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Classical study of singular values of rectangular RM

X € Mp,pn, we study 1XXT

Classial Hypothesis

» X has i.i.d entries with bounded Variance
1
| 4 X e CEZ
Classical conclusions

» Weak convergence of the spectral distribution to the
Marcenko-Pastur law

Question : Can we find wider hypothesis and control the speed of
convergence ?
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With the concentration of the measure theory (CMT)
Hypothesis of CMT
1. For all 1-Lipschitz maps f : M, , — R:
VE>0: P(f(X)—E[f(X)]| > t) < 2e7 /2
2. The column of X are i.i.d.

Remarks

» (Asset) True if the columns are Lipschitz transformation of a
Gaussian vector Z ~ N(0, I,).
— dependence between the entries of a column possibly

complex

» (Drawback) That implies that all the moments are bounded
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With the concentration of the measure theory (CMT)

Conclusions on the spectral distribution

> Noting Q(z) = (2XXT + zl,)71, the resolvent of the
empirical covariance, %Tr(Q(z)) is the Stieltjes transform of
its spectral distribution and:

p,N—»00

Vt>0: P (‘Tr(Q(z)) - Tr(@l)) > t) <Ce /e, Cc = O

where C:)l € M, is a deterministic equivalent of Q
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Concentration of the Measure Phenomenon

Observations
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Setting

(E, || - |I), a normed vector space, Z € E, a random vector
> (RP, |-
> (Mo ) with Ml = /TAORMT) = | [S530=, W,

), with [|x[| = /377 «?

Notations

» if o RT — RT | Vf: E — R 1-Lipschitz :
Vt>0 : P(|f(Z2) —E[f(Z2)]] > t) < «a(t),|we note Z € «

» |n particular, if 37 cE | Vu: E — R 1-Lipschitz and linear :
VE>0 P(‘U(Z—z)‘ > t) <a(t), |wenote Z ¢ Z 0

Z - Deterministic equivalent of Z.
(Zea=ZecE[Z]ta)
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Standard concentration : Exponential concentration

Fundamental example of the Theory:

Z € RP, if Z uniformly distributed on /pSP~! or Z ~ N(0, I,):
Vf : E — R 1-Lipschitz :

Vt>0 : P(|f(Z) - E[f(Z)]] > t) <272,
For g,o > 0, if we note &,(c) : t = e~ (t/9)7 then :
7 € 2E5(1/2) (Independent of p 1).
Standard Hypothesis : Z € Z & C&,(0)

» 7 € E : deterministic equivalent
» C >0, g > 0: numerical constants (between {5 and 10)

» o > 0 : observable diameter, gives the speed of concentration.
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How to build new concentrated random vectors 7

» If Ze C&(o) and f : E — E A-Lipschitz, f(Z) € CEq()\o)

» No simple way to set the concentration of (71, ..., Z,) if
Zy,...,2Zy € C&y(o) non independent

» 71,2, € C&y(0), independent (Zy, Z2) € 2CE4(20)

> (Z1,2>) = f(Z) where Z € C&y(0), and f 1-Lipschitz
(Z1,25) € C&(0)
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Same Notations:

» Ja € R such that:
Vt>0 : P(|Z—a|>t) < Ce(t/o)"

we note Z € a+ C&y(o).

Example

X ~ N(0,1,), f : RP — R, 1-Lipschitz:

F(X) € E[f(X)] + 2&2(V2)
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Characterization with the moments

Zca+ Ce (/o)

@
Vr>gq:

EllZ-al7<C (%)

16

(/o)
ZecatCe =

Qs

O.F
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(1) Fubini:
Eflz-a] = [, (fo t<|Z— al’dt) dz
= [°P(|Z —a|" > t)dt

< Jceiar < c(£)"or

@ Markov inequality:
P(1Z-al > 0)< A < c(£)" (3)",
>

with r:%2q:P(|Z—a|
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Concentration of the sum

XeatC&(o), YebtC&o):

