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Classical study of singular values of rectangular RM

X ∈Mp,n, we study 1
nXX

T

Classial Hypothesis

I X has i.i.d entries with bounded Variance
I X = C

1
2Z

Classical conclusions

I Weak convergence of the spectral distribution to the
Marcenko-Pastur law

Question : Can we find wider hypothesis and control the speed of
convergence ?
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With the concentration of the measure theory (CMT)

Hypothesis of CMT

1. For all 1-Lipschitz maps f :Mp,n → R:

∀t > 0 : P (|f (X )− E[f (X )]| ≥ t) ≤ 2e−t
2/2

2. The column of X are i.i.d.

Remarks

I (Asset) True if the columns are Lipschitz transformation of a
Gaussian vector Z ∼ N (0, Ip).
−→ dependence between the entries of a column possibly

complex
I (Drawback) That implies that all the moments are bounded
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With the concentration of the measure theory (CMT)

Conclusions on the spectral distribution

I Noting Q(z) = ( 1
nXX

T + zIp)−1, the resolvent of the
empirical covariance, 1

p Tr(Q(z)) is the Stieltjes transform of
its spectral distribution and:

∀t > 0 : P
(∣∣∣Tr(Q(z))− Tr(Q̃1)

∣∣∣ ≥ t
)
≤ Ce−nt

2/c , C , c =
p,n→∞

O(1)

where Q̃1 ∈Mp is a deterministic equivalent of Q
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Concentration of the Measure Phenomenon
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X = (X1, . . . ,Xp) ∼ sp

X1+···+Xp√
p

‖X‖∞

.

..

.

.

....

.

.

.

.

.

.

.

.

...

.

.

.

.

.

..

.
.

.

.

.

.

.
.
..
.
..

.

..

.

.
.

.

.

..

..
.

.

.

.

.

.

.

.

..
..

.

.

.

.

.

..

.

.

..
.

.
.

..

...

.

..

.

.

.

.

.

.

..

.....

.

.

.

.

..

.

.

.

..
.
.
.
.

.

.

.
.
..
..

.

.

.

.

.

..

..

.

.

....

..

.

.

.

.

...

.

.

.

...

.

.
..

.
.

.

.

...

.

.

.

.

.

.

..

...

.

.

..

.

.

.

.

.

.

.
.
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.
..

.

.

.

.

.

.

.

.
.

.

.
...
.

.

.

.

.
.

.

.

.

.

.

.

.

..

.

.

.

.

...

.

....
.

.

.

.

.

.
.
.

.
..

..

...

.

.

.

.

.

.

.

.
...

.

.

.

.

..

....

.

.

.

.

.

.

.

.

.

.

.

.

.

...

..

.

.

.
.

...

..

.

.

.

.
.

.

.

.

.

.

.
..

.

.

.
.

.

..

.

.

.

.
.

.

.
.
.

.

.

.
.

.
.

.
.
.

.

..
.

.

.

.

.

.

.

.

.

.

.

.

.
.

.

.

.

.

..

.
.
..
.
.
.
.
.

.

.

.
.

.

.

.

.

.

.

.

.

.
.

...

..
.
.

.

..
.

.

..

.

.

.

.

..

..

.

..

..

.

..

.

.

.

.
.
.

.

.

.

.

..

.

..

..

.

.

.

.
.
.
..

.

..
.

..

.

.

..
.
...

.

.

.

...
.

.

.

.

.

.

.

.

.

.

..

..

.

.

.

.

.

.
.

.
..
.

.

.

.

...

.

.

.

.

...

.

.

.
...

.

......
....

.
.
.
.
.

.

......

..

.

.

..

...

.
....
......
.
.
.
...
.
.
..
.
..
.
......
.
.....
..

.

.
.
....
..
..

.

...

.

.

.
.....
..
....
.
...

..
...
.
.
....
.
.
....
.
....
..

.
...
.
..
....
..
.
..
.
...
..
.

.

.
....
.....
...
..
..
....
...........
.
.
.
..
...
.
..
..
.....
....
.

.

...
..

..

.....

.
.

.
...
..
.
...
...
..

.

..
..
..
.

.

....
.
..
.
.
...
..
.
.
.

.

..

.

..
.
.
..

.

.....

.

...

.

.
..
..
......
.
....
...
..
.
.
.
...

