
A Central Limit Theorem for Regularized M -Estimators

Abstract

We prove a quantitative central limit theorem for linear functionals of regularized empirical-
risk minimizers in the proportional-dimensional regime p = O(n). The data columns are
independent, not necessarily identically distributed, and satisfy a uniform columnwise
Poincaré inequality. Under uniform curvature and smoothness assumptions, and for a
quadratic regularizer, we show that every nondegenerate statistic

√
nu⊤θ̂, centered by its

expectation and normalized by its standard deviation, converges to a standard normal
random variable in Wasserstein distance, with rate O((log n)7n−1/4). The proof is based on
moment and stability bounds for the minimizer, a second-order leave-one-out expansion, and
a perturbative normal-approximation argument for functions of independent variables. We
also prove the variance upper bound Var(u⊤θ̂) ≤ C |u|22 /n, identifying the

√
n fluctuation

scale.

1 Introduction

We consider a regularized empirical-risk minimizer

θ̂ = argminθ∈Rp

{
1

n

n∑
i=1

L(x⊤i θ) + ρ(θ)

}
.

Here X = (x1, . . . , xn) ∈ Rp×n has independent columns, the loss L : R → R is smooth and
uniformly convex, and the regularizer ρ : Rp → R is strongly convex. Problems of this form
are central in classical M -estimation, robust statistics, and convex learning theory. In fixed
dimension, consistency and asymptotic normality for smooth M -estimators are classical; see
Huber [11] and van der Vaart [20].

When the dimension grows with the sample size, the fixed-dimensional theory no longer
applies directly. Classical increasing-dimension normal approximation results, such as those of
Portnoy [16], Mammen [14], and He–Shao [10], require the dimension to grow sufficiently slowly
compared with the sample size. In the proportional regime, where p/n is of constant order, central
limit theorems and exact-asymptotic descriptions have been obtained in more structured settings.
Donoho–Montanari [6], Sur–Candès [19], Zhao–Sur–Candès [21], and Bellec–Shen–Zhang [3]
work under Gaussian-design assumptions, possibly with general covariance. Lei–Bickel–El
Karoui [13] prove coordinate-wise normality under fixed-design regularity conditions. El Karoui
and collaborators [8, 7] allow non-Gaussian designs, but the assumptions still impose iid, isotropic,
or independent-entry structure together with strong concentration properties.

The present paper proves a quantitative central limit theorem under weaker distributional
assumptions on the design. We work in the regime p = O(n), and the columns xi are independent
but need not be identically distributed, Gaussian, centered, isotropic, or have iid entries. The
main concentration assumption is instead a uniform columnwise Poincaré inequality. Under the
smoothness and curvature assumptions stated below, and for a quadratic regularizer, we prove a
Wasserstein CLT for arbitrary deterministic linear projections of the minimizer. More precisely,
for deterministic directions u = un ∈ Rp with |u|2 ≤ 1, set

σ2
n := Var

(√
nu⊤θ̂

)
.
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If infn σ
2
n > 0, then √

nu⊤θ̂ − E[
√
nu⊤θ̂]

σn
⇒ N(0, 1)

quantitatively in Wasserstein distance, with rate O((log n)7n−1/4). We also prove the variance
upper bound

Var(u⊤θ̂) ≲
|u|22
n

,

so that the only variance assumption in the CLT is the matching lower bound.
The proof combines leave-one-out expansions with the perturbative normal-approximation

method of Chatterjee [5]; see also the quantitative Berry–Esseen theory for nonlinear statistics and
M -estimators of Shao–Zhang [17]. The key step is a second-order leave-one-out approximation for
the increments of

√
nu⊤θ̂. This expansion uses an averaged-leverage score to remove the leading

dependence of the active score on the active column. Once this approximation is established,
moment estimates and conditional-covariance bounds verify a perturbative Wasserstein criterion
for asymptotic normality.
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2 Setting, assumptions, and main result

2.1 Notation

We use the following notation. For a measurable function f : Rp → R, a finite-dimensional
vector a = (ai), and A ∈ Mp,n, set

� |f |∞ := supx∈Rp |f(x)|;
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� |a|2 :=
(∑

i a
2
i

)1/2
and |a|∞ := supi |ai|;

� |A|op := sup|x|2≤1 |Ax|2 and |A|F :=
√

Tr(AA⊤).

Given f ∈ C2(Rp) and z ∈ Rp,

∇f(z) =
(
∂f(z)
∂z1

, . . . , ∂f(z)∂zp

)⊤
, ∇2f(z) =

(
∂2f(z)

∂za∂zb

)p

a,b=1

.

For ℓ indexing a column of Z = (z1, . . . , zn) ∈ Mp,n, we write Dℓ for the Fréchet derivative
with respect to zℓ. If T = T (Z) is real-, vector-, or matrix-valued, then Dℓ[T (Z)][h] denotes the
derivative in the direction h ∈ Rp. For instance, when T is vector-valued,∣∣∣T (Z + he⊤ℓ ) − T (Z) − Dℓ[T (Z)][h]

∣∣∣
2

= o(|h|2).

When T is matrix-valued, we write

|Dℓ[T ]|∗op := sup
|h|2≤1

|Dℓ[T ][h]|op ,

with analogous notation for the other norms and for real- or vector-valued maps. For example,
given u ∈ Rp, ∣∣∣u⊤Dℓ[T ]

∣∣∣∗
2

:= sup
|h|2≤1

∣∣∣u⊤Dℓ[T ][h]
∣∣∣
2
.

We will keep the ∥ ·∥ notation for the integrated norms defined for any k > 0 and any random
variable Z ∈ R as:

∥Z∥Lk := E[|Z|k]
1
k .

Given a statistic g((z1, . . . , zn)) depending on n independent variables z1, . . . , zn, we denote:

∥g((z1, . . . , zn))∥Lk
i

:= E[|g((z1, . . . , zn))|k | (zj)j∈[n]\{i}]
1
k

Similarly, Ei, Vari, and Covi denote conditional expectation, variance, and covariance with
respect to zi only, conditionally on all other variables.

For two nonnegative sequences (an) and (bn), we write an = O(bn) if there exists C > 0 such
that an ≤ Cbn for all large enough n, and an = o(bn) if an/bn → 0. All implicit constants are
deterministic and independent of n and p, unless explicitly stated otherwise.

2.2 Setting

Let X = (x1, . . . , xn) ∈ Rp×n have independent columns x1, . . . , xn ∈ Rp. For θ ∈ Rp, set

ΨX(θ) :=
1

n

n∑
i=1

L(x⊤i θ) + ρ(θ), θ̂ := argminθ∈Rp ΨX(θ).

The assumptions below imply that ΨX is strongly convex, so this minimizer is unique. We view
(p,X,L, ρ) = (pn, Xn, Ln, ρn) as a sequence indexed by n, and we suppress the dependence on n
in the notation.

Assumption 1. p = O(n).

Assumption 2. |L′(0)| = O(1) and |∇ρ(0)|2 = O(1).

Assumption 3. supi∈[n] |E[xi]|2 = O(1).
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Assumption 4 (Poincaré inequality for the columns). There exists CP = O(1) such that, for
every i ∈ [n] and every C1 function f : Rp → R for which the right-hand side is finite,

Var(f(xi)) ≤ CP E |∇f(xi)|2 .

Assumption 5. The loss L : R → R is C2, |L′′|∞ = O(1), and there exists a constant κL > 0,
with κ−1

L = O(1), such that, for all t ∈ R,

L′′(t) ≥ κL.

The regularizer ρ : Rp → R is C2 and κ-strongly convex for some constant κ > 0, with
κ−1 = O(1), namely

∇2ρ(θ) ⪰ κIp, θ ∈ Rp.

These assumptions ensure well-posedness and provide the basic moment and concentration
bounds for θ̂. To derive a first-order expansion of the leave-one-out perturbation θ̂ − θ̂−i, we
also require the following smoothness condition.

Assumption 6. The second derivative L′′ is globally Lipschitz with constant CL = O(1):

|L′′(t) − L′′(t′)| ≤ CL|t− t′|, t, t′ ∈ R.

Moreover, ∇2ρ is globally Lipschitz in operator norm with constant Cρ = O(1):∣∣∇2ρ(θ) −∇2ρ(θ′)
∣∣
op

≤ Cρ

∣∣θ − θ′
∣∣
2
, θ, θ′ ∈ Rp.

Finally, the CLT proof uses a second-order expansion of the leave-one-out perturbation. For
this step we impose the following additional curvature condition.

Assumption 7 (Third-order curvature). The loss L is C4 with1:

|L′′′|∞ = O(1), and |L′′′′|∞ = O(1).

The regularizer ρ is C3. We denote its third-order differential tensor by ∇3ρ(θ), so that, for any
h ∈ Rp, ∇3ρ(θ)[h] is a symmetric matrix. There exists a constant γρ = O(1) such that,

sup
θ∈Rp

sup
|h|2≤1

∣∣∇3ρ(θ)[h]
∣∣
op

≤ O(1),

and for all θ, θ′, h ∈ Rp: ∣∣∇3ρ(θ)[h] −∇3ρ(θ′)[h]
∣∣
op

≤ γρ
∣∣θ − θ′

∣∣ |h|2 .
Fix a deterministic sequence of directions u = un ∈ Rp such that

|u|2 ≤ 1.

Define

fn(X) :=
√
nu⊤θ̂(X), σ2

n := Var
(
fn(X)

)
. (2.1)

Whenever σn > 0, set

Wn :=
fn(X) − Efn(X)

σn
.

1The bound |L′′′′|∞ = O(1) will actually only be used in Section 5 but to stay simple we did not isolate it in
an independent assumption.
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2.3 Main result

Theorem 2.1 (CLT for linear functionals of the minimizer). Under Assumptions 1–7, assume
in addition that ρ is quadratic, in the sense that

∇3ρ ≡ 0, and inf
n

σ2
n > 0.

Then

dW (Wn,N) = O

(
(log n)8

n1/4

)
,

where N denotes a standard normal random variable and

dW (Y, Z) := sup
|h|Lip≤1

|Eh(Y ) − Eh(Z)|

is the Wasserstein distance.

The proof is based on Chatterjee’s normal-approximation method [5] and on the simpli-
fied Chatterjee-type Wasserstein bound of Shao and Zhang [18], recalled in Appendix A as
Theorem A.1. We use the following leave-one-out reformulation.

Let Z = (z1, . . . , zn) have independent coordinates, and let Z ′ = (z′1, . . . , z
′
n) be an indepen-

dent copy of Z. For A ⊂ [n], let ZA be obtained from Z by replacing zi by z′i for every i ∈ A,
and set

Ai := {1, . . . , i− 1}.

Let gn = gn(Z) be a real-valued statistic. For each i ∈ [n], let g−i
n be a leave-one-out statistic

depending on all coordinates except zi. We define

δign(ZA) := gn(ZA) − g−i
n (ZA

−i),

where ZA
−i denotes ZA with its ith coordinate removed.

Theorem 2.2 (Leave-one-out Wasserstein bound). Assume that z1, . . . , zn are independent. No
identical-distribution or exchangeability assumption is imposed. Define

� σ2
g,n := Var(gn(Z)),

� m
(4)
n := supi∈[n] ∥δign(Z)∥L4,

� czn := supi,j∈[n]
i ̸=j

∥∥δign(Z) − Ej

[
δign(Z)

]∥∥
L4,

� cz̄n := supi∈[n]
√

Var(Covi(δign(Z), δign(ZAi))).

Assume that these quantities are finite and that σ2
g,n > 0. Let

Wg,n :=
gn(Z) − Egn(Z)

σg,n
.

Then, for a standard normal random variable N,

dW (Wg,n,N) ≤ C

σ2
g,n

[
n(m(4)

n )4 + n(n− 1)
(

(m(4)
n )3czn + (m(4)

n )2cz̄n

)]1/2
+

8n(m
(4)
n )3

σ3
g,n

,

where C > 0 is a universal constant.
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With the notation of (2.1), we apply Theorem 2.2 with Z = X and gn = fn. The corre-
sponding leave-one-out statistic is

f−i
n (X−i) :=

√
nu⊤θ̂−i,

where

θ̂−i := argminθ∈Rp ΨX−i(θ), ΨX−i(θ) :=
1

n

∑
j ̸=i

L(x⊤j θ) + ρ(θ). (2.2)

The normalization is kept equal to 1/n, so that ΨX−i is the original objective with the ith loss
term removed.

To prove Theorem 2.1, it remains to establish the following estimates:

1. σn = O(1) in Section 3, Remark 3.16;

2. m
(4)
n = O

(
logn√

n

)
in Subection 4.1, Remark 4.11;

3. cxn = O
(
(logn)7

n

)
in Subsection 5.2, Proposition 5.13

4. cx̄n = O
(
(logn)13

n3/2

)
in Subsection 5.3, Corollary 5.22

Together with the nondegeneracy assumption infn σ
2
n > 0, these bounds imply the Wasserstein

rate stated in Theorem 2.1.
The argument proceeds in three main stages. First, we prove moment, stability, and variance

bounds for the minimizer and its leave-one-out analogues. Second, we derive first- and second-
order leave-one-out expansions for u⊤(θ̂ − θ̂−i). Third, we insert these expansions into the
perturbative normal-approximation bound and verify the required sensitivity and covariance
estimates.

3 Preliminary concentration properties

3.1 Basic concentration results on the data

We first collect the concentration estimates for the data and the minimizer that will be used
throughout the proof. The general Poincaré facts are recalled in Appendix B; here we only
record their consequences for the independent columns x1, . . . , xn.

Lemma 3.1 (Tensorized Poincaré inequality for the data). Under Assumption 4, for every
sufficiently smooth f : Mp,n → R,

Var(f(X)) ≤ CP

n∑
i=1

∥ |Di[f(X)]|∗2 ∥
2
L2 .

Proof. This is Proposition B.1 applied to the independent columns x1, . . . , xn.

The next lemma gives the data moment bounds used below. It is a direct consequence of
Lemma B.3, Lemma B.6, and the boundedness of the column means.

Lemma 3.2 (Column moment bounds). Under Assumptions 3 and 4, for any sequence of
positive integers kn ≥ 1, and any deterministic sequence u = un ∈ Rp satisfying |u| ≤ 1,

sup
i∈[n]

∥∥∥u⊤xi∥∥∥
Lkn

= O(kn).

If, in addition, Assumption 1 holds, then

sup
i∈[n]

∥|xi|2∥Lkn = O(kn
√
n).
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Proof. Lemma B.3 gives

sup
i∈[n]

∥∥∥u⊤(xi − Exi)
∥∥∥
Lkn

= O(kn), |u| ≤ 1.

Since
|u⊤Exi| ≤ |Exi|2 = O(1)

uniformly in i by Assumption 3, the first bound follows by the triangle inequality. The second
bound follows from Lemma B.6 and p = O(n).

Combining Lemma 3.2 with Lemma B.7 also gives the logarithmic control of columnwise
maxima that will be used later. For instance, if (ui)i∈[n] is deterministic and |ui| ≤ 1, then, for
every k ≥ 1, ∥∥∥∥max

i∈[n]
|u⊤i xi|

∥∥∥∥
Lk

= O
(

max(k, log(en))
)
.

Lemma 3.3 (Conditional quadratic-form bound). Let

Σi := E[xix
⊤
i ]

denote the second-moment matrix of xi. Under Assumptions 3 and 4, for every fixed k ≥ 1,
every deterministic symmetric matrix A, and every i ∈ [n],∥∥∥x⊤i Axi − Tr(ΣiA)

∥∥∥
Lk
i

≤ Ok(|A|F ).

The same bound holds conditionally whenever A is independent of xi.

Proof. It is enough to prove the result for deterministic A, since the conditional version follows
by freezing the variables on which A depends. Write xi = mi + yi, where mi = Exi and Eyi = 0.
Then

x⊤i Axi − Tr(ΣiA) =
(
y⊤i Ayi − E[y⊤i Ayi]

)
+ 2m⊤

i Ayi.

The linear term satisfies∥∥∥m⊤
i Ayi

∥∥∥
Lk

≤ Ok(|Ami|2) ≤ Ok(|A|op) ≤ Ok(|A|F ),

by Lemma B.3 and Assumption 3. For the centered quadratic term, we use the standard Lk-form
of the Poincaré inequality, obtained by applying the Poincaré inequality to powers of the centered
function:

∥F − EF∥Lk ≤ Ok

(
∥|∇F |2∥Lk

)
.

Applying this to F (y) = y⊤Ay, whose gradient is 2Ay, gives∥∥∥y⊤i Ayi − E[y⊤i Ayi]
∥∥∥
Lk

≤ Ok

(
∥|Ayi|2∥Lk

)
.

If A =
∑

a σavaw
⊤
a is a singular-value decomposition, then Minkowski’s inequality and Lemma B.3

yield

∥|Ayi|2∥Lk ≤

(∑
a

σ2
a

∥∥∥w⊤
a yi

∥∥∥2
Lk

)1/2

≤ Ok(|A|F ).

Combining the two estimates proves the lemma.

Let us finally mention, as a direct consequence of Lemma B.9 that will only be used once to
set Lemma 4.12:

Lemma 3.4. Under Assumptions 1,3 and 4:

∥|X|op∥ = O(
√
n).
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3.2 Control of the minimizer and its leave-one-out displacement

We start with a deterministic stability estimate for strongly convex functions.

Lemma 3.5 (Stability of minimizers). Let ϕ : Rp → R be differentiable and κ-strongly convex,
and let

µϕ := argminx∈Rp ϕ(x).

Then, for every x ∈ Rp,

|µϕ − x|2 ≤
1

κ
|∇ϕ(x)|2 .

Proof. Strong convexity implies the κ-strong monotonicity of ∇ϕ:

⟨∇ϕ(x) −∇ϕ(y), x− y⟩ ≥ κ |x− y|22 .

Taking y = µϕ and using ∇ϕ(µϕ) = 0, we obtain

κ |x− µϕ|2 ≤ ⟨∇ϕ(x), x− µϕ⟩ ≤ |∇ϕ(x)|2 |x− µϕ|2 .

The claim follows by canceling one factor |x− µϕ|2, the case x = µϕ being immediate.

Lemma 3.6 (Empirical gradient at the origin). Under Assumptions 1–4, for any sequence
k = (kn)n∈N,

∥|∇ΨX(0)|2∥Lkn = O(kn).

Proof. We have

∇ΨX(0) =
L′(0)

n

n∑
i=1

xi + ∇ρ(0).

Thus

∥|∇ΨX(0)|2∥Lkn ≤ |∇ρ(0)|2 + |L′(0)|

∣∣∣∣∣ 1n
n∑

i=1

Exi

∣∣∣∣∣
2

+ |L′(0)|

∥∥∥∥∥
∣∣∣∣∣ 1n

n∑
i=1

(xi − Exi)

∣∣∣∣∣
2

∥∥∥∥∥
Lkn

.

The first two terms are O(1) by Assumptions 2 and 3.
Set

Sn :=
1

n

n∑
i=1

(xi − Exi).

For each deterministic u ∈ Rp with |u| ≤ 1, the map

X 7→ u⊤Sn

is a centered linear functional of X with Euclidean coefficient norm at most n−1/2. By Lemma 3.1
and Lemma B.3,

sup
|u|2≤1

∥∥∥u⊤Sn

∥∥∥
Lkn

= O(knn
−1/2).

Lemma B.6 and p = O(n) then give

∥|Sn|2∥Lkn ≤ √
p sup
|u|2≤1

∥∥∥u⊤Sn

∥∥∥
Lkn

= O(kn).

Since |L′(0)| = O(1), the claim follows.

Theorem 3.7 (Moment bound for the minimizer). Under Assumptions 1–5, for every sequence
of positive integers kn ≥ 1 ∥∥∥|θ̂|2∥∥∥

Lkn
+ sup

i∈[n]

∥∥∥∣∣∣θ̂−i

∣∣∣∥∥∥
Lkn

= O(kn).
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Proof. By Assumption 5, the objective ΨX is κ-strongly convex. Lemma 3.5, applied to ϕ = ΨX

and x = 0, yields
|θ̂|2 ≤ κ−1 |∇ΨX(0)|2 .

Taking Lkn-norms and applying Lemma 3.6 proves the claim. The bound for θ̂−i is obtained in
the same way, applied to

∇ΨX−i(0) =
L′(0)

n

∑
j ̸=i

xj + ∇ρ(0),

which satisfies the same bound as ∇ΨX(0), uniformly in i.

We next control the leave-one-out displacement

δiθ̂ := θ̂ − θ̂−i, i ∈ [n].

We require two preliminary results. For i ∈ [n], define the test score

s−i := L′(x⊤i θ̂−i).

Lemma 3.8 (Test score control). Under Assumptions 1–5, for every sequence of positive integers
kn,

sup
i∈[n]

∥∥s−i ∥∥Lkn
= O(k2n).

Proof. Conditionally on X−i, the vector θ̂−i is deterministic and independent of xi. Lemma 3.2
gives ∥∥∥x⊤i θ̂−i

∥∥∥
Lkn
i

≤ O(kn)|θ̂−i|2.

Taking the Lkn-norm over X−i and using Theorem 3.7, we obtain∥∥∥x⊤i θ̂−i

∥∥∥
Lkn

= O(k2n).

The claim then follows from Assumptions 2 and 5 that provide |L′(t)| ≤ |L′(0)| + |L′′|∞ |t| ≤
O(1)(1 + |t|).

Lemma 3.9 (Strong monotonicity with prediction curvature). Under Assumption 5, for every
t ∈ Rp,

κL
n

∣∣∣X⊤(θ̂ − t)
∣∣∣2
2

+ κ
∣∣∣θ̂ − t

∣∣∣2
2
≤ −∇ΨX(t)⊤(θ̂ − t).

Proof. For all θ, θ′ ∈ Rp,〈
∇ΨX(θ) −∇ΨX(θ′), θ − θ′

〉
=

1

n

n∑
j=1

(
L′(x⊤j θ) − L′(x⊤j θ

′)
)
x⊤j (θ − θ′) +

〈
∇ρ(θ) −∇ρ(θ′), θ − θ′

〉
.

Since L′′ ≥ κL, (
L′(x⊤j θ) − L′(x⊤j θ

′)
)
x⊤j (θ − θ′) ≥ κL

(
x⊤j (θ − θ′)

)2
.

Since ρ is κ-strongly convex,〈
∇ρ(θ) −∇ρ(θ′), θ − θ′

〉
≥ κ

∣∣θ − θ′
∣∣2
2
.

As a consequence, for all θ, θ′ ∈ Rp,〈
∇ΨX(θ) −∇ΨX(θ′), θ − θ′

〉
≥ κL

n

∣∣∣X⊤(θ − θ′)
∣∣∣2
2

+ κ
∣∣θ − θ′

∣∣2
2
.

Taking θ = θ̂, θ′ = t, and using ∇ΨX(θ̂) = 0, gives the result.
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Lemma 3.10 (Prediction stability of the leave-one-out displacement). Under Assumptions 1–5,
for every sequence of positive integers kn,

sup
i∈[n]

∥∥∥∣∣∣δiθ̂∣∣∣
2

∥∥∥
Lkn

= O

(
k2n√
n

)
,

and
sup
i∈[n]

∥∥∥∣∣∣X⊤δiθ̂
∣∣∣
2

∥∥∥
Lkn

+ sup
i∈[n]

∥∥∥∣∣∣X⊤
−iδiθ̂

∣∣∣
2

∥∥∥
Lkn

= O(k2n).