» X+Yea+b£2CE(20)
Proof : P(|Z1+2Z— a1 —ax| > t)
t

t
SP(!21—31!+|22—32\Z§+§>

SP(121—31| > £>+SP(|22—32| > %)
< 2Ce(t/20)°
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Concentration of the product

XecatC&(o)and Y € b+ C&(0)
> XY € ab+2C&; (30 max(|al , |b])) +2&5 (307)

Proof : XY —ab= (X —a)(Y —b)+ (X —a)b+ (Y — b)a

IP’(\XY—ab!Zt)SIP(\X—a\Z\/§>+P<‘y_b’2\/g)
P (Xl g )+ (1Y - 5)

< Ce (1393 | Com(t/31bl0)7 | o (t/3lalo)"
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Control of the norm

> Infinite norm :

P (HZ— Z|joe > t) = P( sup ¢ (Z—2)> t)

1<i<p
<psup P (e,-T(Z ~-2)> t) < pCe= ()",
1<i<p
» For the general case, use of “c-nets”. If 3H C (E*,||-|[,) |

Vze E: ||z| = sup f(2).
feBy

where By = {f € H,||f||, <1} C H, then :
ZeZ+CE(o) = Hz - ZH € 0+ 8imH) cg (20)
on (RP,||-]|), H=TRP, and dimH = p
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Norm degree

Degree of a subset H C E* and of a norm

> ny = log(#H) if H is finite
» ny = dim(Vect(H)) if H is infinite

Degree of a norm

> )= im‘{m./7 HCE*|V¥xeE,|x|= ?ugf(x)}
€

Example
> (R, -llo) = log(p) > n(Mpamll- ) =n+p
> n(RP |-y =pforr>1 » n(Mpn|-IlF) = np.
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Concentration of the norm

If Z € Z 4 C&(0):

HZ— ZH SYES C'Eq(c'anﬁ./“q) and IEHZ* ZH < C/UUi./“q

Example Z e RP, X € &},

> if Z€Z+£25(V2): E|Z| < |Z||+ Cyp
> if X € X £25(V2) : E|X|| < ||X||+ CypFn,
> if X € X £26(V2) : E||X|| < || X]| + C\/pn.
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Concentration of the sum and the product

If (X,Y) e C&(o):
» X +Y e C&(o)
- (X=X )
1
€ ey (co?) + ey (et ) in (A
where x,y € A lhy| < Iy (usvaly ] < x])

Example Z e R, X e M, ,, Z,X € 252(\@)

> \);% € C&(c)+ C& (@) in (Mpn, [I-llF)

xxT c . ‘
> —r € C&(c)+ C& <\/m> in (Mpn |1l o)

Z02 y{oy4 c .
> L2 = 292 ¢ Co(c) + Ca (m) in (R?, || - 1))
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Hanson Wright Theorem

Classical Theorem
If Z1,...,Z, € C&(o) independent:

2
t t
P ‘ZTAZ—IEZTAZ’>t < Cexp | —cmi
( >t) < Cop{ —cmi 2[Alr) " o2 A

With the Concentration of the measure phenomenon

If Z=(Z,...,2p) € C&(0):

P (’ZTAZ _ EZTAZj > t)

2
< Cexp [ —cmin ( ! ) , !
- oE [ Z|[[|All ) "o [|All

— about the same result since E[||Z||]] = o/p and || Az = /P ||All
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Position of the problem

Data matrix X = (x1,...,%) € Mpp,

Hypothesis:

» p=0(n) and n= O(p)

» X € C52(C)
> |E[X]|| = O(v/n)
Goal:

Show the concentration of the resolvent:
1 -1
Q=Q(z) = (XXT + zlp)
n

and find a computable deterministic equivalent Q; depending on

the population covariance : ¥ = 1E[XXT
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. -1
Basic results on the resolvent Q = (%XXT + zlp)

» The resolvent is bounded:

IR < 2,

(Z)XXT

e

1
< 7n

» X — Q(z2) is 3/2 -Lipschitz:
If we note Q(z)H = ( X+ H)X+H)T +z1,)""
|e@* - @@, = | @@ OXT - X + H)X + HT)a(E) )

_ H_EQ(Z)HHXT + (X +HHTQ(2)

F
Q)"

< ( Jex7a|+ ]| Zoetoc w 1o ) 14
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> Q(Z) S E[Q(Z)] + C& (\%) (we suppose that % = 0(1))

Question

How to estimate E [(%XXT + zlp)fl} ?

