A Central Limit Theorem for Regularized M-Estimators

Abstract

We prove a quantitative central limit theorem for linear functionals of regularized empirical-
risk minimizers in the proportional-dimensional regime p = O(n). The data columns are
independent, not necessarily identically distributed, and satisfy a uniform columnwise
Poincaré inequality. Under uniform curvature and smoothness assumptions, and for a
quadratic regularizer, we show that every nondegenerate statistic \/ﬁu—ré, centered by its
expectation and normalized by its standard deviation, converges to a standard normal
random variable in Wasserstein distance, with rate O((logn)"n~'/4). The proof is based on
moment and stability bounds for the minimizer, a second-order leave-one-out expansion, and
a perturbative normal-approximation argument for functions of independent variables. We
also prove the variance upper bound Var(u"0) < C \u|§ /n, identifying the /n fluctuation
scale.

1 Introduction

We consider a regularized empirical-risk minimizer

X ‘ 1 o
0 = argmingepy {n Zl Lz} 0) + p(@)} .

Here X = (z1,...,x,) € RP*™ has independent columns, the loss L : R — R is smooth and
uniformly convex, and the regularizer p : RP — R is strongly convex. Problems of this form
are central in classical M-estimation, robust statistics, and convex learning theory. In fixed
dimension, consistency and asymptotic normality for smooth M-estimators are classical; see
Huber [11] and van der Vaart [20].

When the dimension grows with the sample size, the fixed-dimensional theory no longer
applies directly. Classical increasing-dimension normal approximation results, such as those of
Portnoy [16], Mammen [14], and He-Shao [10], require the dimension to grow sufficiently slowly
compared with the sample size. In the proportional regime, where p/n is of constant order, central
limit theorems and exact-asymptotic descriptions have been obtained in more structured settings.
Donoho-Montanari [6], Sur-Candes [19], Zhao-Sur-Candes [21], and Bellec-Shen-Zhang [3]
work under Gaussian-design assumptions, possibly with general covariance. Lei—Bickel-El
Karoui [13] prove coordinate-wise normality under fixed-design regularity conditions. El Karoui
and collaborators [8, 7] allow non-Gaussian designs, but the assumptions still impose iid, isotropic,
or independent-entry structure together with strong concentration properties.

The present paper proves a quantitative central limit theorem under weaker distributional
assumptions on the design. We work in the regime p = O(n), and the columns z; are independent
but need not be identically distributed, Gaussian, centered, isotropic, or have iid entries. The
main concentration assumption is instead a uniform columnwise Poincaré inequality. Under the
smoothness and curvature assumptions stated below, and for a quadratic regularizer, we prove a
Wasserstein CLT for arbitrary deterministic linear projections of the minimizer. More precisely,
for deterministic directions u = u,, € R? with |u|, <1, set

o2 = Var(\/ﬁu—ré).



If inf,, 02 > 0, then
Ty _ )
vnu'0—Elynu'6] = N0, 1)

On

quantitatively in Wasserstein distance, with rate O((logn)"n~1/*). We also prove the variance
upper bound

2
Var(u' ) < %,
n

so that the only variance assumption in the CLT is the matching lower bound.

The proof combines leave-one-out expansions with the perturbative normal-approximation
method of Chatterjee [5]; see also the quantitative Berry—Esseen theory for nonlinear statistics and
M-estimators of Shao-Zhang [17]. The key step is a second-order leave-one-out approximation for
the increments of \/n uTd. This expansion uses an averaged-leverage score to remove the leading
dependence of the active score on the active column. Once this approximation is established,
moment estimates and conditional-covariance bounds verify a perturbative Wasserstein criterion
for asymptotic normality.
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2 Setting, assumptions, and main result

2.1 Notation

We use the following notation. For a measurable function f : R? — R, a finite-dimensional
vector a = (a;), and A € M, ,,, set

* |flo = supzern |f(2)];



1/2
b |a]2 = (Zz azz) / and \a|oo := sup; |a;l;

o |Al,y := supj,y, <1 |Az], and |Alp = /Tr(AAT).

Given f € C%(RP) and z € R?,

z z T azfz g
V§(z) = (85‘;1),...,%) . Vi(2) = <82 CE,ZD :
a a,b=1

For ¢ indexing a column of Z = (z1,...,2,) € M, we write D, for the Fréchet derivative
with respect to zp. If T'=T(Z) is real-, vector-, or matrix-valued, then Dy[T'(Z)][h] denotes the
derivative in the direction h € RP. For instance, when T is vector-valued,

T(Z + he) ) = T(Z) = Dy[T(Z)][h] , = o([hly).
When T is matrix-valued, we write

ID[T]5, := sup [De[T][R]l,, ,
|h[;<1
with analogous notation for the other norms and for real- or vector-valued maps. For example,

given u € RP, .

‘uTDg[T] = sup ‘uT]D)g[T] [h]‘ .
2 |hlp<t 2
We will keep the || - || notation for the integrated norms defined for any k£ > 0 and any random
variable Z € R as:
1
1Z]| x = E[|Z]*].
Given a statistic g((z1,...,2,)) depending on n independent variables z1, ..., z,, we denote:

lg((z1 - 2a) e = Ellg((z1, -, 2)[F | (25) jepap iy ]

Similarly, E;, Var;, and Cov; denote conditional expectation, variance, and covariance with
respect to z; only, conditionally on all other variables.

For two nonnegative sequences (a,) and (by,), we write a,, = O(by,) if there exists C' > 0 such
that a, < Cb, for all large enough n, and a,, = o(by,) if ay /b, — 0. All implicit constants are
deterministic and independent of n and p, unless explicitly stated otherwise.

2.2 Setting

Let X = (1,...,x,) € RP*™ have independent columns x1,...,z, € RP. For 6 € RP, set
1 « X
Ux(f):=— Z L(z] 0) + p(6), 0 := argmingcp, ¥x ().

n -
=1

The assumptions below imply that Uy is strongly convex, so this minimizer is unique. We view
(p, X, L, p) = (Pn, Xn, Ln, pn) as a sequence indexed by n, and we suppress the dependence on n
in the notation.

Assumption 1. p = O(n).
Assumption 2. |[L'(0)| = O(1) and |Vp(0)|, = O(1).

Assumption 3. sup;c, [E[zi]l, = O(1).



Assumption 4 (Poincaré inequality for the columns). There exists Cp = O(1) such that, for
every i € [n] and every C! function f : RP — R for which the right-hand side is finite,

Var(f(z;)) < CpE |V f(x:)[*.

Assumption 5. The loss L: R — R is C?, |L”|_, = O(1), and there exists a constant xy, > 0,
with x7 ' = O(1), such that, for all ¢ € R,

L"(t) > kL.

The regularizer p : R? — R is C? and k-strongly convex for some constant £ > 0, with

k=1 = 0O(1), namely

V2p(0) = kl,, 6 €RP.

These assumptions ensure well-posedness and provide the basic moment and concentration
bounds for . To derive a first-order expansion of the leave-one-out perturbation 6 — 9_2, we
also require the following smoothness condition.

Assumption 6. The second derivative L” is globally Lipschitz with constant C, = O(1):
|L"(t) — L" ()| < Cr|t -], t,t' e R.
Moreover, V2p is globally Lipschitz in operator norm with constant C, = O(1):

0,0 € RP.

[V2p(8) = V2p(0)],, < Co |0 =0,

Finally, the CLT proof uses a second-order expansion of the leave-one-out perturbation. For
this step we impose the following additional curvature condition.

Assumption 7 (Third-order curvature). The loss L is C* with!:
|IL" ] = O(1), and  |L"|x = O(1).

The regularizer p is C3. We denote its third-order differential tensor by V3p(6), so that, for any
h € RP, V3p(0)[h] is a symmetric matrix. There exists a constant v, = O(1) such that,

< 0(1),

op —

sup sup [ V3o(6) 1]
9ERP |h|,<1

and for all 6,6, h € RP:
[V p(O)[] — (8" 1], < 7|0 — O] [1l,
Fix a deterministic sequence of directions u = u,, € RP such that
luly < 1.
Define
Fal(X) = Vi 0(X), o2 = Var(fu(X)). (2.1)
Whenever g, > 0, set

fX) = Efu(X)

On

'The bound |L"|s = O(1) will actually only be used in Section 5 but to stay simple we did not isolate it in
an independent assumption.



2.3 Main result

Theorem 2.1 (CLT for linear functionals of the minimizer). Under Assumptions 1-7, assume
in addition that p is quadratic, in the sense that

V3p =0, and inf crfZ > 0.
n

Then

dyy (W, N) = O <(1°g”)8> :

nl/4

where N denotes a standard normal random variable and

dw(Y,Z):= sup [Eh(Y)—Eh(Z)|

|h|Lip§1
1s the Wasserstein distance.