Proof. Since

∇ΨX(θ̂−i) =
1

n
s−i xi,

Lemma 3.9, applied with t = θ̂−i, gives

κL
n

∣∣∣X⊤δiθ̂
∣∣∣2
2

+ κ
∣∣∣δiθ̂∣∣∣2

2
≤ − 1

n
s−i x⊤i δiθ̂.

In particular,
κL
n

∣∣∣X⊤δiθ̂
∣∣∣2
2
≤ 1

n
|s−i | |x

⊤
i δiθ̂| ≤

1

n
|s−i |

∣∣∣X⊤δiθ̂
∣∣∣
2
,

because x⊤i δiθ̂ is one coordinate of X⊤δiθ̂. If
∣∣∣X⊤δiθ̂

∣∣∣
2

= 0, the prediction bound is immediate.

Otherwise, dividing by
∣∣∣X⊤δiθ̂

∣∣∣
2

yields∣∣∣X⊤δiθ̂
∣∣∣
2
≤ κ−1

L |s−i |.

Returning to the same inequality and dropping the nonnegative prediction term,

κ
∣∣∣δiθ̂∣∣∣2

2
≤ 1

n
|s−i | |x

⊤
i δiθ̂| ≤

1

n
|s−i |

∣∣∣X⊤δiθ̂
∣∣∣
2
≤

|s−i |2

κLn
.

Taking Lkn-norms and using Lemma 3.8 gives the first two estimates. Finally,∣∣∣X⊤
−iδiθ̂

∣∣∣
2
≤
∣∣∣X⊤δiθ̂

∣∣∣
2
,

which gives the last one.

3.3 Concentration of the minimizer

We next derive the sensitivity estimates for θ̂ with respect to the columns of X. These estimates
are the input needed to apply the tensorized Poincaré inequality to functions of θ̂.

Fix i ∈ [n], freeze all columns except xi, and perturb xi in the direction h ∈ Rp:

xi(t) = xi + th, xj(t) = xj (j ̸= i), θ(t) = θ̂(X(t)).

The first-order condition is

0 = ∇ΨX(t)(θ(t)) =
1

n

n∑
j=1

L′(xj(t)
⊤θ(t))xj(t) + ∇ρ(θ(t)).

Since ΨX is strongly convex and C2, the implicit function theorem allows us to differentiate this
identity at t = 0. Define

G := ∇2ΨX(θ̂)−1.
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Writing θ′(0) = Di[θ̂][h], we obtain

G−1Di[θ̂][h] +
1

n

[
L′′(x⊤i θ̂)(h⊤θ̂)xi + L′(x⊤i θ̂)h

]
= 0.

Equivalently,

Di[θ̂] = − 1

n

[
L′′(x⊤i θ̂)Gxiθ̂

⊤ + siG
]
. (3.1)

where we introduced the following notation for the train score:

si := L′(x⊤i θ̂)

Lemma 3.11 (Uniform prediction moments). Under Assumptions 1–5, for every sequence of
positive integers kn,

sup
i∈[n]

∥∥∥x⊤i θ̂∥∥∥
Lkn

= O(k2n), sup
i∈[n]

∥si∥Lkn = O(k2n).

Proof. Fix i ∈ [n]. Since θ̂−i is independent of xi, conditioning on θ̂−i, applying Lemma 3.2, and
then using Theorem 3.7 give ∥∥∥x⊤i θ̂−i

∥∥∥
Lkn

= O(k2n).

One can then deduce from Lemma 3.10 that:∥∥∥x⊤i θ̂∥∥∥
Lkn

≤
∥∥∥x⊤i θ̂−i

∥∥∥
Lkn

+
∥∥∥x⊤i (θ̂ − θ̂−i)

∥∥∥
Lkn

≤ O(k2n) +
∥∥∥∣∣∣X⊤(θ̂ − θ̂−i)

∣∣∣
2

∥∥∥
Lkn

= O(k2n),

Finally, since
|L′(t)| ≤ O(1)(1 + |t|),

the same bound holds for si = L′(x⊤i θ̂).

Lemma 3.12 (Differential bound for the minimizer). Under Assumptions 1–5, for every i ∈ [n],
every random vector z = z(X), and any sequence k = (kn)n∈N,∥∥∥∣∣∣z⊤Di[θ̂]

∣∣∣∗∥∥∥
Lkn

≤ O

(
k2n
n

)(∥∥∥z⊤Gxi

∥∥∥
L2kn

+ ∥|z|2∥L2kn

)
.

Proof. Multiplying the differential identity (3.1) by z⊤, we get, for every h ∈ Rp,

z⊤Di[θ̂] [h] = − 1

n
h⊤
[
L′′(x⊤i θ̂)(x⊤i Gz)θ̂ + siGz

]
.

Since |G|op ≤ κ−1 and |L′′|∞ = O(1),∣∣∣z⊤Di[θ̂]
∣∣∣∗ ≤ O(1)

n

(
|x⊤i Gz|

∣∣∣θ̂∣∣∣
2

+ |si| |z|2
)
.

Taking Lkn-norms and applying Hölder’s inequality, together with Theorem 3.7 and Lemma 3.11,
proves the claim.

Lemma 3.13 (Empirical prediction energy). Under Assumptions 1–5, for every sequence of
positive integers kn,∥∥∥∥∥ 1

n

n∑
i=1

(x⊤i θ̂)2

∥∥∥∥∥
Lkn

= O(k2n),

∥∥∥∥∥ 1

n

n∑
i=1

s2i

∥∥∥∥∥
Lkn

= O(k2n).
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Proof. Applying Lemma 3.9 with t = 0, we get

κL
n

n∑
i=1

(x⊤i θ̂)2 + κ
∣∣∣θ̂∣∣∣2

2
≤ −∇ΨX(0)⊤θ̂.

By Young’s inequality,

−∇ΨX(0)⊤θ̂ ≤ 1

2κ
|∇ΨX(0)|22 +

κ

2

∣∣∣θ̂∣∣∣2
2
.

After cancellation,

1

n

n∑
i=1

(x⊤i θ̂)2 ≤ O(1) |∇ΨX(0)|22 .

Taking Lkn-norms and using Lemma 3.6 at exponent 2kn, we obtain the first bound.
Since |L′′|∞ = O(1) and |L′(0)| = O(1), |L′(t)|2 ≤ O(1)(1 + t2), and therefore:

1

n

n∑
i=1

s2i ≤ O(1)

(
1 +

1

n

n∑
i=1

(x⊤i θ̂)2

)
,

which gives the second bound.

Lemma 3.14 (Square-summed background sensitivity). Under Assumptions 1–5, for every
random vector z = z(X) and any sequence of integers kn ≥ 1,∥∥∥∥∥

n∑
i=1

(∣∣∣z⊤Di[θ̂]
∣∣∣∗)2∥∥∥∥∥

Lkn

≤ O

(
k2n
n

)
∥|z|2∥

2
L4kn .

Proof. The pointwise bound in the proof of Lemma 3.12 gives(∣∣∣z⊤Di[θ̂]
∣∣∣∗)2 ≤ O(1)

n2

[
(x⊤i Gz)2|θ̂|22 + s2i |z|

2
2

]
.

By Assumption 5,

G−1 =
1

n

n∑
i=1

L′′(x⊤i θ̂)xix
⊤
i + ∇2ρ(θ̂) ⪰ κL

n

n∑
i=1

xix
⊤
i .

Hence

G

(
1

n

n∑
i=1

xix
⊤
i

)
G ⪯ κ−1

L G ⪯ O(1)Ip,

and therefore
n∑

i=1

(x⊤i Gz)2 ≤ O(n) |z|22 .

Summing the pointwise bound over i yields

n∑
i=1

(∣∣∣z⊤Di[θ̂]
∣∣∣∗)2 ≤ O(1)

n

[
|θ̂|22 +

1

n

n∑
i=1

s2i

]
|z|2 .

Taking Lkn-norms and using Hölder’s inequality gives∥∥∥∥∥
n∑

i=1

(∣∣∣z⊤Di[θ̂]
∣∣∣∗)2∥∥∥∥∥

Lkn

≤ O(1)

n

∥∥∥∥∥∣∣∣θ̂∣∣∣22 +
1

n

n∑
i=1

s2i

∥∥∥∥∥
L2kn

∥∥∥|z|22∥∥∥
L2kn

.

By Theorem 3.7 and Lemma 3.13, applied at exponent 2kn, the first factor is O(k2n). Since∥∥∥|z|22∥∥∥
L2kn

= ∥|z|2∥
2
L4kn ,

the claim follows.
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Corollary 3.15 (Variance bounds for smooth functions of the minimizer). Under Assumptions 1–
5, for every sufficiently smooth f : Rp → R,

Var(f(θ̂)) ≤ O

(
1

n

∥∥∥∣∣∣∇f(θ̂)
∣∣∣
2

∥∥∥2
L4

)
.

Proof. By the chain rule, ∣∣∣Di[f(θ̂)]
∣∣∣∗
2

=
∣∣∣∇f(θ̂)⊤Di[θ̂]

∣∣∣∗ .
Applying Lemma 3.1 and then Lemma 3.14 with z = ∇f(θ̂) and kn = 1 gives

Var(f(θ̂)) ≤ CP E
n∑

i=1

(∣∣∣∇f(θ̂)⊤Di[θ̂]
∣∣∣∗)2 ≤ O

(
1

n

∥∥∥∣∣∣∇f(θ̂)
∣∣∣
2

∥∥∥2
L4

)
.

Remark 3.16. Corollary 3.15 gives, in the setting of Theorem 2.1,

σ2
n = n Var(u⊤θ̂) = O(1).

Thus the additional variance assumption in Theorem 2.1 is only the lower bound infn σ
2
n > 0.

Until now, we were able to show in Lemma 3.10 that ∥|δiθ̂|2∥Lk ≤ O(1/
√
n) however that do

not allow us to reach already the bound ∥
√
nu⊤δiθ̂|∥Lk ≤ O(1/

√
n) that is needed to be able to

use the Wasserstein bound of theorem 2.2. This estimate will be though provided through a
precise estimation of the leave-one-out displacement in next section

4 Leave-one-out perturbation expansion

The goal of this section is to obtain quantitative expansions of the leave-one-out displacement

δiθ̂ := θ̂ − θ̂−i, i ∈ [n].

The prediction stability estimates proved below give direct control of X⊤δiθ̂, while the Wasserstein
bound requires a more precise description of deterministic projections u⊤δiθ̂. We first derive
a first-order expansion, then introduce an averaged-leverage score which removes the leading
dependence of the score on the random leverage n−1x⊤i G−ixi. Finally, under the third-order
curvature assumptions and the condition ∇3ρ ≡ 0, we derive a projected second-order expansion
based on this averaged score.

For i ∈ [n], write

Ψ−i
X (θ) :=

1

n

∑
j∈[n]
j ̸=i

L(x⊤j θ) + ρ(θ), θ̂−i := argminθ∈Rp Ψ−i
X (θ),

and

G−i :=
(
∇2Ψ−i

X (θ̂−i)
)−1

, si := L′(x⊤i θ̂).

By Assumption 5, G−i is well-defined and

|G−i|op ≤ κ−1.
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4.1 First-order expansion

Lemma 4.1 (Exact leave-one-out identity). Under Assumption 5, for every i ∈ [n],

δiθ̂ = −si
n
Ḡixi, Ḡi :=

[∫ 1

0
∇2Ψ−i

X

(
θ̂−i + tδiθ̂

)
dt

]−1

.

Proof. Since ∇ΨX(θ̂) = 0 and

ΨX(θ) = Ψ−i
X (θ) +

1

n
L(x⊤i θ),

we have

∇Ψ−i
X (θ̂) = − 1

n
L′(x⊤i θ̂)xi = −si

n
xi.

Moreover, ∇Ψ−i
X (θ̂−i) = 0. Hence

−si
n
xi = ∇Ψ−i

X (θ̂) −∇Ψ−i
X (θ̂−i) =

[∫ 1

0
∇2Ψ−i

X

(
θ̂−i + tδiθ̂

)
dt

]
δiθ̂.

The integrated Hessian is invertible by Assumption 5, and the claim follows.

Write
Ḡ−1

i = G−1
−i + Ri, Ri = Rρ

i + RL
i ,

where

Rρ
i :=

∫ 1

0

[
∇2ρ(θ̂−i + tδiθ̂) −∇2ρ(θ̂−i)

]
dt, (4.1)

and

RL
i :=

1

n
X−iΓiX

⊤
−i. (4.2)

Here Γi is the diagonal matrix, indexed by j ̸= i, with entries

(Γi)j :=

∫ 1

0

[
L′′
(
x⊤j (θ̂−i + tδiθ̂)

)
− L′′(x⊤j θ̂−i)

]
dt.

The resolvent identity gives

G−i − Ḡi = ḠiRiG−i. (4.3)

Lemma 4.2 (Curvature bounds for the resolvents). Under Assumption 5, for every i ∈ [n] and
every realization, ∣∣Ḡi

∣∣
op

+ |G−i|op = O(1),∣∣ḠiX−i

∣∣
op

+ |G−iX−i|op = O(
√
n),

and ∣∣∣X⊤
−iḠiX−i

∣∣∣
op

+
∣∣∣X⊤

−iG−iX−i

∣∣∣
op

= O(n).

Proof. For every θ,

∇2Ψ−i
X (θ) ⪰ κIp +

κL
n
X−iX

⊤
−i.

The same lower bound holds after averaging in the definition of Ḡ−1
i . Thus G−1

−i and Ḡ−1
i are

both bounded below by the right-hand side. This first gives

|G−i|op +
∣∣Ḡi

∣∣
op

= O(1).
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If M ∈ {G−i, Ḡi}, then

M−1 ⪰ κL
n
X−iX

⊤
−i.

Therefore
M1/2X−iX

⊤
−iM

1/2 ⪯ n

κL
Ip.

It follows that
|MX−i|2op =

∣∣∣MX−iX
⊤
−iM

∣∣∣
op

≤ n

κL
|M |op = O(n),

and ∣∣∣X⊤
−iMX−i

∣∣∣
op

=
∣∣∣M1/2X−iX

⊤
−iM

1/2
∣∣∣
op

≤ n

κL
.

This proves the claim.

Lemma 4.3 (Score comparison and score moments). Under Assumptions 1–5, define

s−i := L′(x⊤i θ̂−i).

Then, for every i ∈ [n],
|si| ≤ |s−i |.

Moreover, for every fixed k ≥ 1,

sup
i∈[n]

∥si∥Lk + sup
i∈[n]

∥∥s−i ∥∥Lk = Ok(1).

Proof. Let

αi :=

∫ 1

0
L′′
(
x⊤i (θ̂−i + tδiθ̂)

)
dt.

Then
si = s−i + αix

⊤
i δiθ̂.

By Lemma 4.1,

x⊤i δiθ̂ = −si
n
x⊤i Ḡixi.

Thus
si

(
1 +

αi

n
x⊤i Ḡixi

)
= s−i .

Since αi ≥ 0 and Ḡi ⪰ 0, we obtain
|si| ≤ |s−i |.

It remains to bound s−i . By Assumptions 2 and 5,

|L′(t)| ≤ |L′(0)| +
∣∣L′′∣∣

∞ |t| ≤ O(1)(1 + |t|).

Conditionally on X−i, the vector θ̂−i is deterministic and independent of xi. Hence Lemma 3.2
gives ∥∥∥x⊤i θ̂−i

∥∥∥
Lk
i

≤ Ok(1)
∣∣∣θ̂−i

∣∣∣
2
.

Taking the Lk-norm over X−i and using Theorem 3.7, we get

sup
i∈[n]

∥∥∥x⊤i θ̂−i

∥∥∥
Lk

= Ok(1).

Therefore
sup
i∈[n]

∥∥s−i ∥∥Lk = Ok(1),

and the comparison |si| ≤ |s−i | gives the same bound for si.
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Lemma 4.4 (Cross-leverage bounds). Under Assumptions 1–5, for every fixed k ≥ 1,

sup
i∈[n]

∥∥∥∣∣∣X⊤
−iG−ixi

∣∣∣
∞

∥∥∥
Lk

= Ok(
√
n log n),

and
sup
i∈[n]

∥∥∥∣∣∣X⊤
−iG−ixi

∣∣∣
2

∥∥∥
Lk

= Ok(n).

Proof. Condition on X−i. Then G−i and (xj)j ̸=i are fixed and independent of xi. For every
j ̸= i, Lemma 4.2 gives

|G−ixj |2 ≤ |G−iX−i|op = O(
√
n).

Thus, conditionally on X−i, the linear moment bound under the Poincaré assumption gives, for
every integer q ≥ 1,

max
j ̸=i

∥∥∥x⊤i G−ixj

∥∥∥
Lq
i

≤ O(q
√
n).

Applying Lemma B.7 conditionally on X−i gives∥∥∥∥max
j ̸=i

|x⊤i G−ixj |
∥∥∥∥
Lk
i

≤ Ok(
√
n log n).

Taking the Lk-norm over X−i proves the first estimate.
For the second estimate, Lemma 4.2 gives∣∣∣X⊤

−iG−ixi

∣∣∣
2
≤ |G−iX−i|op |xi|2 = O(

√
n) |xi|2 .

The claim follows from Lemma 3.2.

Lemma 4.5 (Frobenius bound for the loss-curvature drift). Under Assumptions 1–6, for every
fixed k ≥ 1,

sup
i∈[n]

∥|Γi|F ∥Lk = Ok(1).

Proof. By Assumption 6, for j ̸= i,

|(Γi)j | ≤ O(1)|x⊤j δiθ̂|.

Therefore
|Γi|F ≤ O(1)

∣∣∣X⊤
−iδiθ̂

∣∣∣
2
.

The result follows from Lemma 3.10.

Remark 4.6. At this stage we only need a Frobenius bound on Γi. The sharper entrywise
estimate

sup
i∈[n]

∥∥∥|Γi|op
∥∥∥
Lk

= Ok

(
log n√

n

)
will follow later from the projected first-order estimate (see Lemma 4.18). The Frobenius bound
is sufficient for the first-order expansion because it is used through

|Γiv|2 ≤ |Γi|F |v|∞ , v ∈ Rn−1.

Lemma 4.7 (Regularizer drift term). Under Assumptions 1–6, for every fixed k ≥ 1,

sup
i∈[n]

∥∥∥∣∣∣si
n
ḠiR

ρ
iG−ixi

∣∣∣
2

∥∥∥
Lk

= Ok

(
1

n

)
.
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Proof. By Assumption 6 and Lemma 3.10,

|Rρ
i |op ≤ O(1)

∣∣∣δiθ̂∣∣∣
2
≤ O(1)

|s−i |√
n
. (4.4)

Consequently, ∣∣∣si
n
ḠiR

ρ
iG−ixi

∣∣∣
2
≤ O(1)

n
√
n
|si| |s−i | |xi|2 .

The claim follows from Lemmas 4.3 and 3.2, together with Hölder’s inequality.

Lemma 4.8 (Loss drift term). Under Assumptions 1–6, for every fixed k ≥ 1,

sup
i∈[n]

∥∥∥∣∣∣si
n
ḠiR

L
i G−ixi

∣∣∣
2

∥∥∥
Lk

= Ok

(
log n

n

)
.

Proof. Since RL
i = n−1X−iΓiX

⊤
−i,∣∣∣si

n
ḠiR

L
i G−ixi

∣∣∣
2
≤ |si|

n2

∣∣ḠiX−i

∣∣
op

|Γi|F
∣∣∣X⊤

−iG−ixi

∣∣∣
∞
.

By Lemmas 4.3, 4.2, 4.5, and 4.4, Hölder’s inequality gives

sup
i∈[n]

∥∥∥∣∣∣si
n
ḠiR

L
i G−ixi

∣∣∣
2

∥∥∥
Lk

= Ok

(
log n

n

)
.

Define the first-order leave-one-out displacement based on the train score by

δ
(0)
i,trθ̂ := −si

n
G−ixi.

Theorem 4.9 (First-order vector leave-one-out expansion). Under Assumptions 1–6, for every
fixed k ≥ 1,

sup
i∈[n]

∥∥∥∣∣∣δiθ̂ − δ
(0)
i,trθ̂

∣∣∣
2

∥∥∥
Lk

= Ok

(
log n

n

)
,

and

sup
i∈[n]

∥∥∥∣∣∣X⊤
−i(δiθ̂ − δ

(0)
i,trθ̂)

∣∣∣
2

∥∥∥
Lk

= Ok

(
log n√

n

)
.

Proof. Using Lemma 4.1 and (4.3),

δiθ̂ − δ
(0)
i,trθ̂ =

si
n
ḠiRiG−ixi =

si
n
ḠiR

ρ
iG−ixi +

si
n
ḠiR

L
i G−ixi.

The first estimate follows from Lemmas 4.7 and 4.8.
For the projected estimate, multiply the preceding identity by X⊤

−i. For the regularizer
contribution, using (4.4), Lemma 4.2, and |G−ixi|2 ≤ O(1) |xi|2, we get∥∥∥∣∣∣X⊤

−i

si
n
ḠiR

ρ
iG−ixi

∣∣∣
2

∥∥∥
Lk

= Ok

(
1√
n

)
.

For the loss contribution,∣∣∣X⊤
−i

si
n
ḠiR

L
i G−ixi

∣∣∣
2
≤ |si|

n2

∣∣∣X⊤
−iḠiX−i

∣∣∣
op

|Γi|F
∣∣∣X⊤

−iG−ixi

∣∣∣
∞
.

Using Lemmas 4.3, 4.2, 4.5, and 4.4, we obtain

sup
i∈[n]

∥∥∥∣∣∣X⊤
−i

si
n
ḠiR

L
i G−ixi

∣∣∣
2

∥∥∥
Lk

= Ok

(
log n√

n

)
.

Combining the two contributions proves the projected estimate.
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Corollary 4.10 (Projected leave-one-out bounds). Under Assumptions 1–6, for every fixed
k ≥ 1 and every deterministic u ∈ Rp with |u|2 ≤ 1,

sup
i∈[n]

∥∥∥u⊤δ(0)i,trθ̂
∥∥∥
Lk

= Ok

(
1

n

)
, and sup

i∈[n]

∥∥∥u⊤δiθ̂∥∥∥
Lk

= Ok

(
log n

n

)
.

Moreover,

sup
i∈[n]

∥∥∥∣∣∣X⊤
−iδ

(0)
i,trθ̂

∣∣∣
2

∥∥∥
Lk

= Ok(1), and sup
i∈[n]

∥∥∥∣∣∣X⊤
−iδiθ̂

∣∣∣
2

∥∥∥
Lk

= Ok(1).

Proof. For the first scalar bound,

|u⊤δ(0)i,trθ̂| ≤
|si|
n

|u⊤G−ixi|.

Conditionally on X−i, the vector G−iu is deterministic and has bounded Euclidean norm. Hence
Lemma 3.2 gives ∥∥∥u⊤G−ixi

∥∥∥
Lk

= Ok(1).

Together with Lemma 4.3 and Hölder’s inequality, this proves

sup
i∈[n]

∥∥∥u⊤δ(0)i,trθ̂
∥∥∥
Lk

= Ok

(
1

n

)
.

The bound for u⊤δiθ̂ follows from Theorem 4.9.
Next, ∣∣∣X⊤

−iδ
(0)
i,trθ̂

∣∣∣
2
≤ |si|

n

∣∣∣X⊤
−iG−ixi

∣∣∣
2
.

Using Lemmas 4.3 and 4.4 gives the Ok(1) bound. The final estimate follows from Lemma 3.10.

Remark 4.11 (Consequence for the leave-one-out Wasserstein bound). For gn = fn, the
leave-one-out increment in Theorem 2.2 is

δifn(X) = fn(X) − f−i
n (X−i) =

√
nu⊤δiθ̂(X).