..

...

.
..
...
.
.
....
.....
.
....
.
.
..
.
...

.
.
.
...
.
....

..
.
..
....
..
.
.
..
.
.....
...
..
.

.
.
.
..
.
....
.
.

.
...
.......
.
..
.
..
...
..
.
...
.
.
.
..
........
.
...

.

.....

.
.
...
.
.
.....
.
.
.....
.
.
....
..
.
...
....
.
.

Observations

O(1)

O(1)

Distribution
diameter =

p→∞
O(
√
p) Observable

diameter =
p→∞

O(1)
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Setting

(E , ‖ · ‖), a normed vector space, Z ∈ E , a random vector

I (Rp, ‖·‖), with ‖x‖ =
√∑p

i=1 x
2
i

I (Mp,n, ‖·‖F ) with ‖M‖F =
√

Tr(MMT ) =
√∑

1≤i≤p
1≤j≤n

M2
i ,j

Notations

I if ∃α : R+ → R+ | ∀f : E → R 1-Lipschitz :
∀t > 0 : P (|f (Z )− E[f (Z )]| ≥ t) ≤ α(t), we note Z ∈ α

I In particular, if ∃Z̃ ∈ E | ∀u : E → R 1-Lipschitz and linear :

∀t > 0 : P
(∣∣∣u(Z − Z̃ )

∣∣∣ ≥ t
)
≤ α(t), we note Z ∈ Z̃ ± α

Z̃ : Deterministic equivalent of Z .
(Z ∈ α =⇒ Z ∈ E[Z ]± α)
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Standard concentration : Exponential concentration

Fundamental example of the Theory:

Z ∈ Rp, if Z uniformly distributed on
√
pSp−1 or Z ∼ N (0, Ip):

∀f : E → R 1-Lipschitz :

∀t > 0 : P
(∣∣f (Z )− E[f (Z ′)]

∣∣ ≥ t
)
≤ 2e−t

2/2,

For q, σ > 0, if we note Eq(σ) : t 7→ e−(t/σ)q , then :

Z ∈ 2E2(
√
2) (Independent of p !).

Standard Hypothesis : Z ∈ Z̃ ± CEq(σ)

I Z̃ ∈ E : deterministic equivalent
I C > 0, q > 0: numerical constants (between 1

10 and 10)
I σ > 0 : observable diameter, gives the speed of concentration.
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How to build new concentrated random vectors ?

I If Z ∈ CEq(σ) and f : E → E λ-Lipschitz, f (Z ) ∈ CEq(λσ)

I No simple way to set the concentration of (Z1, . . . ,Zp) if
Z1, . . . ,Zp ∈ CEq(σ) non independent

I Z1,Z2 ∈ CEq(σ), independent (Z1,Z2) ∈ 2CEq(2σ)

I (Z1,Z2) = f (Z ) where Z ∈ CEq(σ), and f 1-Lipschitz
(Z1,Z2) ∈ CEq(σ)
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Same Notations:

I ∃a ∈ R such that:

∀t > 0 : P (|Z − a| ≥ t) ≤ Ce−(t/σ)q

we note Z ∈ a± CEq(σ).

Example

X ∼ N (0, Ip), f : Rp → R, 1-Lipschitz:

f (X ) ∈ E[f (X )]± 2E2(
√
2)
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Characterization with the moments

Z ∈ a± Ce−(·/σ)q

⇓ 1

∀r ≥ q :

E [|Z − a|r ] ≤ C
(

r
q

) r
q
σr

⇓ 2

Z ∈ a± Ce−
(·/σ)q

e

gipsa-lab
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Proof :

1 Fubini:
E [|Z − a|r ] =

∫
Z

(∫∞
0 1t≤|Z−a|rdt

)
dZ

=
∫∞
0 P (|Z − a|r ≥ t) dt

≤
∫∞
0 Ce−t

q
r /σq

dt . . . ≤ C
(

r
q

) r
q
σr

2 Markov inequality:

P (|Z − a| ≥ t) ≤ E[|Z−a|r ]
tr ≤ C

(
r
q

) r
q (σ

t

)r
,

with r = qtq

eσq ≥ q : P (|Z − a| ≥ t) ≤ Ce−(t/σ)q/e .
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Concentration of the sum