The proof is based on Chatterjee’s normal-approximation method [5] and on the simpli-
fied Chatterjee-type Wasserstein bound of Shao and Zhang [18], recalled in Appendix A as
Theorem A.1. We use the following leave-one-out reformulation.

Let Z = (z1,...,2,) have independent coordinates, and let Z' = (2],..., z])) be an indepen-
dent copy of Z. For A C [n], let Z4 be obtained from Z by replacing z; by 2} for every i € A,
and set

Aj={1,...,i—1}.

Let g, = gn(Z) be a real-valued statistic. For each i € [n], let g,,* be a leave-one-out statistic
depending on all coordinates except z;. We define

5i9n(ZA) = gn(ZA) - gg%Zéi),
where Zfi denotes Z4 with its ith coordinate removed.

Theorem 2.2 (Leave-one-out Wasserstein bound). Assume that z1, ..., z, are independent. No
identical-distribution or exchangeability assumption is imposed. Define

° Gg,n = V&r(gn(Z))7

o = PiPicln) 16:9n(Z) = E;[8:9n(Z)] | 1
i#]

o (7= SUD;en] \/Var(COVZ‘(&gn(Z),5i9n(ZAi)))-

Assume that these quantities are finite and that aém > 0. Let

gn(Z) - Egn(Z) )

Og,n

Wyn =

)

Then, for a standard normal random variable N,

c A\TV2 8n(ml)?
dw (Wyn, N) < o [n(m7(14))4 +n(n—1) ((m$14))3cfl + (m%l))?cfl)] + n(:;)’
gn o

where C' > 0 is a universal constant.



With the notation of (2.1), we apply Theorem 2.2 with Z = X and g, = f,. The corre-
sponding leave-one-out statistic is
Frl(X_) = vnu' 0,

where

. ) 1

0-i = argmingeg, Wx_,(0),  Wx ,(0) = > Lz} 0) + p(6). (2.2)

J#i

The normalization is kept equal to 1/n, so that Ux_. is the original objective with the ith loss

term removed.
To prove Theorem 2.1, it remains to establish the following estimates:

1. 0, = O(1) in Section 3, Remark 3.16;
2. mi) = O(l(\)%n> in Subection 4.1, Remark 4.11;
n
3. ¢ = O(M) in Subsection 5.2, Proposition 5.13
4. ¢t = O(%) in Subsection 5.3, Corollary 5.22

Together with the nondegeneracy assumption inf,, o2 > 0, these bounds imply the Wasserstein
rate stated in Theorem 2.1.

The argument proceeds in three main stages. First, we prove moment, stability, and variance
bounds for the minimizer and its leave-one-out analogues. Second, we derive first- and second-
order leave-one-out expansions for uT(é — é_z) Third, we insert these expansions into the
perturbative normal-approximation bound and verify the required sensitivity and covariance
estimates.

3 Preliminary concentration properties

3.1 Basic concentration results on the data

We first collect the concentration estimates for the data and the minimizer that will be used
throughout the proof. The general Poincaré facts are recalled in Appendix B; here we only
record their consequences for the independent columns x4, ..., x,.

Lemma 3.1 (Tensorized Poincaré inequality for the data). Under Assumption 4, for every
sufficiently smooth f: M, , — R,

Var(f(X)) < Cp Y _ || Di[f(X)][3 172
i=1

Proof. This is Proposition B.1 applied to the independent columns x1, ..., Z,. ]

The next lemma gives the data moment bounds used below. It is a direct consequence of
Lemma B.3, Lemma B.6, and the boundedness of the column means.

Lemma 3.2 (Column moment bounds). Under Assumptions 3 and 4, for any sequence of
positive integers kn > 1, and any deterministic sequence u = u,, € RP satisfying |u| < 1,

T = O(ky).

sup ||u ' x;

i1€[n]

If, in addition, Assumption 1 holds, then
sup [|[zily]l i, = O(knv/n).

i€[n]

Lkn



Proof. Lemma B.3 gives

u' (x; — Ex;) = O(kn), lul <1.

su
p Lkn

i€[n]

Since
" Eai| < [Exil, = O(1)

uniformly in 7 by Assumption 3, the first bound follows by the triangle inequality. The second
bound follows from Lemma B.6 and p = O(n). O

Combining Lemma 3.2 with Lemma B.7 also gives the logarithmic control of columnwise
maxima that will be used later. For instance, if (u;);e|,) is deterministic and [u;| < 1, then, for
every k > 1,

max |u; ;]
1€[n]

= O(max(k,log(en))).
Lk

Lemma 3.3 (Conditional quadratic-form bound). Let
¥ = B[z, |

denote the second-moment matriz of x;. Under Assumptions 3 and 4, for every fired k > 1,
every deterministic symmetric matriz A, and every i € [n],

The same bound holds conditionally whenever A is independent of x;.

] Az — Tr(EiA)HLk < O(|Alp).

Proof. It is enough to prove the result for deterministic A, since the conditional version follows
by freezing the variables on which A depends. Write x; = m; + y;, where m; = Ex; and Ey; = 0.
Then

x) Ar; — Tr(X;A) = (y;Ayi — E[yiTAyi]) + 2m; Ay;.

The linear term satisfies

|l Aui| |, < OkllAmil,) < Ok(1Al,,) < Ok(IA]),

Lk

by Lemma B.3 and Assumption 3. For the centered quadratic term, we use the standard L*-form
of the Poincaré inequality, obtained by applying the Poincaré inequality to powers of the centered
function:

1F' = EF| i < Ok([IVF5ll 1) -
Applying this to F(y) =y " Ay, whose gradient is 24y, gives

If A=Y, 040w, isasingular-value decomposition, then Minkowski’s inequality and Lemma B.3
yield

y; Ay; — Ely; Ay;]

Ik < Ok(H|Ayz|2”Lk) :

2
-
We, Yi

1/2
Lk> < Ok(|Alp)-

Ayl < (zaz
a

Combining the two estimates proves the lemma. O

Let us finally mention, as a direct consequence of Lemma B.9 that will only be used once to
set Lemma 4.12:

Lemma 3.4. Under Assumptions 1,3 and j:

X opll = O(v/n).



3.2 Control of the minimizer and its leave-one-out displacement
We start with a deterministic stability estimate for strongly convex functions.

Lemma 3.5 (Stability of minimizers). Let ¢ : RP — R be differentiable and k-strongly convex,
and let

g = argmin, gy B().
Then, for every x € RP,
1
g~ aly < - V().

Proof. Strong convexity implies the k-strong monotonicity of V¢:
(Vo(x) = Vo(y),x —y) > rlz —yl5.
Taking y = p14 and using Vo (ug) = 0, we obtain
ke = pgl® < (Vo(a),x — pg) < [Vo()ly 2 = pgly
The claim follows by canceling one factor |z — 14|, the case = p14 being immediate. O

Lemma 3.6 (Empirical gradient at the origin). Under Assumptions 1-4, for any sequence

k= (kn)nEN’
[IVEx(0)|o]l o = O(kn).

Proof. We have

vy = X0y vo0),

i=1
Thus
IVx(0)lo]l e < [VP(0)], + [L(0) ZEl‘z +L'(0) ‘ Z — Ea;)
i=1 21l Lkn
The first two terms are O(1) by Assumptions 2 and 3.
Set
1 n
Sn = E Z(xz — Exl)
=1
For each deterministic v € RP with |u| < 1, the map
X —=u'S,
is a centered linear functional of X with Euclidean coefficient norm at most n~'/2. By Lemma 3.1
and Lemma B.3,
sup Hu = O(kon~1/?).
Ju[,<1 "llen ( " )
Lemma B.6 and p = O(n) then give
Salall o < VB sup (a7 = Oka)
Jul,<1 Lin
Since |L'(0)] = O(1), the claim follows. O

Theorem 3.7 (Moment bound for the minimizer). Under Assumptions 1-5, for every sequence
of positive integers k, > 1

H\ébHL + sup = O(kp).

i€[n]

‘ 0.

Lkn



Proof. By Assumption 5, the objective U x is k-strongly convex. Lemma 3.5, applied to ¢ = Wx
and x = 0, yields .
02 < 71 [VEX(0)], -

Taking L**-norms and applying Lemma 3.6 proves the claim. The bound for 6_; is obtained in
the same way, applied to
VUx .(0) L' E + Vp(0)
(0) = T
X,7, n J;éz ] p b

which satisfies the same bound as V¥ x(0), uniformly in 7. O

We next control the leave-one-out displacement
50=0-0.  ienl
We require two preliminary results. For i € [n], define the test score
s, = L'z 0_;).