Taking k = 4 in Corollary 4.10 gives

m(4)
n = sup

i∈[n]
∥δifn(X)∥L4 = O

(
log n√

n

)
.

For the two covariance quantities in Theorem 2.2, the corresponding expressions are

cxn =
√
n sup

i,j∈[n]
i ̸=j

∥∥∥u⊤δiθ̂(X) − Ej

[
u⊤δiθ̂(X)

]∥∥∥
L4

,

and

cx̄n = n sup
j∈[n]

√
Var
(

Covj

(
u⊤δj θ̂(X), u⊤δj θ̂(XAj )

))
.

The first-order expansion is not accurate enough for these two quantities. Indeed, Theorem 4.9
implies only ∣∣∣∣∣∣∣cxn −

√
n sup

i,j∈[n]
i ̸=j

∥∥∥u⊤δ(0)i,trθ̂(X) − Ej

[
u⊤δ

(0)
i,trθ̂(X)

]∥∥∥
L4

∣∣∣∣∣∣∣ = O

(
log n√

n

)
,

which is too large for the target bound cxn = O((log n)2/n). This motivate the second-order
expansions below. But before that, to better disentangle the dependence of si on xi, we will
introduce an approximation of si that expresses as a Lipschitz functional of x⊤i θ̂−i, namely sζi .

That will be crucial to bound efficiently cz̄i . To be more precise, we need to work with sζi to be
able to set Lemma 5.16 with sufficiently small bounds.
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4.2 Averaged-leverage score

We now replace the train score si = L′(x⊤i θ̂) by a leave-one-out score depending on xi only
through x⊤i θ̂−i. Let us introduce the averaged leverage:

γi := E
[

1

n
x⊤i G−ixi

]
.

Since xi is independent of G−i, this can also be written as

γi = E
[

1

n
Tr(ΣiG−i)

]
, Σi := E[xix

⊤
i ].

By Assumptions 4 and 3,
|Σi|op = O(1),

and since |G−i|op = O(1) and p = O(n),

0 ≤ γi = O(1).

The following lemma allows to replace the conditional averaged leverage by its full expectation.

Lemma 4.12 (Concentration of the averaged leverage). Under Assumptions 1–7, for every fixed
k ≥ 1,

sup
i∈[n]

∥∥∥∥ 1

n
x⊤i G−ixi − γi

∥∥∥∥
Lk

= Ok

(
1√
n

)
.

Proof. We decompose

1

n
x⊤i G−ixi − γi =

1

n

(
x⊤i G−ixi − Tr(ΣiG−i)

)
+

(
1

n
Tr(ΣiG−i) − E

[
1

n
Tr(ΣiG−i)

])
.

We first treat the conditional quadratic fluctuation. Conditionally on X−i, the matrix G−i is
deterministic and independent of xi. Thus Lemma 3.3 gives

sup
i∈[n]

∥∥∥∥ 1

n

(
x⊤i G−ixi − Tr(ΣiG−i)

)∥∥∥∥
Lk

≤ sup
i∈[n]

Ok

(
|G−i|F

n

)
= Ok

(
1√
n

)
,

since supi∈[n] |G−i|op = O(1) and p = O(n).
It remains to control

1

n
Tr(ΣiG−i) − E

[
1

n
Tr(ΣiG−i)

]
.

By Lemma B.2, it is enough to prove

sup
i∈[n]

∥∥∥∥∥∥∥
∑

j ̸=i

(∣∣∣∣Dj

[
1

n
Tr(ΣiG−i)

]∣∣∣∣∗
2

)2
1/2

∥∥∥∥∥∥∥
Lk

= Ok

(
1√
n

)
.

Fix j ̸= i. By the resolvent differential identity,

Dj

[
1

n
Tr(ΣiG−i)

]
[h] =

1

n
Tr(ΣiDj [G−i][h]) = − 1

n
Tr
(
G−iΣiG−iDj [G

−1
−i ][h]

)
.

We now write explicitly the derivative of G−1
−i . Since

G−1
−i =

1

n

∑
ℓ ̸=i

L′′(x⊤ℓ θ̂−i)xℓx
⊤
ℓ + ∇2ρ(θ̂−i),
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we decompose
Dj [G

−1
−i ][h] = Lij [h] + Bij [h],

where the local part, coming from the direct differentiation of the column xj , is

Lij [h] :=
1

n
L′′(x⊤j θ̂−i)

(
hx⊤j + xjh

⊤
)

+
1

n
L′′′(x⊤j θ̂−i)(h

⊤θ̂−i)xjx
⊤
j ,

and the background part, coming from the variation of θ̂−i, is

Bij [h] :=
1

n

∑
ℓ̸=i

L′′′(x⊤ℓ θ̂−i)
(
x⊤ℓ Dj [θ̂−i][h]

)
xℓx

⊤
ℓ + ∇3ρ(θ̂−i)

[
Dj [θ̂−i][h]

]
.

Thus the derivative of the trace splits into a local and a background contribution.
We first bound the local contribution. Using |L′′|∞ = O(1), |L′′′|∞ = O(1), |G−iΣiG−i|op =

O(1), and |h|2 ≤ 1, we have∣∣∣∣ 1n Tr(G−iΣiG−iLij [h])

∣∣∣∣ ≤ O(1)

n2

(
|G−iΣiG−ixj |2 +

∣∣∣θ̂−i

∣∣∣
2

∣∣∣x⊤j G−iΣiG−ixj

∣∣∣) .
Consequently,∥∥∥∥∥∥∥
∑

j ̸=i

[
sup

|h|2≤1

∣∣∣∣ 1n Tr(G−iΣiG−iLij [h])

∣∣∣∣
]21/2

∥∥∥∥∥∥∥
Lk

≤ O(1)

n2

∥∥∥∥∥∥∥
∑

j ̸=i

|G−iΣiG−ixj |22

1/2
∥∥∥∥∥∥∥
Lk

+
O(1)

n2

∥∥∥∥∥∥∥
∣∣∣θ̂−i

∣∣∣
2

∑
j ̸=i

∣∣∣x⊤j G−iΣiG−ixj

∣∣∣2
1/2

∥∥∥∥∥∥∥
Lk

.

The first term is Ok(n−1), since∑
j ̸=i

|G−iΣiG−ixj |22

1/2

≤ O(1) |X−i|F

and ∥|X−i|F ∥Lk = Ok(n). For the second term,∣∣∣x⊤j G−iΣiG−ixj

∣∣∣ ≤ |G−iΣiG−i|op |xj |
2
2 ≤ |G−i|2op |Σi|op |xj |

2
2 ≤ O(1) |xj |22 ,

so ∥∥∥∥∥∥∥
∑

j ̸=i

∣∣∣x⊤j G−iΣiG−ixj

∣∣∣2
1/2

∥∥∥∥∥∥∥
L2k

≤ O(1)

∑
j ̸=i

∥∥∥|xj |22∥∥∥2L2k

1/2

= O(1)

∑
j ̸=i

∥∥|xj |2∥∥4L4k

1/2

= Ok(n3/2).

Together with ∥∥∥∣∣∣θ̂−i

∣∣∣
2

∥∥∥
L2k

= Ok(1),

this gives ∥∥∥∥∥∥∥
∑

j ̸=i

[
sup

|h|2≤1

∣∣∣∣ 1n Tr(G−iΣiG−iLij [h])

∣∣∣∣
]21/2

∥∥∥∥∥∥∥
Lk

= Ok

(
1√
n

)
.
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We now treat the background contribution. Define the random vector zγi ∈ Rp by

zγi :=
1

n

∑
ℓ ̸=i

L′′′(x⊤ℓ θ̂−i)
(
x⊤ℓ G−iΣiG−ixℓ

)
xℓ + zγ,ρi ,

where zγ,ρi is the representing vector of the linear functional

v 7→ Tr
(
G−iΣiG−i∇3ρ(θ̂−i)[v]

)
,

that is,

(zγ,ρi )⊤v = Tr
(
G−iΣiG−i∇3ρ(θ̂−i)[v]

)
.

Then, for every h ∈ Rp,

Tr(G−iΣiG−iBij [h]) = (zγi )⊤Dj [θ̂−i][h].

Thus the background contribution to the square-summed derivative is∑
j ̸=i

[
sup

|h|2≤1

∣∣∣∣ 1n Tr(G−iΣiG−iBij [h])

∣∣∣∣
]21/2

=
1

n

∑
j ̸=i

(∣∣∣(zγi )⊤Dj [θ̂−i]
∣∣∣∗)2

1/2

.

We first record the bound ∥∥|zγi |2∥∥L4k = Ok(n).

Indeed, set
Ai := G−iΣiG−i.

For the regularizer contribution, Assumption 7 gives

|zγ,ρi |2 = sup
|v|2≤1

∣∣∣Tr
(
Ai∇3ρ(θ̂−i)[v]

)∣∣∣
≤ |Ai|∗ sup

|v|2≤1

∣∣∣∇3ρ(θ̂−i)[v]
∣∣∣
op

≤ O(1) |Ai|∗ .

Since |Ai|op = O(1) and rank(Ai) ≤ p = O(n),

|zγ,ρi |2 = O(n).

This is sufficient for the argument below, since the loss contribution is also Ok(n) in L4k. For
the loss part, using |L′′′|∞ = O(1), |G−iΣiG−i|op = O(1), and Lemma 3.4,∥∥∥∥∥∥ 1

n

∑
ℓ ̸=i

L′′′(x⊤ℓ θ̂−i)
(
x⊤ℓ G−iΣiG−ixℓ

)
xℓ

∥∥∥∥∥∥
2

≤ O(1)

n
|X−i|op

∑
ℓ̸=i

|xℓ|42

1/2

.

Taking the L4k-norm and using

∥∥∥|X−i|op
∥∥∥
L8k

= Ok(
√
n),

∥∥∥∥∥∥∥
∑

ℓ̸=i

|xℓ|42

1/2
∥∥∥∥∥∥∥
L8k

= Ok(n3/2),

we obtain the claimed Ok(n) bound for
∥∥|zγi |2∥∥L4k .
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We may now invoke Lemma 3.14, applied to the leave-one-out minimizer θ̂−i. The same proof
applies verbatim after replacing X, θ̂,G by X−i, θ̂−i, G−i, with the normalization still equal to
1/n. Hence ∥∥∥∥∥∥∥

∑
j ̸=i

(∣∣∣(zγi )⊤Dj [θ̂−i]
∣∣∣∗)2

1/2
∥∥∥∥∥∥∥
Lk

≤ Ok

(
1√
n

)∥∥|zγi |2∥∥L4k = Ok(
√
n).

Multiplying by the outer factor 1/n, we get∥∥∥∥∥∥∥
∑

j ̸=i

[
sup

|h|2≤1

∣∣∣∣ 1n Tr(G−iΣiG−iBij [h])

∣∣∣∣
]21/2

∥∥∥∥∥∥∥
Lk

= Ok

(
1√
n

)
.

Combining the local and background contributions gives

sup
i∈[n]

∥∥∥∥∥∥∥
∑

j ̸=i

(∣∣∣∣Dj

[
1

n
Tr(ΣiG−i)

]∣∣∣∣∗
2

)2
1/2

∥∥∥∥∥∥∥
Lk

= Ok

(
1√
n

)
.

The tensorized Lk-Poincaré inequality therefore yields

sup
i∈[n]

∥∥∥∥ 1

n
Tr(ΣiG−i) − E

[
1

n
Tr(ΣiG−i)

]∥∥∥∥
Lk

= Ok

(
1√
n

)
.

Together with the conditional quadratic-form estimate at the beginning of the proof, this proves

sup
i∈[n]

∥∥∥∥ 1

n
x⊤i G−ixi − γi

∥∥∥∥
Lk

= Ok

(
1√
n

)
,

For t ∈ R, define ζi(t) as the unique solution of (see Lemma 4.13 for a justification of this
definition)

z + γiL
′(z) = t,

where

γi := E
[

1

n
x⊤i G−ixi

]
.

We also set
sζi := L′

(
ζi(x

⊤
i θ̂−i)

)
.

Lemma 4.13 (Definition and elementary properties of ζi). Under Assumption 5, for every
i ∈ [n] and every t ∈ R, the equation

z + γiL
′(z) = t

admits a unique solution z = ζi(t). Moreover, t 7→ ζi(t) is 1-Lipschitz and

|ζi(t)| ≤ |t| + γi|L′(0)|.

Consequently, under Assumptions 1–5, for every fixed k ≥ 1,

sup
i∈[n]

∥∥∥sζi ∥∥∥
Lk

= Ok(1).
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Proof. Let
Hi(z) := z + γiL

′(z).

Then
H ′

i(z) = 1 + γiL
′′(z) ≥ 1 + γiκL ≥ 1.

Hence Hi is strictly increasing. Moreover, since H ′
i(z) ≥ 1,

Hi(z) → +∞ as z → +∞, Hi(z) → −∞ as z → −∞.

Thus Hi is a bijection from R to R, and ζi = H−1
i is well-defined. Since H ′

i ≥ 1, its inverse is
1-Lipschitz. In particular,

|ζi(t)| = |ζi(t) − ζi(Hi(0))| ≤ |t−Hi(0)| ≤ |t| + γi|L′(0)|.

Taking t = x⊤i θ̂−i, conditionally on X−i, the vector θ̂−i is deterministic and independent of
xi. Hence Lemma 3.2 and Theorem 3.7 give

sup
i∈[n]

∥∥∥x⊤i θ̂−i

∥∥∥
Lk

= Ok(1).

Since γi = O(1), |L′(0)| = O(1), and

|L′(z)| ≤ |L′(0)| +
∣∣L′′∣∣

∞ |z|,

we obtain
sup
i∈[n]

∥∥∥L′
(
ζi(x

⊤
i θ̂−i)

)∥∥∥
Lk

= Ok(1),

which is the desired bound on sζi .

Lemma 4.14 (Derivative of the averaged inverse score). Under Assumption 5, for each i ∈ [n],
the deterministic map

t 7→ ζi(t), ζi(t) + γiL
′(ζi(t)) = t,

is C1, and

ζ ′i(t) =
1

1 + γiL′′(ζi(t))
.

In particular, for j ̸= i,

Dj

[
ζi(x

⊤
i θ̂−i)

]
[h] =

x⊤i Dj [θ̂−i][h]

1 + γiL′′
(
ζi(x⊤i θ̂−i)

) ,
and

Dj [s
ζ
i ][h] =

L′′
(
ζi(x

⊤
i θ̂−i)

)
1 + γiL′′

(
ζi(x⊤i θ̂−i)

)x⊤i Dj [θ̂−i][h].

Proof. The derivative of ζi follows from the implicit function theorem applied to

F (z, t) := z + γiL
′(z) − t.

Indeed,
∂zF (z, t) = 1 + γiL

′′(z) ≥ 1,

so the implicit derivative is well-defined and gives

ζ ′i(t) =
1

1 + γiL′′(ζi(t))
.
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Since γi is deterministic, differentiating

ζi(x
⊤
i θ̂−i) + γiL

′
(
ζi(x

⊤
i θ̂−i)

)
= x⊤i θ̂−i

with respect to the column xj , j ̸= i, gives[
1 + γiL

′′
(
ζi(x

⊤
i θ̂−i)

)]
Dj

[
ζi(x

⊤
i θ̂−i)

]
[h] = x⊤i Dj [θ̂−i][h].

This proves the formula for Dj [ζi(x
⊤
i θ̂−i)]. The formula for Dj [s

ζ
i ] follows from the chain rule.

Lemma 4.15 (Approximation of the train score). Under Assumptions 1–7, for every fixed
k ≥ 1,

sup
i∈[n]

∥∥∥si − sζi

∥∥∥
Lk

= Ok

(
log n√

n

)
.

Proof. Set

λi :=
1

n
x⊤i Ḡixi.

By Lemma 4.1,
x⊤i θ̂ = x⊤i θ̂−i − λiL

′(x⊤i θ̂).

On the other hand, by definition of ζi(x
⊤
i θ̂−i),

ζi(x
⊤
i θ̂−i) = x⊤i θ̂−i − γiL

′
(
ζi(x

⊤
i θ̂−i)

)
.

Let
Hλ

i (z) := z + λiL
′(z).

Since

λi =
1

n
x⊤i Ḡixi ≥ 0

and L′′ ≥ κL > 0, we have
(Hλ

i )′(z) = 1 + λiL
′′(z) ≥ 1.

Hence Hλ
i is increasing with inverse Lipschitz constant at most one: for all z, z′ ∈ R,

|z − z′| ≤ |Hλ
i (z) −Hλ

i (z′)|.

By Lemma 4.1,
Hλ

i (x⊤i θ̂) = x⊤i θ̂−i.

On the other hand, by definition of ζi,

Hλ
i

(
ζi(x

⊤
i θ̂−i)

)
= ζi(x

⊤
i θ̂−i) + λiL

′
(
ζi(x

⊤
i θ̂−i)

)
= x⊤i θ̂−i + (λi − γi)L

′
(
ζi(x

⊤
i θ̂−i)

)
.

Consequently,∣∣∣x⊤i θ̂ − ζi(x
⊤
i θ̂−i)

∣∣∣ ≤ ∣∣∣Hλ
i (x⊤i θ̂) −Hλ

i

(
ζi(x

⊤
i θ̂−i)

)∣∣∣ = |λi − γi|
∣∣∣L′
(
ζi(x

⊤
i θ̂−i)

)∣∣∣ .
Since the map z 7→ z + λiL

′(z) has derivative at least one,∣∣∣x⊤i θ̂ − ζi(x
⊤
i θ̂−i)

∣∣∣ ≤ |λi − γi|
∣∣∣L′
(
ζi(x

⊤
i θ̂−i)

)∣∣∣ .
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Therefore,

|si − sζi | =
∣∣∣L′(x⊤i θ̂) − L′

(
ζi(x

⊤
i θ̂−i)

)∣∣∣ ≤ ∣∣L′′∣∣
∞

∣∣∣x⊤i θ̂ − ζi(x
⊤
i θ̂−i)

∣∣∣ ≤ O(1)|λi − γi| |sζi |.

It remains to bound λi − γi. We decompose

λi − γi =

(
1

n
x⊤i G−ixi − γi

)
+

1

n
x⊤i (Ḡi −G−i)xi.

The first term is bounded by Lemma 4.12:∥∥∥∥ 1

n
x⊤i G−ixi − γi

∥∥∥∥
Lk

= Ok

(
1√
n

)
.

For the second term, use
Ḡi −G−i = −ḠiRiG−i.

The regularizer contribution is bounded by∣∣∣∣ 1nx⊤i ḠiR
ρ
iG−ixi

∣∣∣∣ ≤ 1

n
|xi|22

∣∣Ḡi

∣∣
op

|Rρ
i |op |G−i|op ≤ O(1)

n
√
n
|s−i | |xi|

2
2 ,

where we used (4.4). Hence ∥∥∥∥ 1

n
x⊤i ḠiR

ρ
iG−ixi

∥∥∥∥
Lk

= Ok(n−1/2).

For the loss contribution,∣∣∣∣ 1nx⊤i ḠiR
L
i G−ixi

∣∣∣∣ ≤ 1

n2

∣∣∣X⊤
−iḠixi

∣∣∣
2
|Γi|F

∣∣∣X⊤
−iG−ixi

∣∣∣
∞
.

By Lemma 4.2, ∣∣∣X⊤
−iḠixi

∣∣∣
2
≤
∣∣ḠiX−i

∣∣
op

|xi|2 = O(
√
n) |xi|2 .

Using Lemmas 3.2, 4.5, and 4.4, we get∥∥∥∥ 1

n
x⊤i ḠiR

L
i G−ixi

∥∥∥∥
Lk

= Ok

(
log n√

n

)
.

Thus

∥λi − γi∥Lk = Ok

(
log n√

n

)
.

Since
∥∥∥sζi ∥∥∥

L2k
= Ok(1) by Lemma 4.13, Hölder’s inequality gives

∥∥∥si − sζi

∥∥∥
Lk

= Ok

(
log n√

n

)
.

From now on, in the scalar leave-one-out approximation, we use the averaged first-order
displacement

δ
(0)
i θ̂ := −

sζi
n
G−ixi.
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Lemma 4.16 (First-order bounds with deterministic averaged score). Under Assumptions 1–7,
for every fixed k ≥ 1,

sup
i∈[n]

∥∥∥∣∣∣δiθ̂ − δ
(0)
i θ̂
∣∣∣
2

∥∥∥
Lk

= Ok

(
log n

n

)
,

and

sup
i∈[n]

∥∥∥∣∣∣X⊤
−i(δiθ̂ − δ

(0)
i θ̂)

∣∣∣
2

∥∥∥
Lk

= Ok

(
log n√

n

)
.

Proof. Write

δiθ̂ − δ
(0)
i θ̂ = δiθ̂ − δ

(0)
i,trθ̂ −

si − sζi
n

G−ixi.

By Lemma 4.15 and Lemma 3.2,∥∥∥∥∥si − sζi
n

G−ixi

∥∥∥∥∥
Lk

= Ok

(
log n

n

)
.

Combining this with Theorem 4.9 gives the first bound.
For the projected bound,∣∣∣∣∣X⊤

−i

si − sζi
n

G−ixi

∣∣∣∣∣
2

≤
|si − sζi |

n

∣∣∣X⊤
−iG−ixi

∣∣∣
2
.

Lemma 4.15 and Lemma 4.4 give∥∥∥∥∥
∣∣∣∣∣X⊤

−i

si − sζi
n

G−ixi

∣∣∣∣∣
2

∥∥∥∥∥
Lk

= Ok

(
log n√

n

)
.

The projected estimate follows again from Theorem 4.9.

Corollary 4.17 (First-order bounds with deterministic averaged score). Under Assumptions 1–7,
for every fixed k ≥ 1,

sup
i∈[n]

∥∥∥∣∣∣X⊤
−iδ

(0)
i θ̂
∣∣∣
2

∥∥∥
Lk

= Ok(1), and sup
i∈[n]

∥∥∥∣∣∣X⊤
−iδ

(0)
i θ̂
∣∣∣
∞

∥∥∥
Lk

= Ok

(
log n√

n

)
.

Consequently,

sup
i∈[n]

∥∥∥∣∣∣X⊤
−iδiθ̂

∣∣∣
∞

∥∥∥
Lk

= Ok

(
log n√

n

)
.

Proof. Let us bound: ∣∣∣X⊤
−iδ

(0)
i θ̂
∣∣∣
2
≤

|sζi |
n

∣∣∣X⊤
−iG−ixi

∣∣∣
2
,

and ∣∣∣X⊤
−iδ

(0)
i θ̂
∣∣∣
∞

≤
|sζi |
n

∣∣∣X⊤
−iG−ixi

∣∣∣
∞
.

The Lk-bounds follow from Lemma 4.13 and Lemma 4.4. The final bound for X⊤
−iδiθ̂ follows by

adding the projected error bound proved above.
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4.3 Second-order expansion

In this subsection we work under Assumptions 1–7 and under the supplementary condition
∇3ρ ≡ 0. Thus ∇2ρ is constant and Rρ

i = 0.
Define the diagonal matrix Γ̃i, indexed by j ̸= i, by

(Γ̃i)j :=
1

2
L′′′(x⊤j θ̂−i)x

⊤
j δ

(0)
i θ̂ = −

sζi
2n

L′′′(x⊤j θ̂−i)x
⊤
j G−ixi,

and set

R̃i :=
1

n
X−iΓ̃iX

⊤
−i.