Design of a Deterministic equivalent

Let & € M, to be chosen precisely later and we set:

Q= (i + zlp)*1
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With identity A= — B~ = A=1(B - A)B~!

510 - al=k [0 (2o -5 @] =3 te[ored - 9.
i=1

Schur formulas
We set X_; = (Xl, ces Xi—1, 0, Xi 41, - - - ,Xn) S Mpyn
and Q_; = (%X_;X_TI- + le)_l

1 Q_,X,X Q_; Q—ixi
Q Q an QX 1+ XTQ—IXI

nl+ XTQ_,X,
xix;| ~\ =
Q| —"— -2 |Q
: <1 + 1T Quix; '

_ % iE [Q_,-x,-x,-TQiél] .
i—1

Then:
N "1
@ —EQ= ; “E
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A first deterministic equivalent

H@l—EQH: sup UT(@l—EQ>V

[[ulllIvI<1
Z A+ ¢g;

n
HUH IIVH<1 i—1
with:

xix;T < A
- AFE{ Qi <1+Q_Z> le}
> o= 1 [uT Qi Q5 QY]

— we note d; = £ Tr(ZE[Q]) and we chose = =

Let us show that with this choice: A;,e; = O (i
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Preliminary lemmas

> 0T Qx = L (VT Q)x € C&(c) + C& (ﬁ)

» Elu” Q] < \/E[uT Qxix Qu] = \/iE[uTQXXTQu].

<E[u"Qu] = 0(1)

» The same way:

uT Q_ixi,uT Q1x; € O(1) £ C&(c) + C& (ﬁ>
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Preliminary lemmas

> %XI-TQ_;X,' S ng(C) + C& (%)

- E[Lx Qx| = L THEE[Q_]) < L TH(DE[ Q1] = 0(1)

> |EQi —EQ| = sup u' (EQ;—EQ)v
[lull,Iv]<1
1+ T 1
= sup E|-uv'Q_ixix; Qv| =0 —
[lull,lIv]<1 n n

> %X’.TQ_;X,' €6 £ Cg2(C) + C& (
61 = L Tr(ZE[Q]))

~n

ﬁ) (recall that
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End of the proof of the estimation with the first

. 1
deterministic equivalent Q; = (%{51 + zlp>
» Since Hi@lH =0(1), ¢ = %E [uTQ_;x,-x,-TQiélv} =0 (1)

-
Th XiX; B )N ~
! Q_I (1 + %X;TQ,,'X,' 1+ 51) le]
uT Q_ixix” Quv (61 — 1xT Q_ix;)
(1 + %XI-TQ,,'X,') (1 + 51)

-
T (XX -2\ =«
2o (255 o)

| 4 AI:E

=K
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Second deterministic equivalent

1 1 1
Note that ; = - Tr(ZE[Q]) = - Tr(XQ1)+ O (ﬁ)
1 Y -t 1
_nTr(Z(M+Z/p> >+O n>
The function
RT — RT
1 )X -t

_ s/
is contracting for the semimetric: ds(9,0") = If/(%

— It admits a unique fixed point:

1 Y -1
o=—Tr| X[ ——
2 - r( (1+62+2/p> )
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End of the proof

It can be showed that 01 — d» = O <i> thus if we set

~ -1
@ = <% + zlp> :

HE[Q] - @2” < HE[Q] - @1” + H@l - @2”
st o(2) - o)

(1+52)(1+51)
— V>0 P (‘%Tr(Q) - %Tr(()g)) > t) < Ceent’

< @
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