Lemma 3.8 (Test score control). Under Assumptions 1-5, for every sequence of positive integers
kn, )

sup HS’:HL’W = O(k;).

i€[n]

Proof. Conditionally on X_;, the vector 6_; is deterministic and independent of z;. Lemma 3.2
gives

Taking the L*»-norm over X_; and using Theorem 3.7, we obtain

The claim then follows from Assumptions 2 and 5 that provide |L'(¢)| < |L'(0)| 4+ |L"| |t| <
O(1)(1 + |t]). O

2 04| . < O(kn)l0ilo.

x;rﬁ_z

_ 2
Lkn - O<kn)

Lemma 3.9 (Strong monotonicity with prediction curvature). Under Assumption 5, for every
t e RP,

~ 2 R 2 .
% ‘XT(H —t)’2 + 5 |0 —t’Q < =VUx(t)' (0 -1).

Proof. For all 0,60 € RP,
(VUx(0)—VUx(0),0—-06)
1 n
== (L] 0) = L'(x]0))x] (0 = 0') + (Vo(0) = Vp(0).0 - 0').

j=1

Since L” > K,
(L'(x]0) — L'(z] 0)a] (0 — 6') > wp(z] (0 —0))°.
Since p is k-strongly convex,
2
(Vp(8) = Vp(0),0 —0") >k ‘9 — 0"2 :

As a consequence, for all 6,6 € RP,

2
(VU (0) — VU (0),0—0') > %L ‘XT(H — 0| +xlo—05.

Taking 6 = 6, 0’ = t, and using V¥ x(f) = 0, gives the result. O



Lemma 3.10 (Prediction stability of the leave-one-out displacement). Under Assumptions 1-5,
for every sequence of positive integers k,,

50 ‘ o( ki )
sup |||6; = — 1,
iy 117" 12l L Vn
and
XTo) |+ sup || XT08] | =o00).
cop 7oL+ smm [l ], = 0w
Proof. Since
~ 1
V\I’X(H_Z) == ﬁsi €Iy,
Lemma 3.9, applied with ¢t = é_i, gives
2 2 1 .
EL )XT(S,-Q +r |00 < —=s7 a7 50,
n 2 2 n
In particular,
A2 1 A 1 A
L ‘XT@-H < syl |al 0] < ~|s7 | ‘XT(L-@ :
n 27 n n 2
because 33;—62«9 is one coordinate of X Tdié. If ‘X Téié , = 0, the prediction bound is immediate.
Otherwise, dividing by ‘X%é | vields
‘XTcSiH , < ks -

Returning to the same inequality and dropping the nonnegative prediction term,

sl
2 KLN

A2
;0
2

1, _ 1 .
< sy lal 801 < _|s7| [XT 8,0
n n

K

Taking L**-norms and using Lemma 3.8 gives the first two estimates. Finally,

I

)Xfiéié )

< ‘XTcSié
2

which gives the last one. O

3.3 Concentration of the minimizer

We next derive the sensitivity estimates for 6 with respect to the columns of X. These estimates
are the input needed to apply the tensorized Poincaré inequality to functions of 6.
Fix i € [n], freeze all columns except x;, and perturb z; in the direction h € RP:

w()=witth,  wt)=x; G#) 00 =06(X(1).

The first-order condition is
1 n
0=VUxe @)=~ > L (i () () (t) + Vp(6(2)).
j=1

Since W is strongly convex and C2, the implicit function theorem allows us to differentiate this
identity at ¢ = 0. Define
G:=VUx(0) L

10



Writing 6’(0) = ;[][h], we obtain
. 1 N R .
GTDi{f)[A) + - [L”(xiTQ)(hTO)xi (2] e)h] —0.
Equivalently,

1

;4] -

[L"(xj )Gz + siG} . (3.1)
where we introduced the following notation for the train score:

si = L'(z; 0)

Lemma 3.11 (Uniform prediction moments). Under Assumptions 1-5, for every sequence of
positive integers ki,

=O(ky),  sup [[sill . = O(k7)-

i€[n]

sup
i€[n]

L

Lkn

Proof. Fix i € [n]. Since 6_; is independent of z;, conditioning on 6_;, applying Lemma 3.2, and
then using Theorem 3.7 give

‘:cjé_i L, = OK2).
One can then deduce from Lemma 3.10 that:
‘ J:Ié‘ < ‘ z 0_; + ‘ z) (0 —0_;)
Lkn Lkn Lkn
< O(k2 H‘XTé—é_i ‘ — O(k2
<o) +|[xT@-a| | . =oud)
Finally, since
IL(t)] < O(1)(1 + [t]),
the same bound holds for s; = L/(z; ). O

Lemma 3.12 (Differential bound for the minimizer). Under Assumptions 1-5, for every i € [n],
every random vector z = z(X), and any sequence k = (kn)nen,

s 20 () (Frem

Proof. Multiplying the differential identity (3.1) by 2", we get, for every h € RP,

|l

e 2Ll o, )

1 A A
2TDi0) [h) = ——h" [L”(xj 0) (2] G2)6 + SiGz] .
Since |G|, < k1 and |L”| = O(1),

‘ZTDi[é]‘* < OS) (17 621 \9\2 + Isil I2l,) -

Taking L**-norms and applying Hélder’s inequality, together with Theorem 3.7 and Lemma 3.11,
proves the claim. ]
Lemma 3.13 (Empirical prediction energy). Under Assumptions 1-5, for every sequence of

positive integers ky,

= O(k721)7
Lkn

= O(k2).
Lkn

n
15:2

n -
i=1

i=1

11



Proof. Applying Lemma 3.9 with ¢t = 0, we get

n
. 12 .
FL (xiT9)2+/<c‘9‘ <~V (0)74.
n 2
By Young’s inequality,
VU (0)T8 < = VU (0)2 + & é’z
X 2k XA Py

After cancellation,

LS @) < 0(1) VU (0)2.

Taking L*»-norms and using Lemma 3.6 at exponent 2k,, we obtain the first bound.
Since |L"| = O(1) and |L'(0)| = O(1), |L'()|*> < O(1)(1 + ¢?), and therefore:

which gives the second bound. O

Lemma 3.14 (Square-summed background sensitivity). Under Assumptions 1-5, for every
random vector z = z(X) and any sequence of integers k, > 1,

Hi Gelo *)2 <0 <"’f) 112112 40, -
i=1

Proof. The pointwise bound in the proof of Lemma 3.12 gives

“\2 o) ;
) <257 @l G108 + s 1413]

‘Ln

(’zTDi (4]

By Assumption 5,

_ A A KL o
G != ” ZlL”(:UZTG)xi:EZT + V2p(0) = - Zlajza::
1= 1=

Hence
1 ¢ T -1
=) i < <
G (n 2 TiT; ) G2k "GO,

and therefore .

Y (@] Gz)* < 0n) 3.

i=1
Summing the pointwise bound over ¢ yields

z": (‘ZTDi[é] *)2 _ oW

- n
1=

. 1 <& 5
0130

1=

Taking LF7-norms and using Hélder’s inequality gives

n A 2 0(1) 2 1<
. Uil) 1 2
HZ <‘Z D10} ) n 2+nzsi
=1 =1
By Theorem 3.7 and Lemma 3.13, applied at exponent 2k, the first factor is O(k2). Since

2
H|Z|2‘

the claim follows. O

< 0

2

[2kn :

L2kn

Lkn

2
L2kn [{EZPY ey

12



Corollary 3.15 (Variance bounds for smooth functions of the minimizer). Under Assumptions 1-
b, for every sufficiently smooth f : RP — R,

2

L4> '

= |vr@ )|

var((0) < 0 . || 710

|

Proof. By the chain rule,
DiL£(8)]

Applying Lemma 3.1 and then Lemma 3.14 with z = Vf(0) and k, = 1 gives

2
4)

|

var(70) < e ([vrmia]) <o (1 ||vse
1=1

Remark 3.16. Corollary 3.15 gives, in the setting of Theorem 2.1,

o2 =n Var(u') = O(1).

n =
Thus the additional variance assumption in Theorem 2.1 is only the lower bound inf,, o2 > 0.