The second-order correction is

δ
(1)
i θ̂ :=

sζi
n
G−iR̃iG−ixi.

Lemma 4.18 (Second-order curvature remainder with deterministic averaged score). Let
Ei := Γi − Γ̃i, equivalently

RL
i − R̃i =

1

n
X−iEiX

⊤
−i.

Then, for every fixed k ≥ 1,

sup
i∈[n]

∥|Ei|F ∥Lk = Ok

(
log n√

n

)
.

Moreover,

sup
i∈[n]

∥∥∥∣∣∣Γ̃i

∣∣∣
F

∥∥∥
Lk

= Ok(1),

and

sup
i∈[n]

∥∥∥|Γi|op
∥∥∥
Lk

+ sup
i∈[n]

∥∥∥∥∣∣∣Γ̃i

∣∣∣
op

∥∥∥∥
Lk

= Ok

(
log n√

n

)
.

Proof. By Taylor’s formula and the Lipschitz bound on L′′′,

|(Ei)j | ≤ O(1)|x⊤j (δiθ̂ − δ
(0)
i θ̂)| + O(1)|x⊤j δiθ̂|2.

Therefore
|Ei|F ≤ O(1)

∣∣∣X⊤
−i(δiθ̂ − δ

(0)
i θ̂)

∣∣∣
2

+ O(1)
∣∣∣X⊤

−iδiθ̂
∣∣∣
∞

∣∣∣X⊤
−iδiθ̂

∣∣∣
2
.

The first term is Ok((log n)/
√
n) by Lemma 4.16. The second has the same order by Lemma 4.16,

Corollary 4.17, and Hölder’s inequality. Hence

sup
i∈[n]

∥|Ei|F ∥Lk = Ok

(
log n√

n

)
.

The Frobenius bound follows from∣∣∣Γ̃i

∣∣∣
F
≤

O(1)|sζi |
n

∣∣∣X⊤
−iG−ixi

∣∣∣
2
,

and the operator bounds follows from

|Γi|op ≤ O(1)
∣∣∣X⊤

−iδiθ̂
∣∣∣
∞

and
∣∣∣Γ̃i

∣∣∣
op

≤
O(1)|sζi |

n

∣∣∣X⊤
−iG−ixi

∣∣∣
∞
.

We conclude using Lemmas 4.16, 4.13, 4.4 and Corollary 4.17.
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Theorem 4.19 (Projected second-order expansion with deterministic averaged score). Under
Assumptions 1–7 and ∇3ρ ≡ 0, for every fixed k ≥ 1 and every deterministic u ∈ Rp with
|u|2 ≤ 1,

sup
i∈[n]

∥∥∥u⊤ (δiθ̂ − δ
(0)
i θ̂ − δ

(1)
i θ̂
)∥∥∥

Lk
= Ok

(
(log n)2

n3/2

)
.

Furthermore,

sup
i∈[n]

∥∥∥∣∣∣δiθ̂ − δ
(0)
i θ̂ − δ

(1)
i θ̂
∣∣∣
2

∥∥∥
Lk

= Ok

(
log n

n

)
.

Proof. Since ∇3ρ ≡ 0, Ri = RL
i . Starting from

δiθ̂ = −si
n
Ḡixi, δ

(0)
i θ̂ = −

sζi
n
G−ixi,

and using
Ḡi −G−i = −ḠiR

L
i G−i,

we get

δiθ̂ − δ
(0)
i θ̂ − δ

(1)
i θ̂ = −

si − sζi
n

G−ixi

+
si
n
Ḡi(R

L
i − R̃i)G−ixi

+
si
n

(Ḡi −G−i)R̃iG−ixi

+
si − sζi

n
G−iR̃iG−ixi.

We bound the deterministic projection of these four terms.
First, ∣∣∣∣∣si − sζi

n
u⊤G−ixi

∣∣∣∣∣ ≤ |si − sζi |
n

|u⊤G−ixi|.

By Lemma 4.15 and Lemma 3.2,∥∥∥∥∥si − sζi
n

u⊤G−ixi

∥∥∥∥∥
Lk

= Ok

(
log n

n3/2

)
.

Second, since RL
i − R̃i = n−1X−iEiX

⊤
−i,∣∣∣si

n
u⊤Ḡi(R

L
i − R̃i)G−ixi

∣∣∣ ≤ |si|
n2

∣∣∣X⊤
−iḠiu

∣∣∣
2
|Ei|F

∣∣∣X⊤
−iG−ixi

∣∣∣
∞

= Ok

(
(log n)2

n3/2

)
,

using
∣∣X⊤

−iḠiu
∣∣
2

= O(
√
n) and Lemmas 4.3, 4.18, 4.4.

For the third term, use

Ḡi −G−i = − 1

n
ḠiX−iΓiX

⊤
−iG−i, R̃i =

1

n
X−iΓ̃iX

⊤
−i.

Then ∣∣∣si
n
u⊤(Ḡi −G−i)R̃iG−ixi

∣∣∣
≤ |si|

n3

∣∣∣X⊤
−iḠiu

∣∣∣
2
|Γi|op

∣∣∣X⊤
−iG−iX−i

∣∣∣
op

∣∣∣Γ̃i

∣∣∣
F

∣∣∣X⊤
−iG−ixi

∣∣∣
∞
.

By Lemmas 4.3, 4.2, 4.18, and 4.4, this term is

Ok

(
(log n)2

n3/2

)
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in Lk.
For the fourth term,∣∣∣∣∣si − sζi

n
u⊤G−iR̃iG−ixi

∣∣∣∣∣ ≤ |si − sζi |
n2

∣∣∣X⊤
−iG−iu

∣∣∣
2

∣∣∣Γ̃i

∣∣∣
op

∣∣∣X⊤
−iG−ixi

∣∣∣
2
.

Using ∣∣∣X⊤
−iG−iu

∣∣∣
2

= O(
√
n),

∥∥∥∣∣∣X⊤
−iG−ixi

∣∣∣
2

∥∥∥
Lk

= Ok(n),

together with Lemmas 4.15 and 4.18, we get∥∥∥∥∥si − sζi
n

u⊤G−iR̃iG−ixi

∥∥∥∥∥
Lk

= Ok

(
(log n)2

n3/2

)
.

This proves the projected estimate.
The vector estimate follows from the same decomposition. The first term is bounded by∥∥∥∥∥si − sζi

n
|G−ixi|2

∥∥∥∥∥
Lk

= Ok

(
log n

n

)
,

and the other three terms are Ok((log n)2/n3/2) in vector norm by the same estimates as above,
replacing

∣∣X⊤
−iḠiu

∣∣
2

by
∣∣ḠiX−i

∣∣
op

that has the same order. Hence the vector remainder is

Ok((log n)/n).

Remark 4.20 (Consequence for the Wasserstein bound). Define

di(X) :=
√
nu⊤

(
δ
(0)
i θ̂(X) + δ

(1)
i θ̂(X)

)
= −

sζi√
n
u⊤G−ixi +

sζi
n3/2

u⊤G−iX−iΓ̃iX
⊤
−iG−ixi.

By Theorem 4.19,

sup
i∈[n]

∥δifn(X) − di(X)∥L4 = O

(
(log n)2

n

)
.

The same estimate holds with X replaced by any XA, since XA has the same distribution as X.
Consequently, ∣∣∣∣∣∣∣cxn − sup

i,j∈[n]
i ̸=j

∥∥di(X) − Ej

[
di(X)

]∥∥
L4

∣∣∣∣∣∣∣ = O

(
(log n)2

n

)
.

Moreover,

sup
j∈[n]

∥δjfn(X)∥L4 + sup
j∈[n]

∥dj(X)∥L4 = O

(
log n√

n

)
.

Using conditional Cauchy–Schwarz and Jensen’s inequality, the two preceding bounds imply,
uniformly in j,

∥∥Covj

(
δjfn(X), δjfn(XAj )

)
− Covj

(
dj(X), dj(X

Aj )
)∥∥

L2 = O

(
(log n)3

n3/2

)
.

Therefore ∣∣∣∣∣cx̄n − sup
j∈[n]

√
Var
(
Covj

(
dj(X), dj(XAj )

))∣∣∣∣∣ ≤ O

(
(log n)3

n3/2

)
.
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5 Sensitivity analysis for the cross-covariance terms

5.1 Notation and preliminary bounds

We now prove the estimate needed to control cxn. The estimates are first written in a generic
form, without the leave-one-out index. They apply to the leave-one-out quantities by replacing

X, θ̂,G, Γ̃x, x, s
ζ
x with X−i, θ̂−i, G−i, Γ̃i, xi, s

ζ
i .

This replacement does not change the estimates: the columns remain independent, the normal-
ization is still 1/n, the curvature lower bounds are unchanged, and all moment and Poincaré
constants are uniform. Throughout this section r ≥ 1 is fixed, and we write log n instead of
log(en), which is equivalent for our asymptotic bounds.

Let x ∈ Rp be an auxiliary column, independent of X, satisfying the same columnwise
assumptions as the columns of X. We fix a deterministic scalar γx satisfying

0 ≤ γx = O(1),

corresponding in the leave-one-out application to

γi = E
[

1

n
x⊤i G−ixi

]
.

With this convention, the map
z 7→ z + γxL

′(z)

has derivative 1 + γxL
′′(z) ≥ 1, and hence is a bijection of R onto R. Thus ζx : R → R satisfying

ζx(t) + γxL
′(ζx(t)) = t,

is well-defined and 1-Lipschitz. Further set

sζx := L′
(
ζx(x⊤θ̂)

)
.

Under the replacement
(X, θ̂,G, x, γx) 7→ (X−i, θ̂−i, G−i, xi, γi),

this is precisely

sζi = L′
(
ζi(x

⊤
i θ̂−i)

)
.

Throughout the generic estimates, set

G :=
(
∇2ΨX(θ̂)

)−1
, sj := L′(x⊤j θ̂), j ∈ [n].

Here sj denotes the usual train score of the background sample X; it is not replaced by an
averaged score.

We introduce the diagonal matrix Γ̃x, indexed by the columns of X, by

(Γ̃x)ℓ := − sζx
2n

L′′′(x⊤ℓ θ̂)x⊤ℓ Gx.

With X = X−i and x = xi, this is exactly the matrix Γ̃i used in the second-order leave-one-out
expansion.

We shall repeatedly use the following deterministic consequences of the curvature argument
in Lemma 4.2:

|G|op = O(1), |GX|op =
∣∣∣X⊤G

∣∣∣
op

= O(
√
n),

∣∣∣X⊤GX
∣∣∣
op

= O(n).
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Similarly, the generic version of Lemma 4.4 gives, for every fixed r ≥ 1,

∥|Gx|2∥Lr = Or(
√
n),

∥∥∥∣∣∣X⊤Gx
∣∣∣
2

∥∥∥
Lr

= Or(n),
∥∥∥∣∣∣X⊤Gx

∣∣∣
∞

∥∥∥
Lr

= Or(
√
n log n).

Moreover, by Lemma 4.13, ∥∥∥sζx∥∥∥
Lr

= Or(1).

Lemma 5.1 (Generic leverage bounds). Under Assumptions 1–7 and ∇3ρ ≡ 0, for every fixed
integer r ≥ 1, and every deterministic u ∈ Rp with |u|2 ≤ 1,∥∥∥u⊤Gx

∥∥∥
Lr

= Or(1),
∥∥∥∣∣∣X⊤Gu

∣∣∣
2

∥∥∥
Lr

= Or(
√
n).

Proof. Conditionally on X, Gu is deterministic and |Gu|2 = O(1). Lemma 3.2 gives∥∥∥u⊤Gx
∥∥∥
Lr
x

= Or(1),

and the first estimate follows by taking the Lr-norm over X. The second estimate is deterministic:∣∣∣X⊤Gu
∣∣∣
2
≤
∣∣∣X⊤G

∣∣∣
op

|u|2 = O(
√
n).

Lemma 5.2 (Bounds involving Γ̃x). Under Assumptions 1–7 and ∇3ρ ≡ 0, for every fixed
integer r ≥ 1, ∥∥∥∥∣∣∣Γ̃x

∣∣∣
op

∥∥∥∥
Lr

= Or

(
log n√

n

)
,

∥∥∥∣∣∣Γ̃xX
⊤Gx

∣∣∣
2

∥∥∥
Lr

= Or(
√
n log n),

and ∥∥∥∣∣∣X⊤GXΓ̃xX
⊤Gx

∣∣∣
2

∥∥∥
Lr

= Or(n
3/2 log n).

Proof. By the definition of Γ̃x and the boundedness of L′′′,∣∣∣Γ̃x

∣∣∣
op

≤ O(1)|sζx|
n

∣∣∣X⊤Gx
∣∣∣
∞
.

Using
∥∥∥sζx∥∥∥

Lr
= Or(1) and the generic cross-leverage bound, we obtain∥∥∥∥∣∣∣Γ̃x

∣∣∣
op

∥∥∥∥
Lr

= Or

(
log n√

n

)
.

Next, ∣∣∣Γ̃xX
⊤Gx

∣∣∣
2
≤
∣∣∣Γ̃x

∣∣∣
op

∣∣∣X⊤Gx
∣∣∣
2
,

and the second estimate follows from Hölder’s inequality and
∥∥∣∣X⊤Gx

∣∣
2

∥∥
Lr = Or(n). Finally,∣∣∣X⊤GXΓ̃xX

⊤Gx
∣∣∣
2
≤
∣∣∣X⊤GX

∣∣∣
op

∣∣∣Γ̃xX
⊤Gx

∣∣∣
2
,

and the deterministic bound
∣∣X⊤GX

∣∣
op

= O(n) gives the last estimate.
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Lemma 5.3 (Uniform background drift). Under Assumptions 1–7 and ∇3ρ ≡ 0, define, for
j ∈ [n],

∆j := diagℓ̸=j

(
L′′(x⊤ℓ θ̂) − L′′(x⊤ℓ θ̂−j)

)
.

Then, for every fixed integer r ≥ 1,∥∥∥∥∥ sup
j∈[n]

|∆j |op

∥∥∥∥∥
Lr

= Or

(
(log n)6√

n

)
.

Proof. By the Lipschitz property of L′′,

|∆j |op ≤ O(1)
∣∣∣X⊤

−j(θ̂ − θ̂−j)
∣∣∣
∞
.

Using the train-score first-order term

δ
(0)
j,trθ̂ := −sj

n
G−jxj ,

we get

sup
j∈[n]

|∆j |op ≤ O(1) sup
j∈[n]

∣∣∣X⊤
−jδ

(0)
j,trθ̂

∣∣∣
∞

+ O(1) sup
j∈[n]

∣∣∣X⊤
−j

(
δj θ̂ − δ

(0)
j,trθ̂

)∣∣∣
2
.

For the leading term, ∣∣∣X⊤
−jδ

(0)
j,trθ̂

∣∣∣
∞

≤ |sj |
n

∣∣∣X⊤
−jG−jxj

∣∣∣
∞
.

The sequence-level score bound from Lemma 3.11 gives

∀q ≥ 1 : sup
j∈[n]

∥sj∥Lq = O(q2).

Thus Lemma B.7 gives ∥∥∥∥∥ sup
j∈[n]

|sj |

∥∥∥∥∥
Lr

= Or((log n)2).

Moreover, conditionally on X−j , the variables (x⊤ℓ G−jxj)ℓ ̸=j are linear forms in xj , with coeffi-
cients of Euclidean norm at most O(

√
n). Therefore,

∀q ≥ 1 : sup
j,ℓ∈[n]
ℓ ̸=j

∥∥∥x⊤ℓ G−jxj

∥∥∥
Lq

≤ O(q
√
n).

Applying Lemma B.7 to the O(n2) family (x⊤ℓ G−jxj)ℓ̸=j , we obtain∥∥∥∥∥ sup
j∈[n]

∣∣∣X⊤
−jG−jxj

∣∣∣
∞

∥∥∥∥∥
Lr

= Or(
√
n log n).

Hence ∥∥∥∥∥ sup
j∈[n]

∣∣∣X⊤
−jδ

(0)
j,trθ̂

∣∣∣
∞

∥∥∥∥∥
Lr

= Or

(
(log n)3√

n

)
.

It remains to control the first-order remainder uniformly in j. Under ∇3ρ ≡ 0, the regularizer
drift vanishes, and the proof of Theorem 4.9 gives∣∣∣X⊤

−j

(
δj θ̂ − δ

(0)
j,trθ̂

)∣∣∣
2
≤ |sj |

n2

∣∣∣X⊤
−jḠjX−j

∣∣∣
op

|Γj |F
∣∣∣X⊤

−jG−jxj

∣∣∣
∞
.
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By Lemma 4.2, ∣∣∣X⊤
−jḠjX−j

∣∣∣
op

= O(n).

Moreover, as in the proof of the Frobenius bound for Γj ,

|Γj |F ≤ O(1)
∣∣∣X⊤

−jδj θ̂
∣∣∣
2
≤ O(1)|sj |

n

∣∣∣X⊤
−jḠj

∣∣∣
op

|xj |2 ≤ O(1)
|sj |√
n
|xj |2 .

Using ∥∥∥∥∥ sup
j∈[n]

|sj |

∥∥∥∥∥
Lr

= Or((log n)2),

and ∥∥∥∥∥ sup
j∈[n]

|xj |2

∥∥∥∥∥
Lr

+

∥∥∥∥∥ sup
j∈[n]

∣∣∣X⊤
−jG−jxj

∣∣∣
∞

∥∥∥∥∥
Lr

= Or(
√
n log n),

Hölder’s inequality yields∥∥∥∥∥ sup
j∈[n]

∣∣∣X⊤
−j

(
δj θ̂ − δ

(0)
j,trθ̂

)∣∣∣
2

∥∥∥∥∥
Lr

= Or

(
(log n)6√

n

)
.

Combining the leading term and the first-order remainder gives the claim.

Lemma 5.4 (Fixed-direction and auxiliary-column full-resolvent leverage). Under Assumptions 1–
7 and ∇3ρ ≡ 0, let u ∈ Rp be deterministic with |u|2 ≤ 1. Then, for every fixed integer r ≥ 1,∥∥∥∣∣∣X⊤Gu

∣∣∣
∞

∥∥∥
Lr

= Or

(
(log n)6

)
and

∥∥∥∣∣∣X⊤Gx
∣∣∣
∞

∥∥∥
Lr

= Or(
√
n log n).

Proof. We first prove the fixed-direction bound. Fix j ∈ [n]. We use the decomposition

G−1 = G−1
−j + Bbg

j + Bloc
j ,

where

Bloc
j =

1

n
L′′(x⊤j θ̂)xjx

⊤
j = ajxjx

⊤
j , aj :=

1

n
L′′(x⊤j θ̂) ≥ κL

n
,

and

Bbg
j =

1

n
X−j∆jX

⊤
−j .

Set

G̃j :=
(
G−1

−j + Bbg
j

)−1
.

Since ∇3ρ ≡ 0,

G̃−1
j = ∇2Ψ−j

X (θ̂) ⪰ κIp +
κL
n
X−jX

⊤
−j .

By the Sherman–Morrison formula,

G = G̃j −
ajG̃jxjx

⊤
j G̃j

1 + ajx⊤j G̃jxj
.

Therefore

x⊤j Gu =
x⊤j G̃ju

1 + ajx⊤j G̃jxj
.

Using the resolvent identity
G̃j −G−j = −G̃jB

bg
j G−j ,
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we obtain

x⊤j Gu =
x⊤j G−ju

1 + ajx⊤j G̃jxj
−

x⊤j G̃jB
bg
j G−ju

1 + ajx⊤j G̃jxj
.

Since the denominator is at least one,

|x⊤j Gu| ≤ |x⊤j G−ju| +
|x⊤j G̃jB

bg
j G−ju|

1 + ajx⊤j G̃jxj
.

For the first term, conditionally on X−j , G−ju is deterministic and has Euclidean norm O(1).
Hence, for every integer q ≥ 1,

sup
j∈[n]

∥∥∥x⊤j G−ju
∥∥∥
Lq

= O(q).

Lemma B.7 gives ∥∥∥∥∥ sup
j∈[n]

|x⊤j G−ju|

∥∥∥∥∥
Lr

= Or(log n).

For the background correction, the curvature lower bound on G̃−1
j gives

G̃jX−jX
⊤
−jG̃j ⪯

n

κL
G̃j .

Thus ∣∣∣X⊤
−jG̃jxj

∣∣∣2
2

= x⊤j G̃jX−jX
⊤
−jG̃jxj ≤

n

κL
x⊤j G̃jxj .

Since aj ≥ κL/n, for t := x⊤j G̃jxj ≥ 0,∣∣∣X⊤
−jG̃jxj

∣∣∣
2

1 + ajx⊤j G̃jxj
≤
√

n

κL

√
t

1 + (κL/n)t
≤ O(n).

Therefore

|x⊤j G̃jB
bg
j G−ju|

1 + ajx⊤j G̃jxj
=

1

n

|x⊤j G̃jX−j∆jX
⊤
−jG−ju|

1 + ajx⊤j G̃jxj
≤ O(1) |∆j |op

∣∣∣X⊤
−jG−ju

∣∣∣
2
.

Moreover, ∣∣∣X⊤
−jG−ju

∣∣∣
2
≤
∣∣∣X⊤

−jG−j

∣∣∣
op

|u|2 = O(
√
n).

Hence

sup
j∈[n]

|x⊤j G̃jB
bg
j G−ju|

1 + ajx⊤j G̃jxj
≤ O(

√
n) sup

j∈[n]
|∆j |op .

Lemma 5.3 gives ∥∥∥∥∥ sup
j∈[n]

|x⊤j G̃jB
bg
j G−ju|

1 + ajx⊤j G̃jxj

∥∥∥∥∥
Lr

= Or((log n)6).

Combining the leave-one-out term and the background correction proves∥∥∥∣∣∣X⊤Gu
∣∣∣
∞

∥∥∥
Lr

= Or((log n)6).

We now prove the auxiliary-column estimate. Since x is independent of X, we condition on
X. Then G and the vectors (Gxj)j∈[n] are fixed, and

(X⊤Gx)j = x⊤j Gx = x⊤Gxj .
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By the curvature bound,
max
j∈[n]

|Gxj |2 ≤ |GX|op = O(
√
n).

Therefore, conditionally on X, Lemma 3.2 gives, for every integer q ≥ 1,

max
j∈[n]

∥∥∥x⊤Gxj

∥∥∥
Lq
x

≤ O(q
√
n).

Applying Lemma B.7 conditionally on X, we obtain∥∥∥∣∣∣X⊤Gx
∣∣∣
∞

∥∥∥
Lr
x

=

∥∥∥∥max
j∈[n]

|x⊤Gxj |
∥∥∥∥
Lr
x

≤ Or(
√
n log n).

The right-hand side is deterministic, so taking the Lr-norm over the background variables proves∥∥∥∣∣∣X⊤Gx
∣∣∣
∞

∥∥∥
Lr

= Or(
√
n log n).

5.2 Sensitivity to column-wise differentiation

Recall from (3.1) that

Dj [θ̂][h] = − 1

n
G
[
L′′(x⊤j θ̂)(h⊤θ̂)xj + sjh

]
.

Lemma 5.5 (Derivative of the minimizer). Under Assumptions 1–5, for every fixed integer
r ≥ 1,

sup
j∈[n]

∥∥∥∣∣∣Dj [θ̂]
∣∣∣∗
2

∥∥∥
Lr

= Or

(
1√
n

)
,

and
sup
j∈[n]

∥∥∥∣∣∣X⊤Dj [θ̂]
∣∣∣∗
2

∥∥∥
Lr

= Or(1).