X ∈ a± CEq(σ), Y ∈ b ± CEq(σ) :

I X + Y ∈ a + b ± 2CEq (2σ)
Proof : P (|Z1 + Z2 − a1 − a2| ≥ t)

≤ P
(
|Z1 − a1|+ |Z2 − a2| ≥

t

2
+

t

2

)
≤ P

(
|Z1 − a1| ≥

t

2

)
+ ≤ P

(
|Z2 − a2| ≥

t

2

)
≤ 2Ce−(t/2σ)q
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Concentration of the product

X ∈ a± CEq(σ) and Y ∈ b ± CEq(σ)

I XY ∈ ab±2CEq (3σmax(|a| , |b|)) +2E q
2

(
3σ2)

Proof : XY − ab = (X − a)(Y − b) + (X − a)b + (Y − b)a

P (|XY − ab| ≥ t) ≤ P

(
|X − a| ≥

√
t

3

)
+ P

(
|Y − b| ≥

√
t

3

)

+ P
(
|X − a| ≥ t

3|b|

)
+ P

(
|Y − b| ≥ t

3|a|

)
≤ Ce−(t/3σ2)

q
2 + Ce−(t/3|b|σ)q + Ce−(t/3|a|σ)q
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Control of the norm

I Infinite norm :

P
(
‖Z − Z̃‖∞ ≥ t

)
= P

(
sup

1≤i≤p
eTi (Z − Z̃ ) ≥ t

)
≤ p sup

1≤i≤p
P
(
eTi (Z − Z̃ ) ≥ t

)
≤ pCe−(t/σ)q ,

I For the general case, use of “ε-nets”. If ∃H ⊂ (E ∗, ‖ · ‖∗) |

∀z ∈ E : ‖z‖ = sup
f ∈BH

f (z).

where BH = {f ∈ H, ‖f ‖∗ ≤ 1} ⊂ H, then :

Z ∈ Z̃ ± CEq(σ) =⇒
∥∥∥Z − Z̃

∥∥∥ ∈ 0± 8dim(H)CEq(2σ)

on (Rp , ‖ · ‖), H = Rp , and dimH = p
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Norm degree

Degree of a subset H ⊂ E ∗ and of a norm

I ηH = log(#H) if H is finite
I ηH = dim(Vect(H)) if H is infinite

Degree of a norm

I η‖·‖ = inf

{
ηH ,H ⊂ E ∗ | ∀x ∈ E , ‖x‖ = sup

f ∈H
f (x)

}

Example
I η (Rp, ‖ · ‖∞) = log(p)

I η (Rp, ‖ · ‖r ) = p for r ≥ 1

I η (Mp,n, ‖ · ‖) = n + p

I η (Mp,n, ‖ · ‖F ) = np.
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Concentration of the norm

If Z ∈ Z̃ ± CEq(σ):∥∥∥Z − Z̃
∥∥∥ ∈ 0± C ′Eq(c ′ση

1/q
‖·‖ ) and E

∥∥∥Z − Z̃
∥∥∥ ≤ C ′ση

1/q
‖·‖

Example Z ∈ Rp, X ∈ Xp,n

I if Z ∈ Z̃ ± 2E2(
√
2) : E ‖Z‖ ≤ ‖Z̃‖+ C

√
p

I if X ∈ X̃ ± 2E2(
√
2) : E ‖X‖ ≤ ‖X̃‖+ C

√
p + n,

I if X ∈ X̃ ± 2E2(
√
2) : E ‖X‖ ≤ ‖X̃‖+ C

√
pn.
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Concentration of the sum and the product

If (X ,Y ) ∈ CEq(σ):
I X + Y ∈ CEq(σ)

I (X − X̃ )(Y − Ỹ )

∈ C ′E q
2

(
cσ2)+ C ′Eq

(
cσ2η

1
q

‖·‖′

)
in (A, ‖·‖)

where ∀x , y ∈ A ‖xy‖ ≤ ‖x‖′‖y‖ (usually ‖x‖′ ≤ ‖x‖).