Until now, we were able to show in Lemma 3.10 that [|[6:0]2]| . < O(1/y/n) however that do
not allow us to reach already the bound ||\/nu" 88| < O(1/y/n) that is needed to be able to
use the Wasserstein bound of theorem 2.2. This estimate will be though provided through a
precise estimation of the leave-one-out displacement in next section

4 Leave-one-out perturbation expansion
The goal of this section is to obtain quantitative expansions of the leave-one-out displacement
529A ::é—é_i, S [n]

The prediction stability estimates proved below give direct control of X Téié, while the Wasserstein
bound requires a more precise description of deterministic projections u'8;0. We first derive
a first-order expansion, then introduce an averaged-leverage score which removes the leading
dependence of the score on the random leverage n_lmIG,ia:i. Finally, under the third-order
curvature assumptions and the condition V3p = 0, we derive a projected second-order expansion
based on this averaged score.

For i € [n], write

—1 1 A . —1
U (0) = - Z L(ijQ) + p(0), 0_; := argmingcg, V'(6),
J€ln]

J#i
and =
Gfl' = <V2\If;(2(éfz)) s S; i — L,(:L‘

By Assumption 5, G_; is well-defined and

‘G_i‘op < kL

13



4.1 First-order expansion

Lemma 4.1 (Exact leave-one-out identity). Under Assumption 5, for every i € [n],

_ _ 1 . 17t
0,0 = —ﬁGiCEi, G; = |:/ V2\I/)_(Z (9_1‘ + téia) dt
n 0
Proof. Since V¥ x(0) = 0 and
Ux () = Uy (0) + —L(] 6),
we have 1
VUE(0) = — =L (2] 0)z; = — L
n

Moreover, V‘lf;(i(é,i) = 0. Hence

N . ~ . A 1 . A A~ A
—ﬁxi =VV¥(0) - VI(0-;) = [/ VQ\IJ;(’ (9—1‘ + té,ﬂ) dt| 6;0.
n 0
The integrated Hessian is invertible by Assumption 5, and the claim follows. 0
Write
Gi'=GZj+Ri,  Ri=R[+R
where
1
RE = / [2p(0-: + 16:0) — V2p(0-)| . (A1)
0
and
1
Rl = —Xx ,ix’,. (4.2)
n

Here T'; is the diagonal matrix, indexed by j # i, with entries

1
(y); == /O [L” (xj(e_i + tdﬂ)) - L”(x;rﬁ_i)] dt.
The resolvent identity gives
G_; — G’Z = GlRZGfl (4.3)

Lemma 4.2 (Curvature bounds for the resolvents). Under Assumption 5, for every i € [n] and
every realization,

‘G’i‘op =+ ‘G—i‘op = 0(1)7
|GiX_i],, + |GiX_il,, = O(Vn),

and

’XLGZ-X,i

+ ’XIZszXfZ
op

= O0(n).

op
Proof. For every 0,
; K
V2U(0) = kI, + %X,iXL.

The same lower bound holds after averaging in the definition of Gi_l. Thus Gj and G’i_l are
both bounded below by the right-hand side. This first gives

‘G_i‘op + ‘Gi‘op = O(l)

14



If M € {G_;,G;}, then
'7”.,1 - RL X . T‘
[ n —'LAX,Z-

Therefore
MY2x_xT oy < g
X <1,
KL
It follows that
IMX_if2 = ’MX,iXLM

n
<— M|, =0
S M|, = O(n),

and
n
< —.

‘XLMX_,-
op K,

- ‘MI/QX_iXIiM1/2

op
This proves the claim. O

Lemma 4.3 (Score comparison and score moments). Under Assumptions 1-5, define
s; = L'(x]0_).

Then, for every i € [n],
[sil < s |-

Moreover, for every fized k > 1,

sup HSZHLk =+ sup Hsz_HLk = O(1).
i€[n] i€[n]

1€|n
Proof. Let
1
o ::/ L (x;r(ﬁ,l +t519)> dt.
0
Then
S; = Si_ + alxjéze
By Lemma 4.1,
n
Thus

o T~
S; (1 + #xZTGZwJ =5, .

Since a; > 0 and G; > 0, we obtain
|sil < s |-

It remains to bound s; . By Assumptions 2 and 5,

L) < [L(0)[ +[L7] It] < O@)(1 + |t]).

Conditionally on X_;, the vector é_i is deterministic and independent of x;. Hence Lemma 3.2
gives

Taking the L*-norm over X_; and using Theorem 3.7, we get

1‘:0_1

< Ox(1) ‘é_i

=
Li

) .

Ta
sup ||z; 0—i|| = Og(1).
i€[n] ’ Ik
Therefore
sup HS;HL’C = Ok(1)7
i€[n]
and the comparison |s;| < |s; | gives the same bound for s;. O

15



Lemma 4.4 (Cross-leverage bounds). Under Assumptions 1-5, for every fixed k > 1,

sup ’inGfifUi H = Og(v/n logn),
i€[n] oollLk
and
T e —
Zseu[g] ‘X_iG,Z;UZZHLk Og(n).

Proof. Condition on X_;. Then G_; and (x;);; are fixed and independent of ;. For every
j # 1, Lemma 4.2 gives

’G_Z’SU]'|2 S |G—iX—i|op = O(\/ﬁ)
Thus, conditionally on X_;, the linear moment bound under the Poincaré assumption gives, for
every integer ¢ > 1,

I?QZX ml—-rG,ijHLq < O(gv/n).

Applying Lemma B.7 conditionally on X_; gives

ngx!ﬁ«“iTG—ﬂj\ < Ok(v'n logn).
J7 k

L7

k3

Taking the L*-norm over X_; proves the first estimate.
For the second estimate, Lemma 4.2 gives

9 < ‘G—iX—i‘op ’x1’2 = O<\/ﬁ) ’mZ‘Q :
The claim follows from Lemma 3.2. O

Lemma 4.5 (Frobenius bound for the loss-curvature drift). Under Assumptions 1-6, for every
fized k > 1,
sup [||Ti| gl x = Ow(1).

i€[n
Proof. By Assumption 6, for j # ¢,
(T3);] < O(1)|] 6:6).

Therefore X
Tl e < O(1) | X700

2
The result follows from Lemma 3.10. O

Remark 4.6. At this stage we only need a Frobenius bound on I';. The sharper entrywise

estimate |
ogn
=0
LA ’“< \/ﬁ)

will follow later from the projected first-order estimate (see Lemma 4.18). The Frobenius bound
is sufficient for the first-order expansion because it is used through

sup

Tilop
i€[n]

ITivly < Tilp |v] veR"

Lemma 4.7 (Regularizer drift term). Under Assumptions 1-0, for every fixed k > 1,

J=0(3)

S; =
sup H iGlRfolSCZ
ic[n) 11 T

16



Proof. By Assumption 6 and Lemma 3.10,

5]
< .
,<0)

p
[R5 o, < O(1) NG

op —

Consequently,
o(1)

n/n

<

|sil [s; | |Zily -

Si =
n 2

The claim follows from Lemmas 4.3 and 3.2, together with Holder’s inequality.

Lemma 4.8 (Loss drift term). Under Assumptions 1-6, for every fized k > 1,

iiXe} REG iz

n

H _Ok<logn>.
21l Lk n

Z' 3 [GiXi] Il [XTGoia|

i€(n]

Proof. Since RF =n=1X_;,I X,

S; =
n

By Lemmas 4.3, 4.2, 4.5, and 4.4, Holder’s inequality gives

H :Ok<logn).
21l Lk n

Si =
n

1€[n]

Define the first-order leave-one-out displacement based on the train score by

096 = 2.
n

7,tr

(4.4)

Theorem 4.9 (First-order vector leave-one-out expansion). Under Assumptions 1-6, for every

fixed k > 1,
sup Z(t)re ’ _ Ok<logn> ’
i€ln) Lk n
and
160 — 51 (log ”) .

Proof. Using Lemma 4.1 and (4.3),

50— 608 = G R,G_iw; = 2GiRIG_ s + ZGiRFG i,
n n n

i,tr

The first estimate follows from Lemmas 4.7 and 4.8.

For the projected estimate, multiply the preceding identity by in. For the regularizer

contribution, using (4.4), Lemma 4.2, and |G_;x;|, < O(1) |z;],, we get
1
=0 — |-
QHLk ¥ <\/ﬁ>

XT.GiX_;

n

For the loss contribution,

|51|

‘XT SGREG

\Fi\p ‘ijGfil“i
o0

M=o (77).

Combining the two contributions proves the projected estimate.