Consequently, ∥∥∥∥∥∥∥
 n∑

j=1

(∣∣∣Dj [θ̂]
∣∣∣∗
2

)21/2
∥∥∥∥∥∥∥
Lr

= Or(1),

and ∥∥∥∥∥∥∥
 n∑

j=1

(∣∣∣X⊤Dj [θ̂]
∣∣∣∗
2

)21/2
∥∥∥∥∥∥∥
Lr

= Or(
√
n).

Proof. For |h|2 ≤ 1, the derivative identity gives

Dj [θ̂][h] = − 1

n
G
[
L′′(x⊤j θ̂)(h⊤θ̂)xj + sjh

]
.

Therefore ∣∣∣Dj [θ̂][h]
∣∣∣
2
≤ O(1)

n

(∣∣∣θ̂∣∣∣
2
|xj |2 + |sj |

)
.

The first estimate follows from Theorem 3.7, Lemma 3.2, and Lemma 3.11.
Multiplying the same identity by X⊤, we get

X⊤Dj [θ̂][h] = − 1

n

[
L′′(x⊤j θ̂)(h⊤θ̂)X⊤Gxj + sjX

⊤Gh
]
.
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Using ∣∣∣X⊤Gh
∣∣∣
2
≤ O(

√
n) |h|2 ,

∣∣∣X⊤Gxj

∣∣∣
2
≤
∣∣∣X⊤G

∣∣∣
op

|xj |2 = O(
√
n) |xj |2 ,

we obtain ∣∣∣X⊤Dj [θ̂]
∣∣∣∗
2
≤ O(1)√

n

(∣∣∣θ̂∣∣∣
2
|xj |2 + |sj |

)
.

The second estimate follows again from Theorem 3.7, Lemma 3.2, and Lemma 3.11.
Finally, by Minkowski’s inequality in Lr(ℓ2),∥∥∥∥∥∥∥

 n∑
j=1

(∣∣∣Dj [θ̂]
∣∣∣∗
2

)21/2
∥∥∥∥∥∥∥
Lr

≤

 n∑
j=1

∥∥∥∣∣∣Dj [θ̂]
∣∣∣∗
2

∥∥∥2
Lr

1/2

= Or(1),

and similarly∥∥∥∥∥∥∥
 n∑

j=1

(∣∣∣X⊤Dj [θ̂]
∣∣∣∗
2

)21/2
∥∥∥∥∥∥∥
Lr

≤

 n∑
j=1

∥∥∥∣∣∣X⊤Dj [θ̂]
∣∣∣∗
2

∥∥∥2
Lr

1/2

= Or(
√
n).

Lemma 5.6 (Derivative of the averaged auxiliary score). Under Assumptions 1–7, for every
fixed integer r ≥ 1,

sup
j∈[n]

∥∥∥∣∣∣Dj [s
ζ
x]
∣∣∣∗∥∥∥

Lr
= Or

(
1√
n

)
.

Proof. By Lemma 4.14, applied in the generic setting,

Dj [s
ζ
x][h] =

L′′(ζx(x⊤θ̂))

1 + γxL′′(ζx(x⊤θ̂))
x⊤Dj [θ̂][h].

Therefore
|Dj [s

ζ
x][h]| ≤ O(1)|x⊤Dj [θ̂][h]|.

Using the explicit derivative of θ̂,

|x⊤Dj [θ̂][h]| ≤ O(1)

n

(
|x⊤Gxj |

∣∣∣θ̂∣∣∣
2

+ |sj | |Gx|2
)
,

uniformly over |h|2 ≤ 1. The generic cross-leverage bound gives∥∥∥|x⊤Gxj |
∥∥∥
Lr

= Or(
√
n), ∥|Gx|2∥Lr = Or(

√
n),

and Theorem 3.7 together with Lemma 3.11 gives∥∥∥∣∣∣θ̂∣∣∣
2

∥∥∥
Lr

+ sup
j∈[n]

∥sj∥Lr = Or(1).

The claim follows by Hölder’s inequality.

Differentiating G−1, we use the decomposition

Dj [G
−1][h] = Lj [h] + Bj [h],

where the local part, coming from the direct differentiation of the column xj , is

Lj [h] :=
1

n
L′′(x⊤j θ̂)

(
hx⊤j + xjh

⊤
)

+
1

n
L′′′(x⊤j θ̂)(h⊤θ̂)xjx

⊤
j ,
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and the background part, coming from the variation of θ̂, is

Bj [h] :=
1

n

n∑
ℓ=1

L′′′(x⊤ℓ θ̂)
(
x⊤ℓ Dj [θ̂][h]

)
xℓx

⊤
ℓ + ∇3ρ(θ̂)

[
Dj [θ̂][h]

]
.

Under the standing condition ∇3ρ ≡ 0, the last term in Bj [h] vanishes. The resolvent derivative
is therefore

Dj [G][h] = −G (Lj [h] + Bj [h])G.

In the leave-one-out application, after replacing X, θ̂,G by X−i, θ̂−i, G−i, the corresponding
objects are denoted by Lij and Bij .

Proposition 5.7 (First-order resolvent derivative). Under Assumptions 1–7 and ∇3ρ ≡ 0, for
every fixed integer r ≥ 1,

sup
j∈[n]

∥∥∥∥∣∣∣∣ 1√
n
u⊤Dj [G]x

∣∣∣∣∗∥∥∥∥
Lr

= Or

(
(log n)7

n

)
.

Proof. For the local part, using the explicit form of Lj [h],∣∣∣∣ 1√
n
u⊤GLj [h]Gx

∣∣∣∣ ≤ O(1)

n
√
n

(
|u⊤Gh| |x⊤j Gx| + |u⊤Gxj | |h⊤Gx|

)
+

O(1)

n
√
n
|u⊤Gxj | |x⊤j Gx|

∣∣∣θ̂∣∣∣
2
.

The bounds ∥∥∥|x⊤j Gx|
∥∥∥
Lr

= Or(
√
n log n), ∥|Gx|2∥Lr = Or(

√
n),

together with Lemma 5.4 and |Gu|2 = O(1), yield

sup
j∈[n]

∥∥∥∥∣∣∣∣ 1√
n
u⊤GLj [h]Gx

∣∣∣∣∥∥∥∥
Lr

= Or

(
(log n)7

n

)
,

uniformly over |h|2 ≤ 1.
For the background part, set

b := X⊤Gu, y := X⊤Gx, dj := X⊤Gxj ,

and let
DL := diagℓ∈[n]

(
L′′′(x⊤ℓ θ̂)

)
.

Then

u⊤GBj [h]Gx =
1

n
b⊤DL diag(y)X⊤Dj [θ̂][h].

Using the explicit derivative of the minimizer,

X⊤Dj [θ̂][h] = − 1

n

[
L′′(x⊤j θ̂)(h⊤θ̂)dj + sjX

⊤Gh
]
.

Consequently,

sup
|h|2≤1

∣∣∣∣ 1√
n
u⊤GBj [h]Gx

∣∣∣∣ ≤ O(1)

n2
√
n

( ∣∣∣θ̂∣∣∣
2

∣∣∣b⊤DL diag(y)dj

∣∣∣
+ |sj | |GXDL diag(b)y|2

)
.
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Conditionally on X, the first scalar term is a linear form in the auxiliary column x, since

b⊤DL diag(y)dj = x⊤GXDL diag(b)dj .

Thus the linear moment bound for x, together with

|GX|op = O(
√
n), |b|∞ =

∣∣∣X⊤Gu
∣∣∣
∞
, |dj |2 =

∣∣∣X⊤Gxj

∣∣∣
2
≤
∣∣∣X⊤GX

∣∣∣
op

= O(n),

gives ∥∥∥b⊤DL diag(y)dj

∥∥∥
Lr

≤ Or

(
n3/2(log n)6

)
.

For the second term,
|GXDL diag(b)y|2 ≤ |GX|op |b|∞ |y|2 .

Using ∥∥∥∣∣∣X⊤Gu
∣∣∣
∞

∥∥∥
Lr

= Or((log n)6),
∥∥∥∣∣∣X⊤Gx

∣∣∣
2

∥∥∥
Lr

= Or(n),

we obtain
∥|GXDL diag(b)y|2∥Lr = Or

(
n3/2(log n)6

)
.

Since ∥∥∥∣∣∣θ̂∣∣∣
2

∥∥∥
Lr

+ sup
j∈[n]

∥sj∥Lr = Or(1),

Hölder’s inequality yields

sup
j∈[n]

∥∥∥∥∣∣∣∣ 1√
n
u⊤GBjGx

∣∣∣∣∗∥∥∥∥
Lr

= Or

(
(log n)6

n

)
.

Lemma 5.8 (Resolvent part of the derivative of X⊤Gx). Under Assumptions 1–7 and ∇3ρ ≡ 0,
for every fixed integer r ≥ 1,

sup
j∈[n]

∥∥∥∣∣∣X⊤Dj [G]x
∣∣∣∗
2

∥∥∥
Lr

= Or(
√
n log n).

Proof. Using
Dj [G][h] = −G (Lj [h] + Bj [h])G,

we bound the local and background terms separately. For the local contribution, the three terms
in Lj [h], together with∣∣∣X⊤Gh

∣∣∣
2

= O(
√
n), ∥|Gx|2∥Lr = Or(

√
n),

∥∥∥∣∣∣X⊤Gxj

∣∣∣
2

∥∥∥
Lr

= Or(n),

give

sup
j∈[n]

∥∥∥∣∣∣X⊤GLj [h]Gx
∣∣∣
2

∥∥∥
Lr

= Or(
√
n log n),

uniformly over |h|2 ≤ 1. For the background contribution,∣∣∣X⊤GBj [h]Gx
∣∣∣
2
≤ 1

n

∣∣∣X⊤GX
∣∣∣
op

∣∣∣Λj(h)X⊤Gx
∣∣∣
2
.

Moreover, ∣∣∣Λj(h)X⊤Gx
∣∣∣
2
≤ O(1)

∣∣∣X⊤Dj [θ̂][h]
∣∣∣
2

∣∣∣X⊤Gx
∣∣∣
∞
.

Using Lemma 5.5 and the generic cross-leverage bound, we obtain

sup
j∈[n]

∥∥∥∣∣∣X⊤GBj [h]Gx
∣∣∣
2

∥∥∥
Lr

= Or(
√
n log n).

Taking the supremum over |h|2 ≤ 1 proves the claim.

38



Proposition 5.9 (Resolvent derivatives in the second-order term). Under Assumptions 1–7
and ∇3ρ ≡ 0, for every fixed integer r ≥ 1,

sup
j∈[n]

∥∥∥∥∣∣∣∣ 1

n3/2
u⊤Dj [G]XΓ̃xX

⊤Gx

∣∣∣∣∗∥∥∥∥
Lr

= Or

(
(log n)7

n

)
.

The same bound holds when the derivative falls on the final resolvent:

sup
j∈[n]

∥∥∥∥∣∣∣∣ 1

n3/2
u⊤GXΓ̃xX

⊤Dj [G]x

∣∣∣∣∗∥∥∥∥
Lr

= Or

(
(log n)7

n

)
.

Proof. We first consider the derivative of the first resolvent:

u⊤Dj [G][h]XΓ̃xX
⊤Gx = −u⊤GLj [h]GXΓ̃xX

⊤Gx− u⊤GBj [h]GXΓ̃xX
⊤Gx.

For the local part, the three terms in Lj [h] give, uniformly over |h|2 ≤ 1,∣∣∣∣ 1

n3/2
u⊤GLj [h]GXΓ̃xX

⊤Gx

∣∣∣∣
≤ O(1)

n5/2

(
|x⊤j GXΓ̃xX

⊤Gx| + |x⊤j Gu|
∣∣∣GXΓ̃xX

⊤Gx
∣∣∣
2

+ |x⊤j Gu| |x⊤j GXΓ̃xX
⊤Gx|

∣∣∣θ̂∣∣∣
2

)
.

Now ∥∥∥∣∣∣GXΓ̃xX
⊤Gx

∣∣∣
2

∥∥∥
Lr

= Or(n log n),

and ∥∥∥∣∣∣X⊤GXΓ̃xX
⊤Gx

∣∣∣
2

∥∥∥
Lr

= Or(n
3/2 log n)

by Lemmas 4.2 and 5.2. Together with∥∥∥|x⊤j Gu|
∥∥∥
Lr

= Or((log n)6),
∥∥∥∣∣∣θ̂∣∣∣

2

∥∥∥
Lr

= Or(1),

this gives

sup
j∈[n]

∥∥∥∥∣∣∣∣ 1

n3/2
u⊤GLj [h]GXΓ̃xX

⊤Gx

∣∣∣∣∥∥∥∥
Lr

= Or

(
(log n)7

n

)
.

For the background part,

u⊤GBj [h]GXΓ̃xX
⊤Gx =

1

n
(X⊤Gu)⊤Λj(h)X⊤GXΓ̃xX

⊤Gx,

where Λj(h) is as above. Thus∣∣∣∣ 1

n3/2
u⊤GBj [h]GXΓ̃xX

⊤Gx

∣∣∣∣
≤ O(1)

n5/2

∣∣∣X⊤Gu
∣∣∣
∞

∣∣∣X⊤Dj [θ̂][h]
∣∣∣
2

∣∣∣X⊤GXΓ̃xX
⊤Gx

∣∣∣
2
.

Lemmas 5.4, 5.5, and 5.2 yield

sup
j∈[n]

∥∥∥∥∣∣∣∣ 1

n3/2
u⊤GBj [h]GXΓ̃xX

⊤Gx

∣∣∣∣∥∥∥∥
Lr

= Or

(
(log n)7

n

)
.

This proves the first bound.
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For the term with the final resolvent differentiated, write

1

n3/2
u⊤GXΓ̃xX

⊤Dj [G][h]x =
1

n3/2
(X⊤Gu)⊤Γ̃xX

⊤Dj [G][h]x.

Therefore ∣∣∣∣ 1

n3/2
u⊤GXΓ̃xX

⊤Dj [G][h]x

∣∣∣∣ ≤ 1

n3/2

∣∣∣X⊤Gu
∣∣∣
2

∣∣∣Γ̃x

∣∣∣
op

∣∣∣X⊤Dj [G][h]x
∣∣∣
2
.

Using Lemmas 5.1, 5.2, and 5.8, we obtain

sup
j∈[n]

∥∥∥∥∣∣∣∣ 1

n3/2
u⊤GXΓ̃xX

⊤Dj [G]x

∣∣∣∣∗∥∥∥∥
Lr

= Or

(
(log n)7

n

)
.

Proposition 5.10 (Derivative of the curvature diagonal). Under Assumptions 1–7 and ∇3ρ ≡ 0,
for every fixed integer r ≥ 1,

sup
j∈[n]

∥∥∥∥∣∣∣∣ 1

n3/2
u⊤GX Dj [Γ̃x]X⊤Gx

∣∣∣∣∗∥∥∥∥
Lr

= Or

(
(log n)7

n

)
.

Proof. For |h|2 ≤ 1,

1

n3/2
u⊤GX Dj [Γ̃x][h]X⊤Gx =

1

n3/2

n∑
ℓ=1

(x⊤ℓ Gu)Dj [(Γ̃x)ℓ][h] (x⊤ℓ Gx).

Since

(Γ̃x)ℓ = − sζx
2n

L′′′(x⊤ℓ θ̂)x⊤ℓ Gx,

we decompose

Dj [(Γ̃x)ℓ][h] = −Dj [s
ζ
x][h]

2n
L′′′(x⊤ℓ θ̂)x⊤ℓ Gx

− sζx
2n

Dj

[
L′′′(x⊤ℓ θ̂)

]
[h]x⊤ℓ Gx

− sζx
2n

L′′′(x⊤ℓ θ̂)
(
1ℓ=jh

⊤Gx + x⊤ℓ Dj [G][h]x
)
.

The derivative of sζx gives a contribution bounded by∥∥∥∥∥ 1

n3/2

n∑
ℓ=1

(x⊤ℓ Gu)
Dj [s

ζ
x][h]

2n
L′′′(x⊤ℓ θ̂) (x⊤ℓ Gx)2

∥∥∥∥∥
Lr

≤ O(1)

n5/2

∥∥∥∥∣∣∣Dj [s
ζ
x]
∣∣∣∗ ∣∣∣X⊤Gu

∣∣∣
∞

∣∣∣X⊤Gx
∣∣∣2
2

∥∥∥∥
Lr

= Or

(
(log n)6

n

)
.

thanks to Lemmas 5.6, 5.4, and the generic leverage bounds.
Next consider the derivative of L′′′(x⊤ℓ θ̂). Define

ηℓ(h) := 1ℓ=jh
⊤θ̂ + x⊤ℓ Dj [θ̂][h].

The Lipschitz bound on L′′′ gives∣∣∣Dj

[
L′′′(x⊤ℓ θ̂)

]
[h]
∣∣∣ ≤ O(1)|ηℓ(h)|.
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Thus the corresponding contribution T2 satisfies

T2 ≤
O(1)|sζx|
n5/2

n∑
ℓ=1

|x⊤ℓ Gu| |x⊤ℓ Gx|2 |ηℓ(h)|

≤ O(1)|sζx|
n5/2

∣∣∣X⊤Gu
∣∣∣
∞

∣∣∣X⊤Gx
∣∣∣
∞

∣∣∣X⊤Gx
∣∣∣
2
|η(h)|2 .

By Lemma 5.5,∥∥∥∥∥ sup
|h|2≤1

|η(h)|2

∥∥∥∥∥
Lr

≤
∥∥∥∣∣∣θ̂∣∣∣

2

∥∥∥
Lr

+

∥∥∥∥∥ sup
|h|2≤1

∣∣∣X⊤Dj [θ̂][h]
∣∣∣
2

∥∥∥∥∥
Lr

= Or(1)

Using
∥∥∥sζx∥∥∥

Lr
= Or(1), Lemma 5.4, and the generic cross-leverage bounds, we get

∥T2∥Lr = Or

(
(log n)7

n

)
.

Finally, the derivative of x⊤ℓ Gx gives two contributions. The explicit derivative of the column
xj contributes

T3,exp ≤ O(1)|sζx|
n5/2

|x⊤j Gu| |Gx|2 |x⊤j Gx|.

Using Lemma 5.4, ∥∥∥∣∣∣X⊤Gu
∣∣∣
∞

∥∥∥
Lr

= Or((log n)6),

and the generic bounds

∥|Gx|2∥Lr = Or(
√
n),

∥∥∥∣∣∣X⊤Gx
∣∣∣
∞

∥∥∥
Lr

= Or(
√
n log n),

we get

∥T3,exp∥Lr = Or

(
(log n)7

n3/2

)
= Or

(
(log n)7

n

)
.

The derivative through the resolvent contributes

T3,G ≤ O(1)|sζx|
n5/2

∣∣∣X⊤Gu
∣∣∣
∞

∣∣∣X⊤Gx
∣∣∣
2

∣∣∣X⊤Dj [G][h]x
∣∣∣
2
.

By Lemma 5.8, together with the previous bounds,

∥T3,G∥Lr = Or

(
(log n)7

n

)
.

Combining the bounds for T1, T2, T3,exp, and T3,G proves the proposition.

Lemma 5.11 (Derivatives of the explicit X-factors). Under Assumptions 1–7 and ∇3ρ ≡ 0, for
every fixed integer r ≥ 1,

sup
j∈[n]

∥∥∥∥∣∣∣∣ 1

n3/2
u⊤GDj [X] Γ̃xX

⊤Gx

∣∣∣∣∗∥∥∥∥
Lr

= Or

(
(log n)2

n3/2

)
,

and

sup
j∈[n]

∥∥∥∥∣∣∣∣ 1

n3/2
u⊤GXΓ̃xDj [X

⊤]Gx

∣∣∣∣∗∥∥∥∥
Lr

= Or

(
(log n)7

n3/2

)
.
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Proof. Set
y := X⊤Gx.

For |h|2 ≤ 1, the matrix Dj [X][h] has column h in position j and zero elsewhere. Hence

u⊤GDj [X][h] Γ̃xX
⊤Gx = u⊤Gh (Γ̃xy)j .

Therefore

sup
|h|2≤1

∣∣∣∣ 1

n3/2
u⊤GDj [X][h] Γ̃xX

⊤Gx

∣∣∣∣ ≤ 1

n3/2
|Gu|2

∣∣∣Γ̃x

∣∣∣
op

∣∣∣X⊤Gx
∣∣∣
∞
.

Using |Gu|2 = O(1), Lemma 5.2, and Lemma 5.4, specifically the auxiliary-column bound∥∥∥∣∣∣X⊤Gx
∣∣∣
∞

∥∥∥
Lr

= Or(
√
n log n),

we obtain

sup
j∈[n]

∥∥∥∥∣∣∣∣ 1

n3/2
u⊤GDj [X] Γ̃xX

⊤Gx

∣∣∣∣∗∥∥∥∥
Lr

= Or

(
(log n)2

n3/2

)
.

For the second explicit factor, Dj [X
⊤][h] has row h⊤ in position j and zero elsewhere. Thus

u⊤GXΓ̃xDj [X
⊤][h]Gx = (x⊤j Gu) (Γ̃x)j h

⊤Gx.

Consequently,

sup
|h|2≤1

∣∣∣∣ 1

n3/2
u⊤GXΓ̃xDj [X

⊤][h]Gx

∣∣∣∣ ≤ 1

n3/2

∣∣∣X⊤Gu
∣∣∣
∞

∣∣∣Γ̃x

∣∣∣
op

|Gx|2 .

By Lemmas 5.4 and 5.2, and by the generic bound

∥|Gx|2∥Lr = Or(
√
n),

the right-hand side has Lr-norm

Or

(
1

n3/2
(log n)6

log n√
n

√
n

)
= Or

(
(log n)7

n3/2

)
.

This proves the second estimate.

Corollary 5.12 (Derivative of the explicit approximation). Under Assumptions 1–7 and ∇3ρ ≡ 0,
for every fixed integer r ≥ 1,

sup
j∈[n]

∥|Dj [dx(X)]|∗∥Lr = Or

(
(log n)7

n

)
,

where we recall the notation:

dx(X) := − sζx√
n
u⊤Gx +

sζx

n3/2
u⊤GXΓ̃xX

⊤Gx.

Proof. Differentiate the two terms in dx.
For the first-order part,

Dj

[
− sζx√

n
u⊤Gx

]
[h] = −Dj [s

ζ
x][h]√
n

u⊤Gx− sζx√
n
u⊤Dj [G][h]x.
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In Lr-norm, the first term is Or(1/n) by Lemma 5.6 and Lemma 5.1. The second term is

Or((log n)7/n) by Proposition 5.7 and
∥∥∥sζx∥∥∥

Lr
= Or(1).

For the second-order part, the derivative can hit sζx, the first resolvent G, the two explicit
X-factors, the diagonal Γ̃x, or the final resolvent G. The derivative of sζx gives∥∥∥∥∥ sup

|h|2≤1

Dj [s
ζ
x][h]

n3/2
u⊤GXΓ̃xX

⊤Gx

∥∥∥∥∥
Lr

≤ 1

n3/2

∥∥∥∣∣∣Dj [s
ζ
x]
∣∣∣∗ ∣∣∣X⊤Gu

∣∣∣
2

∣∣∣Γ̃xX
⊤Gx

∣∣∣
2

∥∥∥
Lr

=
1

n3/2
Or

(
n−1/2√n

√
n log n

)
= Or((log n)/n).

thanks to Lemmas 5.1, 5.2 and 5.6.
The derivatives of the two resolvents are controlled by Proposition 5.9; the derivative of Γ̃x

is controlled by Proposition 5.10; and the derivatives of the explicit X-factors are controlled by
Lemma 5.11. Combining these estimates gives

sup
j∈[n]

∥|Dj [dx(X)]|∗∥Lr = Or

(
(log n)7

n

)
.

