Q
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Application 3: Random matrix concentration

Concentration of Q) = (z1,, — %XXT)_l

Assume Vf : M, — R, 1-Lipschitz: P(|f(X) — f(X")] > 1) < a(t/1n.,)
M = (2L, — w MMT) ™! is 55 =-Lipschitz

— Vf : M, — R, 1-Lipschitz:
P(f(Q) —E[f(Q)l >t) < a(\/ﬁt/CUn,p) Assume S(z) > O(1)

Find deterministic computable @ close to E[Q].

Will deduce: VA € M,, deterministic:

P (ITr(AQ - Q) = t) < Ca(?)

g ik'ﬁi(y?ﬂll) SCHOOL OF ) . . . - o
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Application 3: Random matrix concentration

Il B
Approach E[Q] = E [(zlp _ %XXT)*}
Of course E[Q)] far from (21, — %)™ Y=2L30" % where X, =E | Laa] |, Vi € [n]
Look for Q = (21, — ZA)_l ne =45 AY;, A to be determined
‘\/ Dependence
Given A € M,,, deterministic: between () and x;

- (A(E[Q] - Q)) o {Tr (AQ (ZA B %XXT> @ﬂ _ % iﬁ;E [Tr (AiAQEiQ — AQazia;iTQ)}
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Application 3: Random matrix concentration

Tr (A(E[Q] — @5)) = %éﬁ {Tr ((Ai 1+ ?%L;TQZQJ) AQ_WMTQA” ¢ (%)

() _;x;

with @, = (2D, — LXXT — z,27) "

()

‘\— Independent with x;

Use the Schur Formula: Qx; =

(1) _ 1 ~ !
Chose AZ =K |:1_%ngTQ_zZEzi| ™ 1—lTF(EQA(1))

Relies on
P (|l Q2 AQ iz; — Bzl QAQ ia

Chose A(2) solution to A(-Q) = L )
g 1—LTr(ZQ” )

ct ct
>t < Cal — - C o
B ) B < 77pHAHF) <\/77;%A)
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Application 3: Random matrix concentration

Recall the objects: X = (21,...,2,) € My,

~

Q= (zI,— LxxT)"! Q= (I, —¥%) " wA=1y7 AN,

With A solution to A; = 1_lTr1(zQA)

Assume p < C'n and:
Vf:RP — R, 1-Lipschitz: P(|f(z;) — f(z))| > t) < a(t/n,)
Vf: M, — R, 1-Lipschitz: P(|f(X) — f(X")| >t) < a(t//nn,)
x1,...,T, Independents
1%l <C

f /t3a(t)dt <00 [[E[Q] = OA|us < c%

r /ta(t)dt <00t |[E[Q] — Q7|ls < Crypr/D

B F X K (R SS&?S”&?EME Cosme LOUART - Operation with Concentration Inequalities ;.
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Application 3: Random matrix concentration

Consider X = (X1,...,X,) € R" and Z = (Z4,...,2Z,) ~ N(0, I,,) such that:
Viecn]: X;=¢i(Z;)andVteR: |¢:(t)] < & ol exp(g—)
For all f:R™ — R 1-Lipschitz:

P(F(X) ~ F(X] 2 1) < L = alt/m) with ot &

Vr < q: E[|X;|"] < o0 and El[lf(X)]"] < o0

and n,, = n'/4

q

[tra)dt <o <= q¢>r+1 <= n,=o(nl/™).

[ta(t)dt <o <= ¢>2 <= n,=o0(/n).
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Application 3: Random matrix concentration

Il
Let us consider o : t — & —— n, = O0(pt/?) = O(n'/9).
Assume p < C'n and:
Vf:RP — R, 1-Lipschitz: P(|f(z;) — f(z})| > t) < a(t/n,)
Vf: My, — R, 1-Lipschitz: P(|f(X) — f(X)| >t) < at//nn,)
x1,...,T, iIndependents
12| < C
. A 1
if ¢>4: |EQ| —Q7||gs <o 17/
if ¢>2: |E[Q] — Q|+ < Cnpy/D
Consequence for Stieltjes transform m(z) = %Tr(@) in heavy tailed setting:
1 1T (AL t o0 :
P (‘ETr(Q) — ETr(Q )| Z t) S 87 (m)
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