Using Lemmas 4.3, 4.2, 4.5, and 4.4, we obtain

sup
i€[n]

n

17



Corollary 4.10 (Projected leave-one-out bounds). Under Assumptions 1-6, for every fized
k> 1 and every deterministic u € RP with |ul, <1,

uTs©4 1 j logn
sup 0; o0 = Oy <> , and sup = Ok( > .
i€[n] vl e n i€[n] iz n
Moreover,
xT5 ‘ — 04(1), d ‘XI-A — 04(1).
ZS;?TIZ) ’ i 1tr oll ok k( ) an zseu[r[z)] A YIS k( )
Proof. For the first scalar bound,
|UT(5(0 9‘ < ’Sli \uTG_zxz]

Conditionally on X_;, the vector G_;u is deterministic and has bounded Euclidean norm. Hence
Lemma 3.2 gives

HUTG,iIEi

Lk = Ok(1).
Together with Lemma 4.3 and Hélder’s inequality, this proves

1
Lk O (n) '

The bound for uT(Sié follows from Theorem 4.9.
Next,

sup H Tél trG

‘XT NOY |sil

—173,tr

S

X'.G_ iz
2

Using Lemmas 4.3 and 4.4 gives the Og(1 ) bound. The final estimate follows from Lemma 3.10.
O

Remark 4.11 (Consequence for the leave-one-out Wasserstein bound). For g, = f,, the
leave-one-out increment in Theorem 2.2 is

Taking £ = 4 in Corollary 4.10 gives

logn

4 — . — g

my, = sup ||0; fn(X)|| ;4 = O< ) )
i€[n) L Vn

For the two covariance quantities in Theorem 2.2, the corresponding expressions are
¢ =+/n sup |[u'6;0(X) —E;[u’5:0(X H

i,j€[n]
i#j

and

¢l =mn sup \/Var<COVj (uTéjé(X),uT6jé(XAj)>>.

Jj€ln]
The first-order expansion is not accurate enough for these two quantities. Indeed, Theorem 4.9
implies only

cr—/n

W54 T50) 4 _ o losn
i jeln] 57, tre( ) [ 62 tre( )] iiL4 O( \/ﬁ ) ’
i#]
which is too large for the target bound ¢ = O((logn)?/n). This motivate the second-order
expansions below. But before that, to better disentangle the dependence of s; on z;, we will
introduce an approximation of s; that expresses as a Lipschitz functional of x;—é_i, namely sg.
That will be crucial to bound efficiently ¢7. To be more precise, we need to work with sg to be

able to set Lemma 5.16 with sufficiently small bounds.

18



4.2 Averaged-leverage score

We now replace the train score s; = L’ (:UzTé) by a leave-one-out score depending on x; only
through :EZTG,Z-. Let us introduce the averaged leverage:

1
¥ = [Q:J—G_m} .
n

Since x; is independent of GG_;, this can also be written as

7

1

By Assumptions 4 and 3,
P

and since |G_;|,, = O(1) and p = O(n),

op = O(1),
0 < Yi = O(l)
The following lemma allows to replace the conditional averaged leverage by its full expectation.

Lemma 4.12 (Concentration of the averaged leverage). Under Assumptions 1-7, for every fized

E>1,
1
=0l — ).

1
—z] G_imi — i
n

sup
i€[n]

Proof. We decompose

lxlTG_Za:z — Y = l (m:G_ZxZ — TI‘(EZ'G_Z‘)) + (1 TI‘(ZZ‘G_Z') — E[l Tr(EiG_i)]) .
n n n n

We first treat the conditional quadratic fluctuation. Conditionally on X_;, the matrix G_; is
deterministic and independent of x;. Thus Lemma 3.3 gives

<o (502) 0, ( 1),
Lk i€ln] n Vn

— (x;rG_ixi — Tr(EiG_i)>

n

sup
i€[n]

since sup;ep |G—il,, = O(1) and p = O(n).
It remains to control

1 1
- TI“(EZG_Z) —E |: TI(ElG_Z):| .
n n

By Lemma B.2, it is enough to prove

x\ 2 1/2 1
2) :Ok<ﬁz>'

Fix j # i. By the resolvent differential identity,

sup Z(

D, [; Tr(ZiGl-)}

1 1 1
We now write explicitly the derivative of G:}. Since

1 ~ ~
GTi=—) L'wf0-i)wer) +V2p(0-),
£
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we decompose
D;[GZ)[h] = Lijlh] + Bij[hl,

(2

where the local part, coming from the direct differentiation of the column z;, is

1 A 1 N R
Ciglh] = L (2] 0-y) (hxj + xth> + =L (2] 0-5) (W70 )aja]

and the background part, coming from the variation of 6_;, is

1 . . . .
Bijlh] = — > 1" (@] ) (2] Dy{0-i][1]) wew/ + V2p(0-) [, 0] 1].
04i
Thus the derivative of the trace splits into a local and a background contribution.
We first bound the local contribution. Using [L"[ = O(1), [L"|,, = O(1), |G_i%:G—i|,, =
O(1), and |h|, < 1, we have

1 0(1) R -
‘n Te(GiXiG il [h])’ <=5 (|G,221G,Z:cj|2 v }9,1 ) ‘mj G,lzle,zm]‘) .
Consequently,
o\ 1/2
1
sup *TI‘(G_iEiG_Z'ﬁij [hD ]
j#i |hly<1 n
Lk
1/2 1/2
o(1) 2 oM 15 T 2
< 2 Z |G,iEiG,iCL’j|2 + 2 ’971 ) Z ‘xj G,iEiG,in
JFi I JF Ik
The first term is Oy (n™!), since
1/2
DoIGLsGzly | < O() Xl

J#i

and ||| X _i|p|[;x = Ox(n). For the second term,

2 2 2 2
] GG | < |GG il a5l < 1Gif2% ISilop 2513 < O(1) 5.

SO
1/2 1/2
2 2
Z ‘.CC;FG_ZZ%G_Z.T]’ S 0(1) Z H\m]g’ L2k
J#i J#i
L2k
1/2
=0 | Yolllwslallzon | = Ouln®’).
i
Together with
6=, .. = o0,
this gives
9\ 1/2
1 1
—T G—zzzG—sz h =0l — ).
2 LSS& n i ”] ()
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We now treat the background contribution. Define the random vector z; € RP by

1 .
zz = = E L'"(;UZG,i) (mZG,iZiG%{Ez) Ty + Zi%p’
n
0+

VP

where 2" is the representing vector of the linear functional

v Tr (G_iEiG_iV?’p(é—i)[U]) )

that is,
(2)") v = Tr(G_ZE G_iV3p (é_i)[v]) .

Then, for every h € RP,
Tr(G_i2iG—Bij[h]) = (2]) "D;[0-i][h].

Thus the background contribution to the square-summed derivative is

2\ 1/2 1/2
1 R *\ 2
Z sup Tr(G i35G _Byi[h) 10> (‘(ZJ)TDJ-[Q,Z-] )
i Lnl=11m "\ =
We first record the bound
11715l v = Ox(n).
Indeed, set
Ai = G,ZEZG,l
For the regularizer contribution, Assumption 7 gives
|27°|, = sup |Tr (Aivgp(é_i)[v]ﬂ
lv],<1
< |Ail, sup [Po(8-)l]| < O(1) |4,
[v],<1 °p

Since [4;],, = O(1) and rank(A4;) < p = O(n),
|21, = O(n).

This is sufficient for the argument below, since the loss contribution is also Oy (n) in L**. For
the loss part, using [L"| = O(1), |G_;%;G_il,, = O(1), and Lemma 3.4,

1/2

1 A oO(1
=3 L) 0-) (xZG,iZ‘iG,ixg) 2| < 7(2> Xilop | S leld
O£ ) 0£i

Taking the L**-norm and using

HyX_

i’op 18k

/2
= Z ’Wb = Ok(”3/2)a

el L8k

we obtain the claimed Og(n) bound for H |z3|2HL4k.
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We may now invoke Lemma 3.14, applied to the leave-one-out minimizer 6_;. The same proof
applies verbatim after replacing X, 0, G by X_;,0_;, G_;, with the normalization still equal to
1/n. Hence

1/2

*>2 < Ok(\/lﬁ) H]szHLM = O(v/n).