Consequently, replacing

X, θ̂,G, x, Γ̃x, s
ζ
x by X−i, θ̂−i, G−i, xi, Γ̃i, s

ζ
i ,

we obtain uniformly over i ̸= j,

∥|Dj [di(X)]|∗∥Lr = Or

(
(log n)7

n

)
.

Combining this bound with Lemma B.8, applied with k = 4, and with Remark 4.20 from the
section on the second-order leave-one-out displacement approximation yields the following bound.

Proposition 5.13 (Bound on cxn). Under Assumptions 1–7 and ∇3ρ ≡ 0,

cxn = O

(
(log n)7

n

)
.

Proof. Fix i ̸= j. By Lemma B.8, applied conditionally with respect to the column xj ,∥∥di(X) − Ej

[
di(X)

]∥∥
L4 ≤ O(1) ∥|Dj [di(X)]|∗∥L4 = O

(
(log n)7

n

)
,

uniformly over i ̸= j.
By Remark 4.20,

sup
i∈[n]

∥δifn(X) − di(X)∥L4 = O

(
(log n)2

n

)
.

Since conditional expectation is a contraction in L4,

∥(δifn(X) − Ej [δifn(X)]) − (di(X) − Ej [di(X)])∥L4

≤ 2 ∥δifn(X) − di(X)∥L4 = O

(
(log n)2

n

)
.

Taking the supremum over i ̸= j gives

cxn = sup
i ̸=j

∥δifn(X) − Ej [δifn(X)]∥L4 = O

(
(log n)7

n

)
.
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5.3 Contracted active-background term

It remains to bound the contribution to cx̄n. We use the generic notation introduced in Sub-
section 5.2. Thus x ∈ Rp denotes the active column, independent of the background matrix
X = (x1, . . . , xn), and

G =
(
∇2ΨX(θ̂)

)−1
.

The deterministic averaged leverage associated with the active column is denoted by γx, and we
define

sζx := L′
(
ζx(x⊤θ̂)

)
, ζx(t) + γxL

′(ζx(t)) = t.

We use a check accent for quantities evaluated at the checked background XAj :

Ǧ := G(XAj ),
ˇ̂
θ := θ̂(XAj ), šζx := sζx(XAj ), ˇ̃Γx := Γ̃x(XAj ).

The active column x is the same in the checked and unchecked expressions; only the background
is checked.

Define
y := Gu, y̌ := Ǧu.

Let D be the diagonal matrix, indexed by the columns of X, with entries

Dℓ := L′′′(x⊤ℓ θ̂)x⊤ℓ y,

and set
Y := GXDX⊤G.

The checked matrices Ď and Y̌ are defined analogously. Recall that

Γ̃x = diagℓ∈[n]−
sζx
2n

L′′′(x⊤ℓ θ̂)x⊤ℓ Gx,

Therefore the explicit approximation can be written as

dx = d(0)x + d(1)x ,

where

d(0)x = − sζx√
n
y⊤x, d(1)x = − (sζx)2

2n5/2
x⊤Y x.

The checked statistics ďx, ď
(0)
x , ď

(1)
x are obtained by replacing sζx, y, Y with šζx, y̌, Y̌ .

In this subsection, Ex, Varx, and Covx denote conditional expectation, variance, and covari-
ance with respect to the active column x only, conditionally on all background variables. For a
background-measurable matrix B, and for fixed q ≥ 1, write

Qq(B) :=
∥∥∥x⊤Bx

∥∥∥
Lq
x

.

We also write
Σx := Ex[xx⊤]

for the second-moment matrix of the active column. By Assumptions 4 and 3,

|Σx|op = O(1).
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For background-measurable vectors a, b ∈ Rp and symmetric matrices B,C ∈ Rp×p, introduce
the active contractions

C00(a, b) := Covx

(
sζx a

⊤x, šζx b
⊤x
)
,

C01(a,C) := Covx

(
sζx a

⊤x, (šζx)2 x⊤Cx
)
,

C10(B, b) := Covx

(
(sζx)2 x⊤Bx, šζx b

⊤x
)
,

C11(B,C) := Covx

(
(sζx)2 x⊤Bx, (šζx)2 x⊤Cx

)
.

Then

Covx

(
dx, ďx

)
=

1

n
C00(y, y̌) +

1

2n3
C01(y, Y̌ ) +

1

2n3
C10(Y, y̌) +

1

4n5
C11(Y, Y̌ ). (5.1)

Lemma 5.14 (Square-summed derivatives of the active score). Under Assumptions 1–7, for
every fixed integer r ≥ 1, ∥∥∥∥∥∥

(
n∑

ℓ=1

(∣∣∣Dℓ[s
ζ
x]
∣∣∣∗)2)1/2

∥∥∥∥∥∥
Lr

= Or(1).

The same estimate holds for the checked score:∥∥∥∥∥∥
(

n∑
ℓ=1

(∣∣∣D′
ℓ[š

ζ
x]
∣∣∣∗)2)1/2

∥∥∥∥∥∥
Lr

= Or(1).

Proof. By Lemma 4.14, in the generic background notation,

Dℓ[s
ζ
x][h] =

L′′(ζx(x⊤θ̂))

1 + γxL′′(ζx(x⊤θ̂))
x⊤Dℓ[θ̂][h].

The prefactor is uniformly bounded. Hence∣∣∣Dℓ[s
ζ
x]
∣∣∣∗ ≤ O(1)

∣∣∣x⊤Dℓ[θ̂]
∣∣∣∗ .

Applying Lemma 3.14 conditionally on the active column x, with z = x, gives∥∥∥∥∥∥
(

n∑
ℓ=1

(∣∣∣x⊤Dℓ[θ̂]
∣∣∣∗)2)1/2

∥∥∥∥∥∥
Lr

≤ Or(1)√
n

∥|x|2∥L4r = Or(1),

using Lemma 3.2. The checked estimate is identical.

Lemma 5.15 (Background matrix bounds). Under Assumptions 1–7 and ∇3ρ ≡ 0, for every
fixed integers q, r ≥ 1,

∥|y|2∥Lr = Or(1), ∥Qq(Y )∥Lr = Oq,r

(
n2(log n)6

)
.

The same estimates hold for y̌ and Y̌ .

Proof. Recall that

y = Gu, D = diagm∈[n]

(
L′′′(x⊤mθ̂)x⊤my

)
, Y = GXDX⊤G.
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Since |G|op = O(1) and |u|2 ≤ 1,
|y|2 = O(1).

Set
z := X⊤Gx.

Then
x⊤Y x = z⊤Dz.

By the boundedness of L′′′,

|D|op ≤ O(1)
∣∣∣X⊤y

∣∣∣
∞
.

Moreover, Lemma 5.4 gives ∥∥∥∣∣∣X⊤y
∣∣∣
∞

∥∥∥
Lr

= Or((log n)6),

while the generic cross-leverage estimate gives, conditionally on the background,∥∥∥∣∣∣X⊤Gx
∣∣∣
2

∥∥∥
L2q
x

= Oq(n).

Therefore
Qq(Y ) =

∥∥∥z⊤Dz
∥∥∥
Lq
x

≤ |D|op
∥∥∥|z|22∥∥∥

Lq
x

≤ Oq(n
2)
∣∣∣X⊤y

∣∣∣
∞
.

Taking the Lr-norm over the background gives

∥Qq(Y )∥Lr = Oq,r

(
n2(log n)6

)
.

The checked estimate is identical, since the checked background has the same law and satisfies
the same bounds.

Lemma 5.16 (Differentiated active-score contractions). Under Assumptions 1–7 and ∇3ρ ≡ 0,
for every fixed integer r ≥ 1,

�

∥∥∥∥∥∥
(

n∑
ℓ=1

(∣∣∣Covx

(
Dℓ[s

ζ
x] y⊤x, šζx y̌

⊤x
)∣∣∣∗)2)1/2

∥∥∥∥∥∥
Lr

= Or

(
1√
n

)
.

�

∥∥∥∥∥∥
(

n∑
ℓ=1

(∣∣∣Covx

(
Dℓ[s

ζ
x] y⊤x, (šζx)2 x⊤Y̌ x

)∣∣∣∗)2)1/2
∥∥∥∥∥∥
Lr

= Or

(
n3/2(log n)6

)
.

�

∥∥∥∥∥∥
(

n∑
ℓ=1

(∣∣∣Covx

(
2sζxDℓ[s

ζ
x]x⊤Y x, (šζx)2 x⊤Y̌ x

)∣∣∣∗)2)1/2
∥∥∥∥∥∥
Lr

= Or

(
n7/2(log n)12

)
.

The same bound holds with the checked and unchecked roles interchanged, in particular for the
score derivatives appearing in C10(Y, y̌).

Proof. We prove the unchecked estimates; the checked estimates are identical. By Lemma 4.14,

Dℓ[s
ζ
x][h] =

L′′(ζx(x⊤θ̂))

1 + γxL′′(ζx(x⊤θ̂))
x⊤Dℓ[θ̂][h].

The prefactor is bounded.
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For the 00-term, for every |h|2 ≤ 1,

Covx

(
Dℓ[s

ζ
x][h] y⊤x, šζx y̌

⊤x
)

=

(
Ex

[
L′′(ζx(x⊤θ̂))

1 + γxL′′(ζx(x⊤θ̂))
x (y⊤x)

(
šζx y̌

⊤x− Ex[šζx y̌
⊤x]
)])⊤

Dℓ[θ̂][h].

Consequently, after taking the supremum over |h|2 ≤ 1 and summing in ℓ, Lemma 3.14 gives∥∥∥∥∥∥
(

n∑
ℓ=1

(∣∣∣Covx

(
Dℓ[s

ζ
x] y⊤x, šζx y̌

⊤x
)∣∣∣∗)2)1/2

∥∥∥∥∥∥
Lr

≤ Or(1)√
n

∥∥∥∥∥
∣∣∣∣∣Ex

[
L′′(ζx(x⊤θ̂))

1 + γxL′′(ζx(x⊤θ̂))
x (y⊤x)

(
šζx y̌

⊤x− Ex[šζx y̌
⊤x]
)]∣∣∣∣∣

2

∥∥∥∥∥
L4r

We bound the vector inside the last display by duality. For every background-measurable v ∈ Rp

with |v|2 ≤ 1, conditional Cauchy–Schwarz and the active linear moment bounds give∣∣∣Ex

[
(v⊤x)(y⊤x)

(
šζx y̌

⊤x− Ex[šζx y̌
⊤x]
)]∣∣∣ ≤ O(1) |y|2 |y̌|2

∥∥∥šζx∥∥∥
L4
x

.

Taking the supremum over |v|2 ≤ 1, then the L4r-norm over the background, yields∥∥∥∥∥
∣∣∣∣∣Ex

[
L′′(ζx(x⊤θ̂))

1 + γxL′′(ζx(x⊤θ̂))
x (y⊤x)

(
šζx y̌

⊤x− Ex[šζx y̌
⊤x]
)]∣∣∣∣∣

2

∥∥∥∥∥
L4r

= Or(1).

Consequently the 00-term is Or(n
−1/2). By conditional Cauchy–Schwarz, Lemmas 3.2, 4.13

and 5.15. The checked derivative gives the same estimate.
For the one-quadratic active slot, the same duality argument gives∣∣∣∣∣Ex

[
L′′(ζx(x⊤θ̂))

1 + γxL′′(ζx(x⊤θ̂))
x (y⊤x)

(
(šζx)2x⊤Y̌ x− Ex[(šζx)2x⊤Y̌ x]

)]∣∣∣∣∣
2

≤ O(1) |y|2 Q4(Y̌ )
∥∥∥šζx∥∥∥2

L8
x

.

Applying Lemmas 3.14 and 5.15 as above gives∥∥∥∥∥∥
(

n∑
ℓ=1

(∣∣∣Covx

(
Dℓ[s

ζ
x] y⊤x, (šζx)2 x⊤Y̌ x

)∣∣∣∗)2)1/2
∥∥∥∥∥∥
Lr

≤ Or((log n)6n3/2).

The same argument gives the corresponding bound for C10(Y, y̌).
For the two-quadratic active slot, duality gives∣∣∣Ex

[
x (x⊤Y x)

(
(šζx)2x⊤Y̌ x− Ex[(šζx)2x⊤Y̌ x]

)]∣∣∣
2
≤ O(1)Q8(Y )Q8(Y̌ )

∥∥∥šζx∥∥∥2
L16
x

.

By Lemma 5.15,
∥Q8(Y )∥L8r +

∥∥Q8(Y̌ )
∥∥
L8r = Or

(
n2(log n)6

)
.

Hence ∥∥∥∥∥∥
(

n∑
ℓ=1

(∣∣∣Covx

(
2sζxDℓ[s

ζ
x]x⊤Y x, (šζx)2x⊤Y̌ x

)∣∣∣∗)2)1/2
∥∥∥∥∥∥
Lr

= Or

(
n7/2(log n)12

)
.

This proves all the stated estimates.
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To bound the terms appearing when differentiating the terms y, y̌, Y, Y̌ , we make use of the
following preliminary Lemma.

Lemma 5.17 (Active-column contractions). Under Assumptions 1–7, for every fixed integer
r ≥ 1, there exists a nonnegative background-measurable random variable R, with

∥R∥Lr = Or(1),

such that, for all background-measurable vectors a, b ∈ Rp and symmetric matrices B,C ∈ Rp×p,

|C00(a, b)| ≤ R |a|2 |b|2 , |C01(a,C)| ≤ R |a|2 Q4(C),

|C10(B, b)| ≤ RQ4(B) |b|2 , |C11(B,C)| ≤ RQ4(B)Q4(C).

Proof. Set

R := C

(
1 +

∥∥∥sζx∥∥∥
L8
x

+
∥∥∥šζx∥∥∥

L8
x

)4

.

By Lemma 4.13, and the same argument applied to the checked background,

∥R∥Lr = Or(1).

For the linear-linear contraction, conditional Cauchy–Schwarz gives

|C00(a, b)| ≤
∥∥∥sζx a⊤x∥∥∥

L2
x

∥∥∥šζx b⊤x∥∥∥
L2
x

≤
∥∥∥sζx∥∥∥

L4
x

∥∥∥šζx∥∥∥
L4
x

∥∥∥a⊤x∥∥∥
L4
x

∥∥∥b⊤x∥∥∥
L4
x

≤ R |a|2 |b|2 .

For the mixed contractions,

|C01(a,C)| ≤
∥∥∥sζx a⊤x∥∥∥

L2
x

∥∥∥(šζx)2x⊤Cx
∥∥∥
L2
x

≤ R |a|2 Q4(C),

and the proof of the bound for C10 is identical. Finally,

|C11(B,C)| ≤
∥∥∥(sζx)2x⊤Bx

∥∥∥
L2
x

∥∥∥(šζx)2x⊤Cx
∥∥∥
L2
x

≤ RQ4(B)Q4(C).

This proves the lemma.

Lemma 5.18 (Square-summed derivatives of y). Under Assumptions 1–7 and ∇3ρ ≡ 0, for
every fixed integer r ≥ 1, and for every background-measurable vector v = v(X),∥∥∥∥∥∥

(
n∑

ℓ=1

(∣∣∣v⊤Dℓ[y]
∣∣∣∗)2)1/2

∥∥∥∥∥∥
Lr

≤ Or((log n)6)√
n

∥|v|2∥L4r .

The same estimates hold for the checked variables, with D′
ℓ in place of Dℓ.

Proof. Since y = Gu, for |h|2 ≤ 1,

Dℓ[y][h] = −G (Lℓ[h] + Bℓ[h]) y,

where

Lℓ[h] :=
1

n
L′′(x⊤ℓ θ̂)

(
hx⊤ℓ + xℓh

⊤
)

+
1

n
L′′′(x⊤ℓ θ̂)(h⊤θ̂)xℓx

⊤
ℓ ,

and

Bℓ[h] :=
1

n

n∑
m=1

L′′′(x⊤mθ̂)
(
x⊤mDℓ[θ̂][h]

)
xmx⊤m + ∇3ρ(θ̂)

[
Dℓ[θ̂][h]

]
.
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Under ∇3ρ ≡ 0, the last term vanishes.
For the local part,∣∣∣v⊤GLℓ[h]y

∣∣∣ ≤ O(1)

n

[
|v|2 |x⊤ℓ y| + |x⊤ℓ Gv| |y|2 +

∣∣∣θ̂∣∣∣
2
|x⊤ℓ Gv| |x⊤ℓ y|

]
.

Therefore (
n∑

ℓ=1

(∣∣∣v⊤GLℓy
∣∣∣∗)2)1/2

≤ O(1)

n

[
|v|2

∣∣∣X⊤y
∣∣∣
2

+ |y|2
∣∣∣X⊤Gv

∣∣∣
2

+
∣∣∣θ̂∣∣∣

2

∣∣∣X⊤y
∣∣∣
∞

∣∣∣X⊤Gv
∣∣∣
2

]
.

Using

|y|2 = O(1),
∣∣∣X⊤y

∣∣∣
2

= O(
√
n),

∣∣∣X⊤Gv
∣∣∣
2
≤ O(

√
n) |v|2 ,

and ∥∥∥∣∣∣X⊤y
∣∣∣
∞

∥∥∥
Lr

= Or((log n)6)

by Lemma 5.4, we get∥∥∥∥∥∥
(

n∑
ℓ=1

(∣∣∣v⊤GLℓy
∣∣∣∗)2)1/2

∥∥∥∥∥∥
Lr

≤ Or((log n)6)√
n

∥|v|2∥L4r .

For the background part, using the displayed expression of Bℓ[h],

v⊤GBℓ[h]y =
1

n

n∑
m=1

(x⊤mGv)L′′′(x⊤mθ̂)(x⊤mDℓ[θ̂][h])(x⊤my).

Using

Dℓ[θ̂][h] = − 1

n
G
[
L′′(x⊤ℓ θ̂)(h⊤θ̂)xℓ + sℓh

]
, sℓ := L′(x⊤ℓ θ̂),

and writing F = diagm(L′′′(x⊤mθ̂)), we obtain

v⊤GBℓ[h]y = −
L′′(x⊤ℓ θ̂)(h⊤θ̂)

n2
(X⊤Gv ⊙X⊤y)⊤FX⊤Gxℓ

− sℓ
n2

(X⊤Gv ⊙X⊤y)⊤FX⊤Gh.

Hence(
n∑

ℓ=1

(∣∣∣v⊤GBℓy
∣∣∣∗)2)1/2

≤ O(1)

n2

∣∣∣θ̂∣∣∣
2

∣∣∣X⊤GXF (X⊤Gv ⊙X⊤y)
∣∣∣
2

+

(
n∑

ℓ=1

s2ℓ

)1/2 ∣∣∣GXF (X⊤Gv ⊙X⊤y)
∣∣∣
2

 .

Since L′′′ is bounded,∣∣∣F (X⊤Gv ⊙X⊤y)
∣∣∣
2
≤ O(1)

∣∣∣X⊤y
∣∣∣
∞

∣∣∣X⊤Gv
∣∣∣
2
≤ O(

√
n)
∣∣∣X⊤y

∣∣∣
∞
|v|2 .

Therefore ∣∣∣X⊤GXF (X⊤Gv ⊙X⊤y)
∣∣∣
2
≤ O(n3/2)

∣∣∣X⊤y
∣∣∣
∞
|v|2 ,
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and ∣∣∣GXF (X⊤Gv ⊙X⊤y)
∣∣∣
2
≤ O(n)

∣∣∣X⊤y
∣∣∣
∞
|v|2 .

Using

∥∥∥∣∣∣X⊤y
∣∣∣
∞

∥∥∥
Lr

= Or((log n)6),
∥∥∥∣∣∣θ̂∣∣∣

2

∥∥∥
Lr

= Or(1),

∥∥∥∥∥∥
(

n∑
ℓ=1

s2ℓ

)1/2
∥∥∥∥∥∥
Lr

= Or(
√
n),

we obtain ∥∥∥∥∥∥
(

n∑
ℓ=1

(∣∣∣v⊤GBℓy
∣∣∣∗)2)1/2

∥∥∥∥∥∥
Lr

≤ Or((log n)6)√
n

∥|v|2∥L4r .

This proves the first square-summed derivative estimate.

Lemma 5.19 (Background-resolvent active quadratic estimate). Under Assumptions 1–7 and
∇3ρ ≡ 0, for every fixed integers q, r ≥ 1,∥∥∥∥∥∥∥

 n∑
ℓ=1

[
sup

|h|2≤1

∥∥∥x⊤GXDX⊤GBℓ[h]Gx
∥∥∥
Lq
x

]21/2
∥∥∥∥∥∥∥
Lr

= Oq,r

(
n3/2(log n)6

)
.

where for ℓ ∈ [n] and h ∈ Rp, we denoted,

Bℓ[h] :=
1

n
XΛℓ(h)X⊤, with Λℓ(h) := diagm∈[n] L

′′′(x⊤mθ̂)x⊤mDℓ[θ̂][h].

Proof. Let us recall the notations:

y = Gu, D = diagm∈[n]

(
L′′′(x⊤mθ̂)x⊤my

)
,

we have
x⊤GXDX⊤GBℓ[h]Gx = x⊤Aℓ[h]x,

where

Aℓ[h] :=
1

n
GXDX⊤GXΛℓ(h)X⊤G.

The conditional quadratic-form bound, applied conditionally on the background and to the
symmetric part of Aℓ[h], gives∥∥∥x⊤Aℓ[h]x

∥∥∥
Lq
x

≤ Oq (|Aℓ[h]|F + |Tr(Aℓ[h]Σx)|) .

It is therefore enough to bound the Frobenius and trace contributions.

� For the Frobenius contribution, using

|GX|op = O(
√
n),

∣∣∣X⊤GX
∣∣∣
op

= O(n),
∣∣∣X⊤G

∣∣∣
op

= O(
√
n),

we get, uniformly over |h|2 ≤ 1,

|Aℓ[h]|F ≤ 1

n
|GX|op |D|op

∣∣∣X⊤GX
∣∣∣
op

|Λℓ(h)|F
∣∣∣X⊤G

∣∣∣
op

≤ O(n) |D|op |Λℓ(h)|F .

Since L′′′ is bounded,

|Λℓ(h)|F ≤ O(1)
∣∣∣X⊤Dℓ[θ̂][h]

∣∣∣
2
.
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Thus∥∥∥∥∥∥∥
 n∑

ℓ=1

[
sup

|h|2≤1
|Aℓ[h]|F

]21/2
∥∥∥∥∥∥∥
Lr

≤ O(n)

∥∥∥∥∥∥|D|op

(
n∑

ℓ=1

(∣∣∣X⊤Dℓ[θ̂]
∣∣∣∗
2

)2)1/2
∥∥∥∥∥∥
Lr

.

By Lemmas 5.4 and 5.5, ∥∥∥|D|op
∥∥∥
L2r

= Or((log n)6),

and ∥∥∥∥∥∥
(

n∑
ℓ=1

(∣∣∣X⊤Dℓ[θ̂]
∣∣∣∗
2

)2)1/2
∥∥∥∥∥∥
L2r

= Or(
√
n).

Therefore ∥∥∥∥∥∥∥
 n∑

ℓ=1

[
sup

|h|2≤1
|Aℓ[h]|F

]21/2
∥∥∥∥∥∥∥
Lr

= Or

(
n3/2(log n)6

)
.