Example Z ∈ Rp, X ∈Mp,n, Z ,X ∈ 2E2(
√

2)

I XXT
√
n+p
∈ CE2(c) + CE1

(
c√
p+n

)
in (Mp,n, ‖·‖F )

I XXT√
log(np)

∈ CE2(c) + CE1
(

c√
log(pn)

)
in (Mp,n, ‖·‖∞),

I Z�2
√

log p
= Z�Z√

log p
∈ CE2(c) + CE1

(
c√

log p

)
in (Rp, ‖ · ‖)
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Hanson Wright Theorem

Classical Theorem
If Z1, . . . ,Zp ∈ CE2(σ) independent:

P
(∣∣∣ZTAZ − EZTAZ

∣∣∣ ≥ t
)
≤ C exp

(
−c min

((
t

σ2 ‖A‖F

)2

,
t

σ2 ‖A‖

))
With the Concentration of the measure phenomenon

If Z = (Z1, . . . ,Zp) ∈ CE2(σ):

P
(∣∣∣ZTAZ − EZTAZ

∣∣∣ ≥ t
)

≤ C exp

(
−c min

((
t

σE ‖Z‖ ‖A‖

)2

,
t

σ2 ‖A‖

))

→ about the same result since E[‖Z‖] ≈ σ√p and ‖A‖F ≈
√
p ‖A‖
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Position of the problem

Data matrix X = (x1, . . . , xn) ∈Mp,n,

Hypothesis:

I p = O(n) and n = O(p)

I X ∈ CE2(c)

I ‖E[X ]‖ = O(
√
n)

Goal:
Show the concentration of the resolvent:

Q = Q(z) =

(
1
n
XXT + zIp

)−1

and find a computable deterministic equivalent Q̃1 depending on
the population covariance : Σ = 1

nE[XXT ]
(The Stieltjes transform of the empirical spectral distribution is z 7→ Tr Q(z))
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Basic results on the resolvent Q =
(1
nXX

T + zIp
)−1

I The resolvent is bounded:

‖Q(z)‖ ≤ 1
z ,
∥∥∥Q(z)XX

T

n

∥∥∥ ≤ 1 and
∥∥∥Q(z) X√

n

∥∥∥ ≤ 1
z1/2

I X 7→ Q(z) is 1√
nz3/2 -Lipschitz:

If we note Q(z)H =
( 1
n

(X + H)(X + H)T + zIp
)−1 :∥∥∥Q(z)H − Q(z)

∥∥∥
F

=

∥∥∥∥ 1
n
Q(z)H(XXT − (X + H)(X + H)T )Q(z)

∥∥∥∥
F

=

∥∥∥∥− 1
n
Q(z)HHXT + (X + H)HT )Q(z)

∥∥∥∥
F

≤
1
√
n

(
‖Q(z)H‖

∥∥∥∥ 1
√
n
XTQ

∥∥∥∥ +

∥∥∥∥ 1
√
n
QH(X + H)

∥∥∥∥ ‖Q(z)‖
)
‖H‖F
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I Q(z) ∈ E[Q(z)]± CE2
(

c√
n

)
(we suppose that 1

z
= O(1))

Question

How to estimate E
[( 1

nXX
T + zIp

)−1
]

?

Design of a Deterministic equivalent

Let Σ̃ ∈Mp to be chosen precisely later and we set:

Q̃1 = (Σ̃ + zIp)−1
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With identity A−1 − B−1 = A−1(B − A)B−1:

E[Q̃1 − Q] = E
[
Q

(
1
n
XXT − Σ̃

)
Q̃1

]
=

n∑
i=1

1
n
E
[
Q(xix

T
i − Σ̃)Q̃1

]
.

Schur formulas
We set X−i = (x1, . . . , xi−1, 0, xi+1, . . . , xn) ∈Mp,n

and Q−i = ( 1
nX−iX

T
−i + zIp)−1:

Q = Q−i −
1
n

Q−ixix
T
i Q−i

1 + 1
nx

T
i Q−ixi

and Qxi =
Q−ixi

1 + 1
nx

T
i Q−ixi

.