> (| Tyl
J# Ik
Multiplying by the outer factor 1/n, we get

1
= T(G-BiGiBy{h])

hlo<1

) | -G

Combining the local and background contributions gives

Z [ sup
ji

*\ 2 1/2 1
2) :Ok<m>'

The tensorized L*-Poincaré inequality therefore yields

sup Z(

D, [:L Tr(ziai)}

1 Tr(%,G_;) — E [i Tr(EiG—i)]

n

sup
i€[n]

1
Lk vn
Together with the conditional quadratic-form estimate at the beginning of the proof, this proves

=)

1
—x] G_imi — i
n

sup
i€[n]

O]

For t € R, define (;(¢) as the unique solution of (see Lemma 4.13 for a justification of this
definition)
z+7L(2) =t

where

1
= [mIG_m} )
n

We also set

Lemma 4.13 (Definition and elementary properties of (;). Under Assumption 5, for every
i € [n] and every t € R, the equation

2+l (z) =t
admits a unique solution z = (;(t). Moreover, t — (;(t) is 1-Lipschitz and
1Gi(®)] < [t] + %I L'(0)]-
Consequently, under Assumptions 1-5, for every fized k > 1,

sup sf

i€[n]

= 0w,
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Proof. Let
Hi(z) ==z + L' (2).

Then
Hl(2) =14+ ~5L"(2) > 1+ vk > 1.

Hence H; is strictly increasing. Moreover, since H(z) > 1,
Hi(z) = 400 as z — 400, Hi(z) - —0c0 as z — —o0.

Thus H; is a bijection from R to R, and {; = HZ-_1 is well-defined. Since H] > 1, its inverse is
1-Lipschitz. In particular,

G (O] = 1Gi(t) = Gi(H;(0))] < [t — Hi(0)] < [t] + %[ L'(0)]-

Taking t = :r:iTéALZ-, conditionally on X_;, the vector 6_; is deterministic and independent of
x;. Hence Lemma 3.2 and Theorem 3.7 give

sup ||z 6_;

1€[n]

Since v; = O(1), |L'(0)] = O(1), and

IL'(2)| < [L'(0)] + |L"| |2,
we obtain R
sup ||L' (Q(x;rﬁ_z)) ’ = O(1),
i€[n] Lk
which is the desired bound on s¢ O

i

Lemma 4.14 (Derivative of the averaged inverse score). Under Assumption 5, for each i € [n],
the deterministic map

te Gi(t), Gi(t) + L' (G(t) =t,

is C1, and
1

W= o)

In particular, for j # 1,

) x’ ) )_;
oifsetia] - Ry

and
D, 66l = L <<i($;‘r 6’_1’?)
L+ L" (Ci(%wfi))

Proof. The derivative of (; follows from the implicit function theorem applied to

z D;[0-i][h].

F(z,t) ==z +yL'(2) — t.

Indeed,
0, F(z,t) =1+~L"(2) > 1,

so the implicit derivative is well-defined and gives

oo 1
G(t) = 1+7%L"(G()
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Since ~; is deterministic, differentiating
Gzl ) +wL! (Ci(CUiTé—i)) =2 0_;
with respect to the column z;, j # ¢, gives
[+ (Gl 0-)) | Dy |Gl 6-0)] (] = 2 16110
This proves the formula for D;[¢;(z; 6_;)]. The formula for D, [sg] follows from the chain rule. [

Lemma 4.15 (Approximation of the train score). Under Assumptions 1-7, for every fixed

k>1,
logn
¢ g
sup ||s; — S; :Ok< >
iem I e vn
Proof. Set
1 - _
)\i = *QS;FGZCCZ
n
By Lemma 4.1,
)0 =x;0_; — NL'(z]0).

Gi(z; =T
Let
H)Mz) := z 4+ ML (2).
Since 4
)\i = —a:j@,xl Z 0

n

and L” > k1, > 0, we have
(HM (2) =1+ NL"(2) > 1.

Hence HZ)‘ is increasing with inverse Lipschitz constant at most one: for all 2,2’ € R,

|z = /| < [H}N(2) = H)MZ).

By Lemma 4.1,
H)z/0) =2/ 0_;.

On the other hand, by definition of (;,
HM G 620)) = Gl 0-5) + 3L (G 60))

Consequently,

(2

Since the map z — 2 + \;L'(2) has derivative at least one,

U (gi(xjé_i)) ‘ .

< |Ai — il
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Therefore,

s = 581 = [T 0) = £ (G(aT0-0))| < 127]. a7 6 = Gl 0| < O IA = il 1561

It remains to bound \; — ;. We decompose

1 1
N — ¥i = (naj‘;rGl:Ez — %‘) + ZL'T(G sz)ll,‘z

The first term is bounded by Lemma 4.12:

For the second term, use B B
G, —G_;, = -G;R;,G_;.

The regularizer contribution is bounded by

L o)

1 T A — 2
E'ri GlRfG—ZxZ — op — n\/ﬁ‘sl Hxib’

|$z’2‘G‘ ’Rp ’G—z’

where we used (4.4). Hence

—xlTézRfG_sz = Ok(nfl/Q).

1
n

1 - _
—xiTGiRiLG_ixi
n

Lk

For the loss contribution,

IN

1 _

D] ‘XLG_ixi
o0

By Lemma 4.2,

, S |GiX_i], |zily = O(Vn) |zil,

Using Lemmas 3.2, 4.5, and 4.4, we get
logn
=0 .
L* k< Vn >

1 _
n

Thus |
ogn
X =il px = Ok< N > :
Since sg Lok T Ok(1) by Lemma 4.13, Holder’s inequality gives

S; — S

logn
¢ N g

From now on, in the scalar leave-one-out approximation, we use the averaged first-order
displacement

O]
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Lemma 4.16 (First-order bounds with deterministic averaged score). Under Assumptions 1-7,

for every fized k > 1,
_ o, <logn> ’
Lk n

sup 51.,9_51(0)@‘ ’
1€[n] 2
and
sup ‘XT,(g.é_égo)é) ‘ :Ok<logn>
i 117 v 2l vn )

Proof. Write
50— 600 = 6,0 — 6906 — 2L G .
’ n

(2

By Lemma 4.15 and Lemma 3.2,

Si—Sg

L G_il’i

n

Lk

Combining this with Theorem 4.9 gives the first bound.
For the projected bound,

si—sg

¢
S;i — S,

Lemma 4.15 and Lemma 4.4 give

¢
8;i— S;
H‘Xl‘ Kl
n

o)

The projected estimate follows again from Theorem 4.9. O

21 L

Corollary 4.17 (First-order bounds with deterministic averaged score). Under Assumptions 1-7,
for every fized k > 1,

0)4 750 logn
sup ’inéi 9’ ’ = Og(1), and sup ’X_iéi 9’ ’ :Ok( )
i€ln] 2llLk @) i€n] collLk Vn

Consequently,
A logn
sup XL-&G = Ok( ) .

P7 00’. Le‘ us bound:
— n —1 1+

—17q

Y

and

—17q

¢
‘XT(S“))@‘ < Isz] ‘XIiG_ia;i
o) n

[e.e]

The L¥-bounds follow from Lemma 4.13 and Lemma 4.4. The final bound for X —_rzélé follows by
adding the projected error bound proved above.
O
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4.3 Second-order expansion

In this subsection we work under Assumptions 1-7 and under the supplementary condition
V3p = 0. Thus V?p is constant and Rl =0.
Define the diagonal matrix I';, indexed by j # i, by

¢
~ 1 N A > ~
(Pi)j = iL’”(:chG_i) .TJT(SZ(O)H = —SfZLm((lZ;-re_i) a;jTG_ia?i,

2n
and set 1
Ri = *X—zf‘szl
n
The second-order correction is C
(52(1)9 = SiG_ZRZG_lIZ
n

Lemma 4.18 (Second-order curvature remainder with deterministic averaged score). Let

E; :=T; — T, equivalently
(]

1
R —R; = 5X,ZEZ-XL.

Then, for every fized k > 1,

logn
sup [l = O (52 ).