� We now treat the trace contribution. By cyclicity of the trace,

Tr(Aℓ[h]Σx) =
1

n
Tr
(

Λℓ(h)X⊤GΣxGXDX⊤GX
)
.

Let

F := diagm∈[n]

(
L′′′(x⊤mθ̂)

)
, and c := diag

(
X⊤GΣxGXDX⊤GX

)
∈ Rn.

Since diag(Λℓ(h)) = FX⊤Dℓ[θ̂][h], we have

Tr(Aℓ[h]Σx) =
1

n
(XFc)⊤Dℓ[θ̂][h].

Using the explicit derivative formula

Dℓ[θ̂][h] = − 1

n
G
[
L′′(x⊤ℓ θ̂)(h⊤θ̂)xℓ + sℓh

]
,

we obtain, uniformly over |h|2 ≤ 1,∣∣∣(XFc)⊤Dℓ[θ̂][h]
∣∣∣ ≤ O(1)

n

(∣∣∣θ̂∣∣∣
2
|e⊤ℓ X⊤GXFc| + |sℓ| |GXFc|2

)
.

Therefore n∑
ℓ=1

[
sup

|h|2≤1
|Tr(Aℓ[h]Σx)|

]21/2

≤ O(1)

n2

(∣∣∣θ̂∣∣∣
2

∣∣∣X⊤GXFc
∣∣∣
2

+ |s|2 |GXFc|2
)
.

Since |F |op ≤ |L′′′|∞ ≤ O(1),

|GXFc|2 ≤ |GX|op |c|2 = O(
√
n) |c|2 , and

∣∣∣X⊤GXFc
∣∣∣
2

= O(n) |c|2 .

Moreover, ∥∥∥∣∣∣θ̂∣∣∣
2

∥∥∥
L2r

= Or(1), ∥|s|2∥L2r = Or(
√
n).
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Thus ∥∥∥∥∥∥∥
 n∑

ℓ=1

[
sup

|h|2≤1
|Tr(Aℓ[h]Σx)|

]21/2
∥∥∥∥∥∥∥
Lr

≤ Or(1)

n
∥|c|2∥L2r .

It remains to bound c. Since

|c|2 ≤
∣∣∣X⊤GΣxGXDX⊤GX

∣∣∣
F
≤
∣∣∣X⊤GΣxGX

∣∣∣
op

|D|F
∣∣∣X⊤GX

∣∣∣
op

= O(n5/2),

since
|Σx|op = O(1),

∣∣∣X⊤GΣxGX
∣∣∣
op

= O(n),
∣∣∣X⊤GX

∣∣∣
op

= O(n),

and
|D|F ≤ O(1)

∣∣∣X⊤y
∣∣∣
2

= O(
√
n).

Consequently, ∥∥∥∥∥∥∥
 n∑

ℓ=1

[
sup

|h|2≤1
|Tr(Aℓ[h]Σx)|

]21/2
∥∥∥∥∥∥∥
Lr

= Or(n
3/2).

Combining the Frobenius and trace bounds in the conditional quadratic-form estimate yields∥∥∥∥∥∥∥
 n∑

ℓ=1

[
sup

|h|2≤1

∥∥∥x⊤GXDX⊤GBℓ[h]Gx
∥∥∥
Lq
x

]21/2
∥∥∥∥∥∥∥
Lr

= Oq,r

(
n3/2(log n)6

)
.

Lemma 5.20 (Active quadratic norm of the background matrix). Under Assumptions 1–7 and
∇3ρ ≡ 0, for every fixed integers q, r ≥ 1,∥∥∥∥∥∥

(
n∑

ℓ=1

(Qq(Dℓ[Y ])∗)2
)1/2

∥∥∥∥∥∥
Lr

= Oq,r

(
n3/2(log n)7

)
,

where, for a matrix-valued statistic M , we denote

Qq(Dℓ[M ])∗ := sup
|h|2≤1

∥∥∥x⊤Dℓ[M ][h]x
∥∥∥
Lq
x

.

The same estimates hold for Y̌ , with D′
ℓ in place of Dℓ.

Proof. Set

z := X⊤Gx, a := X⊤y, D = diagm∈[n]

(
L′′′(x⊤mθ̂)am

)
.

Then
x⊤Y x = x⊤GXDX⊤Gx = z⊤Dz.

For |h|2 ≤ 1,
Dℓ[z][h] = eℓh

⊤Gx + X⊤Dℓ[G][h]x,

and therefore

Dℓ[x
⊤Y x][h] = 2z⊤Deℓh

⊤Gx + z⊤Dℓ[D][h]z + 2z⊤DX⊤Dℓ[G][h]x.
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We bound these three terms.
First,∥∥∥∥∥∥∥

 n∑
ℓ=1

[
sup

|h|2≤1

∥∥∥Dℓzℓh
⊤Gx

∥∥∥
Lq
x

]21/2
∥∥∥∥∥∥∥
Lr

≤ Oq

∥∥∥∥∥∥∥|Gx|2∥L2q
x

(
n∑

ℓ=1

D2
ℓ |Gxℓ|22

)1/2
∥∥∥∥∥∥
Lr

≤ Oq

∥∥∥∥|Gx|2∥L2q
x
|D|op |GX|F

∥∥∥
Lr

= Oq,r

(
n3/2(log n)6

)
,

using

∥|Gx|2∥L2q
x

= Oq(
√
n),

∥∥∥|D|op
∥∥∥
L3r

= Or((log n)6), ∥|GX|F ∥L3r = Or(n).

We now handle the term z⊤Dℓ[D]z. For m ∈ [n],

Dℓ[Dm][h] = Dℓ

[
L′′′(x⊤mθ̂)

]
[h]am + L′′′(x⊤mθ̂)

(
1m=ℓh

⊤y + x⊤mDℓ[y][h]
)
,

with ∣∣∣Dℓ

[
L′′′(x⊤mθ̂)

]
[h]
∣∣∣ ≤ O(1)

∣∣∣1m=ℓh
⊤θ̂ + x⊤mDℓ[θ̂][h]

∣∣∣ .
Thus z⊤Dℓ[D][h]z is the sum of the following three contributions:

TD,loc
ℓ [h] := O(1)

(
h⊤θ̂ aℓ + h⊤y

)
z2ℓ ,

TD,θ
ℓ [h] := O(1)

n∑
m=1

L′′′(x⊤mθ̂)amz2m x⊤mDℓ[θ̂][h],

TD,y
ℓ [h] :=

n∑
m=1

L′′′(x⊤mθ̂)z2m x⊤mDℓ[y][h].

For the local contribution,∥∥∥∥∥∥∥
 n∑

ℓ=1

[
sup

|h|2≤1

∥∥∥TD,loc
ℓ [h]

∥∥∥
Lq
x

]21/2
∥∥∥∥∥∥∥
Lr

≤ Oq

∥∥∥∥∥∥
(∣∣∣θ̂∣∣∣

2
|a|∞ + |y|2

)( n∑
ℓ=1

∥∥|zℓ|2∥∥2Lq
x

)1/2
∥∥∥∥∥∥
Lr

≤ Oq

∥∥∥∥∥∥
(∣∣∣θ̂∣∣∣

2
|a|∞ + |y|2

)( n∑
ℓ=1

|Gxℓ|42

)1/2
∥∥∥∥∥∥
Lr

≤ Oq

∥∥∥(∣∣∣θ̂∣∣∣
2
|a|∞ + |y|2

)
|GX|op |GX|F

∥∥∥
Lr

= Oq,r

(
n3/2(log n)6

)
.

For the θ̂-background contribution, set

wm := L′′′(x⊤mθ̂)amz2m, w = (wm)m∈[n].

Then

TD,θ
ℓ [h] = O(1)

n∑
m=1

wm x⊤mDℓ[θ̂][h].

Using

Dℓ[θ̂][h] = − 1

n
G
[
L′′(x⊤ℓ θ̂)(h⊤θ̂)xℓ + sℓh

]
,
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we have ∥∥∥∥∥∥∥
 n∑

ℓ=1

[
sup

|h|2≤1

∥∥∥TD,θ
ℓ [h]

∥∥∥
Lq
x

]21/2
∥∥∥∥∥∥∥
Lr

≤ O(1)

n

∥∥∥∥∣∣∣θ̂∣∣∣2 ∥∥∥∣∣∣X⊤GXw
∣∣∣
2

∥∥∥
Lq
x

+ |s|2 ∥|GXw|2∥Lq
x

∥∥∥∥
Lr

.

Moreover,

∥∥∥∥|w|2∥Lq
x

∥∥∥
L3r

≤ Oq

∥∥∥∥∥∥|a|∞
(

n∑
m=1

∥∥|zm|2
∥∥2
Lq
x

)1/2
∥∥∥∥∥∥
L3r

≤ Oq

∥∥∥|a|∞ |GX|op |GX|F
∥∥∥
L3r

= Oq,r

(
n3/2(log n)6

)
.

Hence, using∣∣∣X⊤GX
∣∣∣
op

= O(n), |GX|op = O(
√
n),

∥∥∥∣∣∣θ̂∣∣∣
2

∥∥∥
L3r

= Or(1), ∥|s|2∥L3r = Or(
√
n),

we obtain ∥∥∥∥∥∥∥
 n∑

ℓ=1

[
sup

|h|2≤1

∥∥∥TD,θ
ℓ [h]

∥∥∥
Lq
x

]21/2
∥∥∥∥∥∥∥
Lr

= Oq,r

(
n3/2(log n)6

)
.

For the y-background contribution, set

vm := L′′′(x⊤mθ̂)z2m, v = (vm)m∈[n].

Then

TD,y
ℓ [h] =

n∑
m=1

vm x⊤mDℓ[y][h].

Since
Dℓ[y][h] = −G (Lℓ[h] + Bℓ[h]) y,

the local part satisfies∥∥∥∥∥∥∥
 n∑

ℓ=1

 sup
|h|2≤1

∥∥∥∥∥
n∑

m=1

vmx⊤mGLℓ[h]y

∥∥∥∥∥
Lq
x

21/2
∥∥∥∥∥∥∥
Lr

≤ O(1)

n

∥∥∥∥∥|GXv|2∥Lq
x

∣∣∣X⊤y
∣∣∣
2

+ |y|2
∥∥∥∣∣∣X⊤GXv

∣∣∣
2

∥∥∥
Lq
x

+
∣∣∣θ̂∣∣∣

2
|a|∞

∥∥∥∣∣∣X⊤GXv
∣∣∣
2

∥∥∥
Lq
x

∥∥∥∥
Lr

.

Also, ∥∥∥∥|v|2∥Lq
x

∥∥∥
L3r

≤ Oq

∥∥∥∥∥∥
(

n∑
m=1

∥∥|zm|2
∥∥2
Lq
x

)1/2
∥∥∥∥∥∥
L3r

≤ Oq

∥∥∥|GX|op |GX|F
∥∥∥
L3r

= Oq,r(n
3/2).

Therefore the local y-background contribution is∥∥∥∥∥∥∥
 n∑

ℓ=1

 sup
|h|2≤1

∥∥∥∥∥
n∑

m=1

vmx⊤mGLℓ[h]y

∥∥∥∥∥
Lq
x

21/2
∥∥∥∥∥∥∥
Lr

= Oq,r

(
n3/2(log n)6

)
.
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For the background part of Dℓ[y], we argue conditionally on the active column x. Then the
coefficient vector

vm = L′′′(x⊤mθ̂)z2m

is frozen, and the background-part computation in the proof of Lemma 5.18 applies with v in
place of the deterministic coefficient vector. It gives, conditionally on x, n∑

ℓ=1

[
sup

|h|2≤1

∣∣∣∣∣
n∑

m=1

vmx⊤mGBℓ[h]y

∣∣∣∣∣
]21/2

≤ O(1)

n2

[∣∣∣θ̂∣∣∣
2

∣∣∣X⊤GX
∣∣∣
op

∣∣∣X⊤y
∣∣∣
∞

∣∣∣X⊤GXv
∣∣∣
2

+ |s|2 |GX|op
∣∣∣X⊤y

∣∣∣
∞

∣∣∣X⊤GXv
∣∣∣
2

]
.

Using ∣∣∣X⊤GXv
∣∣∣
2
≤
∣∣∣X⊤GX

∣∣∣
op

|v|2 = O(n) |v|2 ,

together with ∥∥∥∥|v|2∥Lq
x

∥∥∥
L3r

= Oq,r(n
3/2),

and the bounds∥∥∥∣∣∣X⊤y
∣∣∣
∞

∥∥∥
L3r

= Or((log n)6),
∥∥∥∣∣∣θ̂∣∣∣

2

∥∥∥
L3r

= Or(1), ∥|s|2∥L3r = Or(
√
n),

we obtain ∥∥∥∥∥∥∥
 n∑

ℓ=1

 sup
|h|2≤1

∥∥∥∥∥
n∑

m=1

vmx⊤mGBℓ[h]y

∥∥∥∥∥
Lq
x

21/2
∥∥∥∥∥∥∥
Lr

= Oq,r

(
n3/2(log n)6

)
.

Thus ∥∥∥∥∥∥∥
 n∑

ℓ=1

[
sup

|h|2≤1

∥∥∥z⊤Dℓ[D][h]z
∥∥∥
Lq
x

]21/2
∥∥∥∥∥∥∥
Lr

= Oq,r

(
n3/2(log n)6

)
.

It remains to bound the resolvent contribution

2z⊤DX⊤Dℓ[G][h]x = −2z⊤DX⊤GLℓ[h]Gx− 2z⊤DX⊤GBℓ[h]Gx.

For the local part,∥∥∥∥∥∥∥
 n∑

ℓ=1

[
sup

|h|2≤1

∥∥∥z⊤DX⊤GLℓ[h]Gx
∥∥∥
Lq
x

]21/2
∥∥∥∥∥∥∥
Lr

≤ O(1)

n

∥∥∥∥∥∥∥|GXDz|2 |z|2 +
∣∣∣X⊤GXDz

∣∣∣
2
|Gx|2 +

∣∣∣θ̂∣∣∣
2

∣∣∣X⊤GXDz
∣∣∣
2
|z|∞

∥∥∥
Lq
x

∥∥∥∥
Lr

≤ Oq,r

(
n3/2(log n)7

)
.

Indeed, we used

|GXDz|2 ≤ |GX|op |D|op |z|2 ,
∣∣∣X⊤GXDz

∣∣∣
2
≤
∣∣∣X⊤GX

∣∣∣
op

|D|op |z|2 ,

together with

∥|z|2∥L3q
x

= Oq(n), ∥|z|∞∥
L3q
x

= Oq(
√
n log n), ∥|Gx|2∥L3q

x
= Oq(

√
n).
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For the background part, Lemma 5.19 gives directly∥∥∥∥∥∥∥
 n∑

ℓ=1

[
sup

|h|2≤1

∥∥∥z⊤DX⊤GBℓ[h]Gx
∥∥∥
Lq
x

]21/2
∥∥∥∥∥∥∥
Lr

= Oq,r

(
n3/2(log n)6

)
.

Combining the three displayed bounds yields∥∥∥∥∥∥
(

n∑
ℓ=1

(Qq(Dℓ[Y ])∗)2
)1/2

∥∥∥∥∥∥
Lr

= Oq,r

(
n3/2(log n)7

)
.

The checked estimates are identical, since the checked background satisfies the same assump-
tions and has the same distribution.

Lemma 5.21 (Background gradients of the active contractions). Under Assumptions 1–7 and
∇3ρ ≡ 0, for every fixed integer r ≥ 1,∥∥∥∥∥∥

(
n∑

ℓ=1

(∣∣Dℓ[C
00(y, y̌)]

∣∣∗)2 +

n∑
ℓ=1

(∣∣D′
ℓ[C

00(y, y̌)]
∣∣∗)2)1/2

∥∥∥∥∥∥
Lr

= Or

(
(log n)6√

n

)
,

∥∥∥∥∥∥
(

n∑
ℓ=1

(∣∣Dℓ[C
01(y, Y̌ )]

∣∣∗)2 +
n∑

ℓ=1

(∣∣D′
ℓ[C

01(y, Y̌ )]
∣∣∗)2)1/2

∥∥∥∥∥∥
Lr

= Or

(
n3/2(log n)12

)
,

and the same bound holds with C01(y, Y̌ ) replaced by C10(Y, y̌). Finally,∥∥∥∥∥∥
(

n∑
ℓ=1

(∣∣Dℓ[C
11(Y, Y̌ )]

∣∣∗)2 +
n∑

ℓ=1

(∣∣D′
ℓ[C

11(Y, Y̌ )]
∣∣∗)2)1/2

∥∥∥∥∥∥
Lr

= Or

(
n7/2(log n)13

)
.

Proof. We will skip some of the terms appearing from the derivations D′
ℓ when they are symmetric

to those appearing through derivations Dℓ (for the terms C00 and C11). We use when useful the
active-contraction bounds given by Lemma 5.17:

|C00(a, b)| ≤ R |a|2 |b|2 ,

|C01(a,C)| ≤ R |a|2 Q4(C), |C10(B, b)| ≤ RQ4(B) |b|2 ,

and
|C11(B,C)| ≤ RQ4(B)Q4(C), ∥R∥Lr = Or(1).

For C00(y, y̌), the product rule gives

Dℓ[C
00(y, y̌)][h] = Covx

(
Dℓ[s

ζ
x][h] y⊤x, šζx y̌

⊤x
)

+ C00(Dℓ[y][h], y̌).

By Lemma 5.16,∥∥∥∥∥∥
(

n∑
ℓ=1

(∣∣∣Covx

(
Dℓ[s

ζ
x] y⊤x, šζx y̌

⊤x
)∣∣∣∗)2 +

n∑
ℓ=1

(∣∣∣Covx

(
sζx y

⊤x,D′
ℓ[š

ζ
x] y̌⊤x

)∣∣∣∗)2)1/2
∥∥∥∥∥∥
Lr

≤ Or(n
−1/2).

Moreover, by duality applied to C00, there exist background-measurable vectors v00 and v̌00 such
that

C00(a, y̌) = v̌⊤00a, C00(y, b) = v⊤00b,
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with
|v̌00|2 ≤ R |y̌|2 , |v00|2 ≤ R |y|2 .

Therefore, by Lemma 5.18 and Lemma 5.15,∥∥∥∥∥∥
(

n∑
ℓ=1

(∣∣C00(Dℓ[y], y̌)
∣∣∗)2)1/2

∥∥∥∥∥∥
Lr

≤ Or((log n)6)√
n

∥|v̌00|2∥L4r

≤ Or((log n)6)√
n

∥R |y̌|2∥L4r = Or

(
(log n)6√

n

)
,

and similarly ∥∥∥∥∥∥
(

n∑
ℓ=1

(∣∣C00(y,D′
ℓ[y̌])

∣∣∗)2)1/2
∥∥∥∥∥∥
Lr

= Or

(
(log n)6√

n

)
.

This proves the 00-bound.
We now treat C01(y, Y̌ ). The product rule gives

Dℓ[C
01(y, Y̌ )][h] = Covx

(
Dℓ[s

ζ
x][h] y⊤x, (šζx)2x⊤Y̌ x

)
+ C01(Dℓ[y][h], Y̌ ).

By Lemma 5.16,∥∥∥∥∥∥
(

n∑
ℓ=1

(∣∣∣Covx

(
Dℓ[s

ζ
x] y⊤x, (šζx)2x⊤Y̌ x

)∣∣∣∗)2)1/2
∥∥∥∥∥∥
Lr

≤ Or(n
3/2(log n)6).

By duality applied to C01, there exists v̌01 such that

C01(a, Y̌ ) = v̌⊤01a, |v̌01|2 ≤ RQ4(Y̌ ).

Thus, by Lemmas 5.18 and 5.15,∥∥∥∥∥∥
(

n∑
ℓ=1

(∣∣C01(Dℓ[y], Y̌ )
∣∣∗)2)1/2

∥∥∥∥∥∥
Lr

≤ Or((log n)6)√
n

∥∥RQ4(Y̌ )
∥∥
L4r ≤ Or

(
n3/2(log n)12

)
.

For the checked matrix derivative, the active contraction bound gives(
n∑

ℓ=1

(∣∣∣Covx

(
sζx y

⊤x, (šζx)2x⊤D′
ℓ[Y̌ ]x

)∣∣∣∗)2)1/2

≤ R |y|2

(
n∑

ℓ=1

(
Q4(D′

ℓ[Y̌ ])∗
)2)1/2

.

Consequently, by Lemmas 5.20 and 5.15,∥∥∥∥∥∥
(

n∑
ℓ=1

(∣∣∣Covx

(
sζx y

⊤x, (šζx)2x⊤D′
ℓ[Y̌ ]x

)∣∣∣∗)2)1/2
∥∥∥∥∥∥
Lr

≤

∥∥∥∥∥∥R |y|2

(
n∑

ℓ=1

(
Q4(D′

ℓ[Y̌ ])∗
)2)1/2

∥∥∥∥∥∥
Lr

≤ Or

(
n3/2(log n)7

)
.

Combining the three estimates yields∥∥∥∥∥∥
(

n∑
ℓ=1

(∣∣Dℓ[C
01(y, Y̌ )]

∣∣∗)2 +
n∑

ℓ=1

(∣∣D′
ℓ[C

01(y, Y̌ )]
∣∣∗)2)1/2

∥∥∥∥∥∥
Lr

= Or

(
n3/2(log n)12

)
.
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The proof for C10(Y, y̌) is identical, with checked and unchecked quantities interchanged.
It remains to treat C11(Y, Y̌ ). The differentiated-score terms are controlled by Lemma 5.16:∥∥∥∥∥∥

(
n∑

ℓ=1

(∣∣∣Covx

(
2sζxDℓ[s

ζ
x]x⊤Y x, (šζx)2x⊤Y̌ x

)∣∣∣∗)2)1/2
∥∥∥∥∥∥
Lr

≤ Or(n
7/2(log n)12),

and the checked differentiated-score term is controlled in the same way. For the unchecked
matrix derivative,(

n∑
ℓ=1

(∣∣∣Covx

(
(sζx)2x⊤Dℓ[Y ]x, (šζx)2x⊤Y̌ x

)∣∣∣∗)2)1/2

≤ RQ4(Y̌ )

(
n∑

ℓ=1

(Q4(Dℓ[Y ])∗)2
)1/2

.

Therefore, by Lemma 5.15 and5.20,∥∥∥∥∥∥
(

n∑
ℓ=1

(∣∣∣Covx

(
(sζx)2x⊤Dℓ[Y ]x, (šζx)2x⊤Y̌ x

)∣∣∣∗)2)1/2
∥∥∥∥∥∥
Lr

≤

∥∥∥∥∥∥RQ4(Y̌ )

(
n∑

ℓ=1

(Q4(Dℓ[Y ])∗)2
)1/2

∥∥∥∥∥∥
Lr

≤ Or

(
n7/2(log n)13

)
.

The checked matrix derivative satisfies the same bound:∥∥∥∥∥∥
(

n∑
ℓ=1

(∣∣∣Covx

(
(sζx)2x⊤Y x, (šζx)2x⊤D′

ℓ[Y̌ ]x
)∣∣∣∗)2)1/2

∥∥∥∥∥∥
Lr

≤ Or

(
n7/2(log n)13

)
.

Combining the differentiated-score and matrix-derivative estimates gives∥∥∥∥∥∥
(

n∑
ℓ=1

(∣∣Dℓ[C
11(Y, Y̌ )]

∣∣∗)2 +

n∑
ℓ=1

(∣∣D′
ℓ[C

11(Y, Y̌ )]
∣∣∗)2)1/2

∥∥∥∥∥∥
Lr

= Or

(
n7/2(log n)13

)
.