Then:

Q̃1 − EQ =
n∑

i=1

1
n
E

[
Q−i

(
xix

T
i

1 + 1
nx

T
i Q−ixi

− Σ̃

)
Q̃1

]

− 1
n2

n∑
i=1

E
[
Q−ixix

T
i QΣ̃Q̃1

]
.
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A first deterministic equivalent

∥∥∥Q̃1 − EQ
∥∥∥ = sup

‖u‖,‖v‖≤1
uT
(
Q̃1 − EQ

)
v

= sup
‖u‖,‖v‖≤1

1
n

n∑
i=1

∆i + εi

with:

I ∆i = E
[
uTQ−i

(
xix

T
i

1+ 1
n
xTi Q−ixi

− Σ̃

)
Q̃1v

]
I εi = 1

nE
[
uTQ−ixix

T
i QΣ̃Q̃1v

]
−→ we note δ1 = 1

n Tr(ΣE[Q]) and we chose Σ̃ = Σ
1+δ1

Let us show that with this choice: ∆i , εi = O
(

1√
n

)
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Preliminary lemmas

I uTQxi = 1√
n

(
√
nuTQ)xi ∈ CE2(c) + CE1

(
c√
p

)
I E[uTQxi ] ≤

√
E[uTQxixTi Qu] =

√
1
n
E[uTQXXTQu]

≤ E[uTQu] = O(1)

.

I The same way:
uTQ−ixi , u

T Q̃1xi ∈ O(1)± CE2(c) + CE1
(

c√
p

)
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Preliminary lemmas

I 1
nx

T
i Q−ixi ∈ CE2(c) + CE1

(
c√
n

)
I E

[ 1
nx

T
i Q−ixi

]
= 1

n Tr(ΣE[Q−i ]) ≤ 1
n Tr(Σ)E [‖Q−i‖] = O(1)

I ‖EQ−i − EQ‖ = sup
‖u‖,‖v‖≤1

uT (EQ−i − EQ) v

= sup
‖u‖,‖v‖≤1

E
[
1
n
uTQ−ixix

T
i Qv

]
= O

(
1
n

)

I 1
nx

T
i Q−ixi ∈ δ1 ± CE2(c) + CE1

(
c√
n

)
(recall that

δ1 = 1
n Tr(ΣE[Q]))
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End of the proof of the estimation with the first

deterministic equivalent Q̃1 =
(

Σ
1+δ1

+ zIp
)−1

I Since
∥∥∥Σ̃Q̃1

∥∥∥ = O(1), εi = 1
nE
[
uTQ−ixix

T
i QΣ̃Q̃1v

]
= O

( 1
n

)
I ∆i = E

[
uTQ−i

(
xix

T
i

1 + 1
nx

T
i Q−ixi

− Σ

1 + δ1

)
Q̃1v

]

= E

[
uTQ−ixix

T
i Q̃1v(δ1 − 1

nx
T
i Q−ixi )(

1 + 1
nx

T
i Q−ixi

)
(1 + δ1)

]

+ E
[
uTQ−i

(
xix

T
i − Σ

1 + δ1

)
Q̃1v

]
= O

(
1√
n

)
=⇒

∥∥∥E [Q]− Q̃1

∥∥∥ = O
(

1√
n

)
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Second deterministic equivalent

Note that δ1 =
1
n

Tr(ΣE[Q]) =
1
n

Tr(ΣQ̃1) + O

(
1√
n

)
=

1
n

Tr

(
Σ

(
Σ

1 + δ1
+ zIp

)−1
)

+ O

(
1√
n

)
The function

R+ −→ R+

δ 7−→ 1
n

Tr

(
Σ

(
Σ

1 + δ
+ zIp

)−1
)

is contracting for the semimetric: ds(δ, δ′) = |δ−δ′|√
δδ′

=⇒ It admits a unique fixed point:

δ2 =
1
n

Tr

(
Σ

(
Σ

1 + δ2
+ zIp

)−1
)
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End of the proof

It can be showed that δ1 − δ2 = O
(

1√
n

)
thus if we set

Q̃2 =
(

Σ
1+δ2

+ zIp
)−1

:

∥∥∥E [Q]− Q̃2

∥∥∥ ≤ ∥∥∥E [Q]− Q̃1

∥∥∥+
∥∥∥Q̃1 − Q̃2

∥∥∥
≤
∥∥∥∥Q̃1

Σ(δ2 − δ1)

(1 + δ2)(1 + δ1)
Q̃2

∥∥∥∥+ O

(
1√
n

)
= O

(
1√
n

)

=⇒ ∀t > 0 : P
(∣∣∣ 1p Tr(Q)− 1

p Tr(Q̃2)
∣∣∣ ≥ t

)
≤ Ce−cnt

2
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