1€[n]
Moreover,
sup |||T; ‘ = 0k(1),
i€[n] Irllr ( )
and |
~ ogn
sup |||T] -+ sup ||| :Ok( )
sem I PIEE ey 11 lop | o Vn

Proof. By Taylor’s formula and the Lipschitz bound on L,
(Bl < O] (536 — 6"8)] + O(D)]ae] 5,0

Therefore R R A
Eilp < 00) [ X750 - 679)|_+0(1)|xT8:0

. }Xfiéié

2

The first term is O ((logn)/y/n) by Lemma 4.16. The second has the same order by Lemma 4.16,
Corollary 4.17, and Holder’s inequality. Hence

logn
sup ||| E; :Ok< >
1Bl = O (<

The Frobenius bound follows from

. O(1)|s¢
Fz’ < ( )‘Sz | ’XIZGf’L:L"L ,
F n
and the operator bounds follows from
. . O(1)]s¢
‘Fi‘op < O(l) ’leéze and Fi < w ’X—_FZG_ZZCZ
00 op n o]
We conclude using Lemmas 4.16, 4.13, 4.4 and Corollary 4.17. O

27



Theorem 4.19 (Projected second-order expansion with deterministic averaged score). Under
Assumptions 1-7 and V3p = 0, for every fivzed k > 1 and every deterministic u € RP with

luly <1,
2
T (si_ 505 <15 H _ (logn)
sup [u (66— 676 - 5{"9) L 0k< o)
Furthermore,
. . A 1
sup H ‘&9 — g - 551)0) ‘ - ok( Og”) .
i€n] 211 Lk n
Proof. Since V3p =0, R; = RF. Starting from
~ Si = (0) 5 S.C
51‘9 = —*G@'l‘i, 51 0=—-—-2L —iLg,
n n
and using ) )
Gi—G_; = -G;RFG_,
we get
R 86
5:0— 006 — 6N = "G
n
+ 3G~ G RGiay
S; — Sg ~
+ L GflRZGfl.rZ
n
We bound the deterministic projection of these four terms.
First,
L e
751 % UTG_i.%'i S LZ %i | ]uTG_lxz\

n

By Lemma 4.15 and Lemma 3.2,

S; — S;
7luTG_il‘i
n

logn
_ ok< ) .
o n3/2
Second, since RiL — RZ = n_lX_iEini,

ﬁUTGZ(Rf — RZ)szxz

|54
)

, | Bilp ‘XLG%%

_ [ (ogn)®
o0 N Ok( n3/2 ’
using |XLG¢U’2 = O(y/n) and Lemmas 4.3, 4.18, 4.4.
For the third term, use

1~ 1 -
Gi—G_i=—-——GX_I;X,G;, Ri=-X_T;X,.
n n

Then s, ) i
iUT(Gz — Gfl)Rszll‘l
|sil . R
< nig XIIGZU’ 9 |Fi|op XIZG—’LX—Z op F'L ” ‘XTZG_ZJJZ -

By Lemmas 4.3, 4.2, 4.18, and 4.4, this term is
(logn)?
Ok( n3/2
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in L*.
For the fourth term,

¢
S; — 8§ ~
%uTG_Z’RiG_iJ}Z’

¢
S;— S; ~
< '712’ \XLG_iu I,

XIZG_Z.I'Z )

2 op

Using

I e

QHLk = O(n),

together with Lemmas 4.15 and 4.18, we get

¢
S; — 82 ~
%uTG,iRiG,ixi

L

logn)?
— O, (( : /2) > :
. n
This proves the projected estimate.
The vector estimate follows from the same decomposition. The first term is bounded by

1
:Ok< Ogn) :
& n

and the other three terms are Oy ((logn)?/n3/?) in vector norm by the same estimates as above,
replacing ‘XIZ-Giu‘ 5 by ‘GiX_i}Op that has the same order. Hence the vector remainder is

Or((logn)/n). O

Si—Sg

|G_izi|2

n

L

Remark 4.20 (Consequence for the Wasserstein bound). Define

2(X) = vnu" (5§°>é(X) + 5§”é(X))

¢ ¢
S s> ~
= — \/ZE’LLTG,Z'$Z' + n32/2 ’U,TG,ZX,ZFlXIZG,ZCL‘IL

By Theorem 4.19,
(logn)? )

sup [|6; fr(X) = 0;(X)|| 4 = O( n

1€[n]
The same estimate holds with X replaced by any X4, since X4 has the same distribution as X.
Consequently,

1 2
¢, — sup HDZ(X) — E;[0;(X)] HL4 - O<((ygrgbn)> ‘
i

Moreover,

logn
sup 18 £+ + sup [[03(X)] =0( )
jem = vn

Using conditional Cauchy—Schwarz and Jensen’s inequality, the two preceding bounds imply,
uniformly in 7,

ogn 3
1Cov; (8£a(X), 81.fa (X)) — Cov; (9;(X), 05 (X)) | o = O<(ln%,/2) ) ~

Therefore

¢, — sup \/V&r(co"j (25(X),0;(X4)))

j€ln] n3/2

§O<(1ogn)3>_
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5 Sensitivity analysis for the cross-covariance terms

5.1 Notation and preliminary bounds

We now prove the estimate needed to control ci:. The estimates are first written in a generic
form, without the leave-one-out index. They apply to the leave-one-out quantities by replacing

X,é,G,fx,fE7 Sg with X—i7é—i7G—i7f‘i7xi75<

i

This replacement does not change the estimates: the columns remain independent, the normal-
ization is still 1/n, the curvature lower bounds are unchanged, and all moment and Poincaré
constants are uniform. Throughout this section » > 1 is fixed, and we write logn instead of
log(en), which is equivalent for our asymptotic bounds.

Let x € R? be an auxiliary column, independent of X, satisfying the same columnwise
assumptions as the columns of X. We fix a deterministic scalar v, satisfying

corresponding in the leave-one-out application to
1
n
With this convention, the map

2 247, L (2)
has derivative 1+ ~,L"”(z) > 1, and hence is a bijection of R onto R. Thus ¢, : R — R satisfying

Co(t) + 7L (C(t) = ¢,

is well-defined and 1-Lipschitz. Further set
s =1L (Cx(:rTé)> .

Under the replacement R R
(Xa 07 G7 Z, ’YZ‘) — (X—i7 9—i7 G—i7 Ti, 72)7

this is precisely

Throughout the generic estimates, set
2 A\ 7L 1T
G := (V \IIX(G)> , sj = L'(z; 0), Jj € [n].

Here s; denotes the usual train score of the background sample X; it is not replaced by an
averaged score. 3
We introduce the diagonal matrix I';, indexed by the columns of X, by

¢
(Ty)e = —;iL’”(:U;é) z] Gz.
n
With X = X_; and = = x;, this is exactly the matrix fi used in the second-order leave-one-out
expansion.
We shall repeatedly use the following deterministic consequences of the curvature argument
in Lemma 4.2:

|G| = O(n).

op

o),  |GX],, = ‘XTG

— O(v/n), )XTGX

op = op
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Similarly, the generic version of Lemma 4.4 gives, for every fixed r > 1,

|HG‘T‘2HLT = Or(v/n), H‘XTqu

=0i(n), H‘XTGa:‘

= Or(\/ﬁl()g n)

oo’LT

Moreover, by Lemma 4.13,

s

=00,

Lemma 5.1 (Generic leverage bounds). Under Assumptions 1-7 and V3p = 0, for every fized
integer r > 1, and every deterministic u € RP with |ul, <1,

H’LLTGx‘

=0, [xTe

=0u(v).

LT

Proof. Conditionally on X, Gu is deterministic and |Gu|, = O(1). Lemma 3.2 gives

- Or(l)a

HUTG:B‘
Ly

and the first estimate follows by taking the L"-norm over X. The second estimate is deterministic:
‘XTGuL < ‘XTG’ lul, = O(V/n).
op

d

Lemma 5.2 (Bounds involving fx) Under Assumptions 1-7 and V3p = 0, for every fized

integer r > 1,
logn
-o(Tr )|
H L ( Vn >

H ‘XTGXf‘xXTG:cu

T, O,(v/nlogn),

f’xXTGmu

op LT

and

= 0,(n*?logn).
L’I‘

Proof. By the definition of T'; and the boundedness of L,

g )]s
I, < M XTGm‘
op n 00
Using sS e O,(1) and the generic cross-leverage bound, we obtain
P _0 logn
v op||r,r T \/ﬁ ’
Next,
PXTGa| <|Ty| |XTGal
2 op 2
and the second estimate follows from Holder’s inequality and H !X TG:UM = O,(n). Finally,
XTGXT, X Ga| < |XTGX| |TXTGal ,
2 op 2
and the deterministic bound |X TGXx }Op = O(n) gives the last estimate. O
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Lemma 5.3 (Uniform background drift). Under Assumptions 1-7 and V3p = 0, define, for
j € [nl,
A; = diag,; (L"(:Je) . L"(:g;e,j)) .

Then, for every fixed integer v > 1,

Sup VI
J€[n]

Proof. By the Lipschitz property of L”,
Ayl < O() | X758~ 0-)

Using the train-score first-order term

0) A s
0800 = ~"1G_ju,
we get
sup 4], < O(1) sup [ XT;600] -+ 0(1) sup X7, (30— 552{0)‘ .
Jj€ln] JEN] JjE€[n]
For the leading term,
XToind| < ’2' XT,Goa|

The sequence-level score bound from Lemma 3.11 gives

Vg>1:  sup [lsjll . = O(g%).
Jj€ln]
Thus Lemma B.7 gives
sup [s;]|| = Or((logn)?).
Jj€ln] I

Moreover, conditionally on X_;, the variables (a:ZG_ja:j) ¢+; are linear forms in x;, with coeffi-
cients of Euclidean norm at most O(y/n). Therefore,

Vg>1: sup
J€ln]
L#£]

xZG_jxjHLq < O(gvn).