This completes the proof.

Combining Lemma 5.21 with (5.1) and Remark 4.20, we get the following bound.

Corollary 5.22 (Bound on cx̄n). Under Assumptions 1–7 and ∇3ρ ≡ 0,

cx̄n = O

(
(log n)13

n3/2

)
.

Proof. Fix the active index j. In the generic notation of this subsection,

Φj := Covj

(
dj(X), dj(X

Aj )
)

has the same form as Covx(dx, ďx). By (5.1),

Φj =
1

n
C00(y, y̌) +

1

2n3
C01(y, Y̌ ) +

1

2n3
C10(Y, y̌) +

1

4n5
C11(Y, Y̌ ).

We apply the tensorized Poincaré inequality to Φj as a function of the background variables
and their independent copies. For coordinates that are shared by X and XAj , the derivative is
the sum of the unchecked and checked derivatives; hence it is bounded by the square-sum of the
two contributions controlled in Lemma 5.21. Therefore√

Var(Φj) ≤ O(1)

∥∥∥∥∥∥
(∑

ℓ

(|Dℓ[Φj ]|∗)2 +
∑
ℓ

(∣∣D′
ℓ[Φj ]

∣∣∗)2)1/2
∥∥∥∥∥∥
L2

.
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Using Lemma 5.21 and the decomposition above, we obtain√
Var(Φj) ≤

1

n
O

(
(log n)6√

n

)
+

1

n3
O
(
n3/2(log n)12

)
+

1

n5
O
(
n7/2(log n)13

)
= O

(
(log n)13

n3/2

)
,

uniformly in j. Hence

sup
j∈[n]

√
Var
(
Covj

(
dj(X), dj(XAj )

))
= O

(
(log n)13

n3/2

)
.

This bound transfers to cx̄n since, by Remark 4.20, replacing δjfn by dj changes the corresponding

cx̄n quantity by only and order O
(
(logn)3

n3/2

)
.

A Perturbative Wasserstein bound

With the notation introduced around Theorem 2.2, for i ∈ [n] and i /∈ A, define the replacement
increment

∆ign(ZA) := gn(ZA) − gn(ZA∪{i}).

Theorem A.1 (Wasserstein part of the perturbative bound of Shao–Zhang [18]). Assume that
σ2
g,n := Var(gn(Z)) > 0, and set

Wg,n :=
gn(Z) − Egn(Z)

σg,n
.

Let N be a standard normal random variable and define

Vg,n :=
1

2σ2
g,n

n∑
i=1

∆ign(Z)∆ign(ZAi).

Assume that the quantities on the right-hand side below are finite. Then

dW (Wg,n,N) ≤
√

Var(Vg,n) +
1

σ3
g,n

n∑
i=1

E|∆ign(Z)|3.

For A ⊂ [n] \ {i}, the replacement increment can be written in terms of the leave-one-out
increments as

∆ign(ZA) = δign(ZA) − δign(ZA∪{i}).

In particular, define
Yi := ∆ign(Z)∆ign(ZAi).

Then
Yi =

(
δign(Z) − δign(Z{i})

)(
δign(ZAi) − δign(ZAi∪{i})

)
.

For j ∈ [n], let
F−j := σ

(
(zℓ, z

′
ℓ) : ℓ ̸= j

)
,

and let Ej denote conditional expectation with respect to the pair (zj , z
′
j), with all other pairs

fixed. We shall use the following consequence of the definition of czn. For every i ̸= j and every
B ⊂ [n], ∥∥δign(ZB) − Ej

[
δign(ZB)

]∥∥
L4 ≤ czn.
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Indeed, if j /∈ B, then δign(ZB) depends on zj but not on z′j , so Ej reduces to conditional
expectation with respect to zj . The bound is then exactly the definition of czn, applied to the
vector ZB, whose coordinates have the same joint law as those of Z. If j ∈ B, then δign(ZB)
depends on z′j but not on zj , and the same argument applies with z′j in place of zj .

Consequently, for every i ̸= j and every B ⊂ [n],∥∥∆ign(ZB) − Ej

[
∆ign(ZB)

]∥∥
L4 ≤ 2czn.

Proof of Theorem 2.2. For any k ≥ 1,

∥∆ign(Z)∥Lk =
∥∥∥δign(Z) − δign(Z{i})

∥∥∥
Lk

≤ 2 ∥δign(Z)∥Lk ,

because δign(Z{i}) has the same distribution as δign(Z). Hence ∥ · ∥L3 ≤ ∥ · ∥L4 gives

n∑
i=1

E|∆ign(Z)|3 ≤ 8n(m(4)
n )3.

We next bound the variance term. Since

Vg,n =
1

2σ2
g,n

n∑
i=1

Yi,

it is enough to control Var(
∑

i Yi). We use

Var

(
n∑

i=1

Yi

)
≤ n sup

i∈[n]
Var(Yi) + n(n− 1) sup

i,j∈[n]
i ̸=j

|Cov(Yi, Yj)|.

Since ZAi has the same distribution as Z, the variables ∆ign(Z) and ∆ign(ZAi) have the same
distribution. Therefore Hölder’s inequality yields

Var(Yi) ≤ ∥Yi∥2L2 ≤ ∥∆ign(Z)∥2L4

∥∥∆ign(ZAi)
∥∥2
L4 ≤ 16(m(4)

n )4.

It remains to control the off-diagonal covariances. Fix i ̸= j. We decompose

Cov(Yi, Yj) = Cov(Yi − EjYi, Yj) + Cov(EjYi, Yj).

For the first term, recall that

∆ign(Z) = δign(Z) − δign(Z{i}), ∆ign(ZAi) = δign(ZAi) − δign(ZAi∪{i}).

Applying the preceding observation with B = ∅ and B = Ai, we get uniformly over i ̸= j,

∥∆ign(Z) − Ej∆ign(Z)∥L4 +
∥∥∆ign(ZAi) − Ej∆ign(ZAi)

∥∥
L4 ≤ Cczn.

Indeed, if zj has been replaced by z′j in the argument of δign, the same estimate follows because
z′j has the same law as zj and is independent of the remaining variables. Moreover,

∥∆ign(Z)∥L4 +
∥∥∆ign(ZAi)

∥∥
L4 ≤ Cm(4)

n .

Set
Hi := Ej∆ign(Z)Ej∆ign(ZAi).

Then Hi is F−j-measurable. Since conditional expectation is the L2-projection onto F−j,

∥Yi − EjYi∥L2 ≤ ∥Yi −Hi∥L2 .
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Since

Yi −Hi =
(
∆ign(Z) − Ej∆ign(Z)

)
∆ign(ZAi) + Ej∆ign(Z)

(
∆ign(ZAi) − Ej∆ign(ZAi)

)
,

Hölder’s inequality yields
∥Yi − EjYi∥L2 ≤ Cm(4)

n czn.

Also ∥Yj∥L2 ≤ C(m
(4)
n )2. Hence

|Cov(Yi − EjYi, Yj)| ≤ C(m(4)
n )3czn.

For the second term, since EjYi is F−j-measurable,

Cov(EjYi, Yj) = Cov(EjYi,EjYj).

Moreover,
∥EjYi∥L2 ≤ ∥Yi∥L2 ≤ C(m(4)

n )2.

It remains to identify EjYj . Conditionally on F−j, the pair(
δjgn(Z), δjgn(ZAj )

)
depends only on zj , while (

δjgn(Z{j}), δjgn(ZAj∪{j})
)

depends only on z′j . These two pairs are conditionally independent copies. Therefore

EjYj = Ej

[(
δjgn(Z) − δjgn(Z{j})

)(
δjgn(ZAj ) − δjgn(ZAj∪{j})

)]
= 2 Covj

(
δjgn(Z), δjgn(ZAj )

)
.

Therefore, by the definition of cz̄n,√
Var(EjYj) = 2

√
Var
(
Covj

(
δjgn(Z), δjgn(ZAj )

))
≤ 2cz̄n.

On the other hand, the preceding L2-bound gives√
Var(EjYi) ≤ ∥EjYi∥L2 ≤ C(m(4)

n )2.

Hence

|Cov(EjYi,EjYj)| ≤
√

Var(EjYi)
√

Var(EjYj) ≤ C(m(4)
n )2cz̄n.

Combining the two off-diagonal estimates, we obtain

sup
i ̸=j

|Cov(Yi, Yj)| ≤ C
(

(m(4)
n )3czn + (m(4)

n )2cz̄n

)
.

Therefore

Var

(
n∑

i=1

Yi

)
≤ C

[
n(m(4)

n )4 + n(n− 1)
(

(m(4)
n )3czn + (m(4)

n )2cz̄n

)]
.

Using the definition of Vg,n and Theorem A.1 gives the claimed bound.
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B Consequences of the Poincaré inequality

We say that a random vector Z ∈ Rm satisfies a Poincaré inequality with constant CP if, for
every sufficiently smooth mapping F : Rm → R,

Var(F (Z)) ≤ CPE
[
|∇ZF (Z)|2

]
. (B.1)

We start with the standard tensorization property of the Poincaré inequality; see, for instance,
[9, 12].

Proposition B.1 (Poincaré inequality tensorization). Let Z1, . . . , Zn ∈ Rp be independent
random vectors, and denote Z := (Z1, . . . , Zn) ∈ Mp,n. Assume that each Zi satisfies a Poincaré
inequality with constant CP . Then, for every sufficiently smooth F : Mp,n → R,

Var(F (Z)) ≤ CPE
[
|∇F (Z)|2F

]
= CP

n∑
i=1

E
[
|∇iF (Z)|2

]
.

Proof. By the variance decomposition, or equivalently the Efron–Stein inequality for independent
variables,

Var(F (Z)) ≤
n∑

i=1

E
[
VarZi

(
F (Z1, . . . , Zn)

)]
,

where VarZi denotes variance with respect to Zi only, all other coordinates being fixed. For each
i, conditionally on (Z1, . . . , Zi−1, Zi+1, . . . , Zn), the map zi 7→ F (Z1, . . . , Zi−1, zi, Zi+1, . . . , Zn)
is a function on Rp. Applying the Poincaré inequality for Zi gives

VarZi

(
F (Z)

)
≤ CPEZi

[
|∇iF (Z)|22

]
.

Taking expectation with respect to the remaining variables and summing over i yields

Var(F (Z)) ≤ CP

n∑
i=1

E
[
|∇iF (Z)|22

]
= CPE

[
|∇F (Z)|2F

]
.

The tensorization also works for higher moments than the variance.

Lemma B.2 (Tensorized Lk Poincaré inequality). Let Z = (Z1, . . . , Zn) have independent blocks.
Assume that each block Zℓ satisfies a Poincaré inequality with constant CP . Then, for every
integer k ≥ 2 and every sufficiently smooth scalar function F ,

∥F (Z) − EF (Z)∥Lk ≤ C
√

CP k

∥∥∥∥∥∥
(

n∑
ℓ=1

(|Dℓ[F (Z)]|∗2)
2

)1/2
∥∥∥∥∥∥
Lk

,

where C > 0 is universal. In particular, for fixed k, the constant is Ok,P (1).

Proof. By Proposition B.1, the product vector Z satisfies the Poincaré inequality

Var(H(Z)) ≤ CPE

[
n∑

ℓ=1

(|Dℓ[H(Z)]|∗2)
2

]

for every sufficiently smooth scalar H. Set

Y := F (Z) − EF (Z), S :=

(
n∑

ℓ=1

(|Dℓ[F (Z)]|∗2)
2

)1/2

.
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For q ≥ 2, write
aq := ∥Y ∥Lq , bq := ∥S∥Lq .

Applying the tensorized Poincaré inequality to H = |Y |q/2, with the usual smooth approximation
if necessary, gives

Var
(
|Y |q/2

)
≤ CP

q2

4
E
[
|Y |q−2S2

]
.

By Hölder’s inequality,
E
[
|Y |q−2S2

]
≤ aq−2

q b2q .

Since

E|Y |q = Var
(
|Y |q/2

)
+
(
E|Y |q/2

)2
,

we obtain

aqq ≤ CP
q2

4
aq−2
q b2q + aqq/2.

If aq = 0, there is nothing to prove. Otherwise, using aq/2 ≤ aq,

a2q ≤ CP
q2

4
b2q + a2q/2.

Iterating this inequality until the exponent lies in (1, 2], and using the ordinary tensorized
Poincaré inequality at exponent 2, gives

aq ≤ C
√
CP q bq

for a universal constant C. Taking q = k proves the claim.

Lemma B.3 (Linear moments under Poincaré). Let m ∈ N and let Z ∈ Rm be a random vector
satisfying a Poincaré inequality with constant CP . Then, for any k ∈ N,

sup
∥u∥≤1

∥∥∥u⊤(Z − E[Z])
∥∥∥
Lk

≤ 6
√
CP k.

This lemma allows us to bound the operator norm of the kth-order centered moment tensor
Mk[Z] ∈ (Rm)⊗k of Z, defined, for all u1, . . . , uk ∈ Rm, by

Mk[Z] · (u1, . . . , uk) = E
[
u⊤1 Z̃ · · ·u⊤k Z̃

]
,

where Z̃ := Z − E[Z]. Indeed, Hölder’s inequality and Lemma B.3 give the following corollary.

Corollary B.4. Let m ∈ N and let Z ∈ Rm be a random vector satisfying a Poincaré inequality
with constant CP . Then, for any k ∈ N,

|Mk[Z]|op := sup
∥u1∥,...,∥uk∥≤1

|Mk[Z] · (u1, . . . , uk)| ≤
(

6
√

CP k
)k

.

Equivalently,
|Mk[Z]|1/kop ≤ 6

√
CP k.

Lemma B.3 relies on the following classical result, taken from [4, Proposition 4.1].

Lemma B.5 (Bobkov–Ledoux exponential integrability bound). Let m ∈ N and let Z ∈ Rm be
a random vector satisfying a Poincaré inequality with constant CP . Let κ > 0. For any bounded
κ-Lipschitz mapping f : Rm → R,

∀0 ≤ λ <
2√
CPκ

: E [exp (λ |f(Z) − E[f(Z)]|)] ≤ 4/
√
CP + 2λκ

2/
√
CP − λκ

.
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Proof of Lemma B.3. Consider a deterministic vector u ∈ Rm satisfying |u|2 ≤ 1. If u = 0, there
is nothing to prove. Set

Y := u⊤Z − E[u⊤Z].

To apply Bobkov–Ledoux’s exponential integrability bound, we introduce a quantity M > 0 and
the mapping TM (t) := (−M) ∨ (t ∧M), which allows us to truncate the linear form. Define

Y (M) := TM (u⊤Z) − E[TM (u⊤Z)].

Then Y (M) is bounded, centered, and |u|2-Lipschitz as a function of Z. Lemma B.5 applied with
λ = 1/(

√
CP |u|2) yields

E

[
exp

(
|Y (M)|√
CP |u|2

)]
≤ 6. (B.2)

By the Poincaré inequality applied to linear functions, u⊤Z has finite variance. Hence TM (u⊤Z) →
u⊤Z in L1, so Y (M) converges to Y in probability and along a subsequence almost surely. Fatou’s
lemma allows us to pass to the limit in (B.2), with Y in place of Y (M). Therefore, using tk ≤ k!et

for t ≥ 0,
∀k ∈ N : E|Y |k ≤ 6k! (

√
CP |u|2)

k.

Hence, since k! ≤ kk, ∥∥∥u⊤(Z − E[Z])
∥∥∥
Lk

≤ 61/k
√
CP k |u|2 .

Taking the supremum over |u|2 ≤ 1 gives the claim.

Lemma B.6 (Euclidean moments of a random vector). Let m ∈ N and let Z ∈ Rm be a random
vector. Then, for any k ≥ 2,

∥|Z|2∥Lk ≤
√
m sup

∥u∥≤1

∥∥∥u⊤Z∥∥∥
Lk

.

Proof. Let (ea)a≤m be an orthonormal basis of Rm. For k ≥ 2, Minkowski’s inequality gives

∥|Z|2∥Lk =

∥∥∥∥∥∥
(

m∑
a=1

|e⊤a Z|2
)1/2

∥∥∥∥∥∥
Lk

≤

(
m∑
a=1

∥∥∥e⊤a Z∥∥∥2
Lk

)1/2

.

The stated bound follows by taking the supremum over all unit vectors.

The next lemma shows that maxima of a family of random variables satisfying similar linear
moment-growth bounds grow only logarithmically with the size of the family. Note that this
type of uniform control is not available from fixed-order moment assumptions alone.

Lemma B.7 (Maxima under polynomial moment growth). Let α > 0. Assume that Z1, . . . , Zm

are real-valued random variables and that there exists C > 0 such that, for every integer q ≥ 1,

max
ℓ∈[m]

∥Zℓ∥Lq ≤ Cqα.

Then, for every integer r ≥ 1,∥∥∥∥max
ℓ∈[m]

|Zℓ|
∥∥∥∥
Lr

≤ eC (⌈r ∨ log(em)⌉)α .
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Proof. Let
q := ⌈r ∨ log(em)⌉ .

Then q ≥ r, and ∥∥∥∥max
ℓ∈[m]

|Zℓ|
∥∥∥∥
Lr

≤
∥∥∥∥max
ℓ∈[m]

|Zℓ|
∥∥∥∥
Lq

≤

(
m∑
ℓ=1

∥Zℓ∥qLq

)1/q

≤ Cqαm1/q.

Since q ≥ log(em), we have m1/q ≤ e, which proves the claim.

Lemma B.8 (Conditional Lk Poincaré bound). Let Z = (Z1, . . . , Zn) be a vector of independent
blocks. Assume that the block Zj satisfies a Poincaré inequality with constant CP . Then, for
every integer k ≥ 2 and every sufficiently smooth scalar function F ,

∥F (Z) − Ej [F (Z)]∥Lk ≤ Ck,P

∥∥|Dj [F ]|∗2
∥∥
Lk ,

where Ck,P depends only on k and CP . More precisely, one can take Ck,P = O(k
√
CP ).

Proof. It suffices to prove the corresponding conditional estimate. Fix all blocks except Zj , and
write

Y := F (Z) − Ej [F (Z)], G := |Dj [F ]|∗2 .
For q ≥ 2, set

aq := ∥Y ∥Lq
j
, bq := ∥G∥Lq

j
.

The Poincaré inequality applied conditionally to |Y |q/2 gives

Varj

(
|Y |q/2

)
≤ CP

q2

4
Ej

[
|Y |q−2G2

]
.

By Hölder’s inequality,
Ej

[
|Y |q−2G2

]
≤ aq−2

q b2q .

Hence

Varj

(
|Y |q/2

)
≤ CP

q2

4
aq−2
q b2q .

Since

Ej |Y |q = Varj

(
|Y |q/2

)
+
(
Ej |Y |q/2

)2
,

we obtain

aqq ≤ CP
q2

4
aq−2
q b2q + aqq/2.

If aq = 0, there is nothing to prove. Otherwise, dividing by aq−2
q and using aq/2 ≤ aq, we get

a2q ≤ CP
q2

4
b2q + a2q/2.

Iterating this inequality until the exponent lies in (1, 2], and using the ordinary Poincaré inequality
at exponent 2, gives

aq ≤ C
√
CP q bq

for a universal constant C. Taking q = k, we have shown that, almost surely with respect to the
remaining blocks,

∥F (Z) − Ej [F (Z)]∥Lk
j
≤ C

√
CP k

∥∥|Dj [F ]|∗2
∥∥
Lk
j
.

Raising this inequality to the power k and integrating over the remaining blocks yields

∥F (Z) − Ej [F (Z)]∥Lk ≤ C
√
CP k

∥∥|Dj [F ]|∗2
∥∥
Lk .

This proves the claim.
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Lemma B.9 (Operator norm of a Poincaré data matrix). Let Z = (z1, . . . , zn) ∈ Mp,n have
independent columns. Assume that each zi satisfies a Poincaré inequality with constant CP =
O(1), and that

sup
i∈[n]

|Ezi|2 = O(1).

Then, for every fixed integer k ≥ 1,∥∥∥|Z|op
∥∥∥
Lk

= Ok

(√
p + n

)
.

This lemma relies on the following result taken from [1] (one could also use ε-nets to prove it)

Lemma B.10 (Empirical-covariance input). Let Y = (y1, . . . , yn) ∈ Rp×n have independent
centered columns. Assume that, for some constant K = O(1),

sup
i∈[n]

sup
∥u∥2≤1

sup
q≥1

q−1
∥∥∥u⊤yi∥∥∥

Lq
≤ K, sup

i∈[n]
E∥yi∥22 ≤ K2p.

Then there exists a constant C = C(K) such that

P
(
∥Y Y ⊤∥op > C(p + n)

)
≤ 1

4
.

Proof of Lemma B.9. Write

mi := Ezi, M := (m1, . . . ,mn), Y := Z −M = (y1, . . . , yn).

The deterministic mean part satisfies

|M |op ≤ |M |F =

(
n∑

i=1

|mi|22

)1/2

= O(
√
n) ≤ O

(√
p + n

)
.

It remains to control Y .
For every u ∈ Rp with |u|2 ≤ 1, the Poincaré inequality applied to the linear map x 7→ u⊤x

gives
Var(u⊤zi) ≤ CP .

Hence ∣∣∣∣∣
n∑

i=1

E[yiy
⊤
i ]

∣∣∣∣∣
op

≤ CPn.

Moreover, Lemma B.3 gives the uniform sub-exponential moment bound

sup
i∈[n]

sup
|u|2≤1

sup
q≥1

1

q

∥∥∥u⊤yi∥∥∥
Lq

= O(1).

Furthermore,
E |yi|22 = Tr

(
Cov(zi)

)
≤ CP p,

and Lemma B.3 gives

sup
i∈[n]

sup
∥u∥2≤1

sup
q≥1

q−1
∥∥∥u⊤yi∥∥∥

Lq
= O(1).

Therefore Lemma B.10 yields, for a constant C depending only on CP ,

P
(∣∣∣Y Y ⊤

∣∣∣
op

> C(p + n)

)
≤ 1

4
.
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P
(∣∣∣Y Y ⊤

∣∣∣
op

> C(p + n)

)
≤ 1

4
.

Equivalently, with
R := |Y |op ,

we have

P
(
R ≤ C

√
p + n

)
≥ 3

4
.

On the other hand, the map Y 7→ |Y |op is 1-Lipschitz with respect to the Frobenius norm.
Since the columns of Y are independent and each satisfies a Poincaré inequality with constant
CP , tensorization and the Bobkov–Ledoux moment consequence give, for every fixed integer
k ≥ 1,

∥R− ER∥Lk = Ok(1).

Here one may apply Lemma B.5 first to the bounded truncations R ∧A, and then let A → ∞.
We now combine this concentration around the mean with the preceding positive-probability

bound. Let
a := C

√
p + n.

If ER > a + t, then

3

4
≤ P(R ≤ a) ≤ P(|R− ER| ≥ t) ≤

∥R− ER∥kLk

tk
.

Since ∥R− ER∥Lk = Ok(1), this implies t = Ok(1). Therefore

ER = Ok

(√
p + n

)
.

Consequently,
∥R∥Lk ≤ ER + ∥R− ER∥Lk = Ok

(√
p + n

)
.

Finally, ∥∥∥|Z|op
∥∥∥
Lk

≤ |M |op +
∥∥∥|Y |op

∥∥∥
Lk

= Ok

(√
p + n

)
.

Under Assumption 1, p = O(n), and the final bound becomes Ok(
√
n).
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