Applying Lemma B.7 to the O(n?) family (sz,j:cj)g#, we obtain

= Or(\/ﬁk)g n)

LT

1 3
_o, (logn)” -
, vn
It remains to control the first-order remainder uniformly in j. Under V3p = 0, the regularizer
drift vanishes, and the proof of Theorem 4.9 gives

sup XIjG,j:Ej’
Jj€n] o

Hence

sup XI] 5j( t)rQ
Jj€n] o0

L

‘XI]-(M 5()9)’2_“'()( GX_]j Ir; \F‘X G_]x]’

J,tr
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By Lemma 4.2,
= O(n).

‘XTGX
op

Moreover, as in the proof of the Frobenius bound for I';,

s |s
Tile < 00) [XT56)] < ‘”]XTG) |:[,=J|2<0()f‘yjy2
Using
sup [s;]|| = Or((logn)?),
J€(n] LT
and
sup |zjl,|| + |[sup [X G_]x]‘ = O,(v/nlogn),
JEN] Lr JEM] nr
Holder’s inequality yields
sup X7, (8,0 - o] ] =0, ((log”)6)
jeln] i v )
Combining the leading term and the first-order remainder gives the claim. O

Lemma 5.4 (Fixed-direction and auxiliary-column full-resolvent leverage). Under Assumptions 1-
7 and V3p =0, let u € RP be deterministic with |uly, < 1. Then, for every fived integer v > 1,

|l
ocoll L™

= Or(\/ﬁl()g n)

=0O,((logn)®)  and H‘XTGx‘oo‘U

Proof. We first prove the fixed-direction bound. Fix j € [n]. We use the decomposition

-1 _ ~—1 bg loc
G~ =G+ B 4 Bl

where 1
Blec = L”( [Owse] =aee],  aji=—L(a]0) > 7,
and 1
B = ~X_jAXT,.
Set 1
Gj = (G:Jl + B;-)g)
Since V3p =0,

Gl =V2U(0) = kI, + X,jXT

By the Sherman—Morrison formula,

- a;Gxixl G
G=a, - At Bt
14 ajijijj
Therefore e
z; Giu
x;—Gu: J TJ~
1+ ajx; Gz,

Using the resolvent identity



we obtain -
z]G_u z] GiBX2G_u
TG _ J J i A J
z; Gu = = — = .
1+ajl‘j Gj{l:j l—i—ajxj Gjl‘j

Since the denominator is at least one,
2] G;BYG_jul
J )75 T

1 + ajx;rijj

2] Gu| < |z] G_ju| +

For the first term, conditionally on X_;, G_ju is deterministic and has Euclidean norm O(1).
Hence, for every integer ¢ > 1,

-
sup ||z G— u‘ = 0(q).
e 1177 e
Lemma B.7 gives
sup |:L°jTG_ju\ = O, (logn).
J€(n] Lr

For the background correction, the curvature lower bound on CNJJ_I gives

Thus

- 2 - - n
T — . X T
‘X_jGjl'jL =z GJX,]X_]-GJ:BJ < F»’ij Gjx;.

Since a; > Kk /n, for t := m}—éjzxj >0,
e
Sl e,
—_——= — n).
1+ ajijGja:j VL 1+ (kp/n)t —

\ijCNJjB;?gG_ju\ B

Therefore
|achGjX_jAjXIjG_ju\ <

1
1+ ajm;éjxj n 1+ ajij(N}ja;j

o) 14,1,

T
X_ij‘]u‘Z .

Moreover,
XTjGgul, < [XT,65) uly = O(vA)

Hence -
‘l‘-TGngG_ju‘
sup —2 JT — < O(v/n) sup 1Ajlop -
jeln] 1+ a;T; Gjl'j J€[n]

Lemma 5.3 gives

T . Rbs

x; GiB°G_ju
aup L GPZG 6 (o)),
Jj€n| 1+6le‘j Gj."L‘j Ir

Combining the leave-one-out term and the background correction proves

[[x7cu| || =ontoan)®).

ooHL

We now prove the auxiliary-column estimate. Since x is independent of X, we condition on
X. Then G and the vectors (Gz;) e[, are fixed, and

(XTGz); = x;-er =z Gur;j.
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By the curvature bound,
max |Ga ], < GX],, = O(vh).
JEIN

Therefore, conditionally on X, Lemma 3.2 gives, for every integer ¢ > 1,

max
J€[n|

JL"TijHLg < O(gqv/n).
Applying Lemma B.7 conditionally on X, we obtain

"’XTGw’ < O,(v/nlogn).

max |z " Ga;|
j€n]

o0 ‘

L L

The right-hand side is deterministic, so taking the L™-norm over the background variables proves

|lx7eq], |
ocoll LT

= Or(\/ﬁl()g n)

5.2 Sensitivity to column-wise differentiation

Recall from (3.1) that

A 1
D,(0)[h) = —~G [L"( TO)(nT0)w; + s]h} .
Lemma 5.5 (Derivative of the minimizer). Under Assumptions 1-5, for every fized integer
r>1,
jD Gk %) ( ! )
sup ; =0, — ),
j€ln] J 21 Lr \/’ﬁ
and .
sup ‘XTID) (6] = 0,(1)
j€ln] 21Lr
Consequently,
1/2
S ()] | o
, 2
7j=1
LT‘
and
1/2
n 2
(]XTD ( ) — 0, (Vn).
7=1
LT
Proof. For |h|, <1, the derivative identity gives
;[6][n] = ——G [L”( TO)(hT0)z; + sjh}
Therefore o)
10 <2 (g ; 1) .
o], < = (0] bl + 1)

The first estimate follows from Theorem 3.7, Lemma 3.2, and Lemma 3.11.
Multiplying the same identity by X T, we get

XD, = - [L] )T )X Gy + 5, X7

n
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Using
xTen <oy, [XTCn|, <|XTG| il = O layl,.

we obtain

B A (TR

The second estimate follows again from Theorem 3.7, Lemma 3.2, and Lemma 3.11.
Finally, by Minkowski’s inequality in L"({2),

n ) 1/2 . , 1/2
s oary) | <(Spmarr)” oo
—1 =
Lr
and similarly
n ) 1/2 " ) 1/2
S (|x o)) <[S[[xm0] _ 0.V,
Lr

O]

Lemma 5.6 (Derivative of the averaged auxiliary score). Under Assumptions 1-7, for every

fized integer r > 1,
1
=0, — ).
HLT r<\/ﬁ>

Proof. By Lemma 4.14, applied in the generic setting,

D'[SC][h] _ L”(Cx(l’—ré)) xT]D)-[é] [h]
! L+ L (Ge(aT0))

sup
JE€M]

‘]D)

Therefore .
ID;[s5][R]] < O(1)|z " D;[0)[h]-

Using the explicit derivative of é,
5 0( )
2 00 < == (o7 Ga| |0 +1s;] 1Galy)
uniformly over |h|, < 1. The generic cross-leverage bound gives

[la7Gajl| | =0y,  liGalsl,, = On(vi),

and Theorem 3.7 together with Lemma 3.11 gives
i2nim + U gl = O:(1).

The claim follows by Holder’s inequality. O
Differentiating G~!, we use the decomposition
D;[G™][h] = £;(h] + B[],

where the local part, coming from the direct differentiation of the column x;, is
1 ~
L] = ~L"(]0) (hij + a:th> L”’( 10)(h0)zsa]
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and the background part, coming from the variation of é, is

n

Bi(h] = = 37 17 0) (e Dy1010A]) wead + VPp(6) [D51410A]].
l=1

Under the standing condition V3p = 0, the last term in B;[h] vanishes. The resolvent derivative
is therefore
D;[Gl[h] = =G (£5[h] + B;[h]) G.

In the leave-one-out application, after replacing X, 0, G by X_;, é_i, G_;, the corresponding
objects are denoted by £;; and B;;.

Proposition 5.7 (First-order resolvent derivative). Under Assumptions 1-7 and V3p =0, for

every fized integer r > 1,
‘ _o, (ﬂognV> '
Lr n

Proof. For the local part, using the explicit form of £;[h/],

*

sup
j€[n]

o(1)
'UTGL ‘g n\ﬁ(\ u' Ghl|z] Gz| + |u' Gaj| | Gal)

+ PTGl Ga [,

The bounds
le7Gall| = Onvmtogn),  liGalyll,. = On(v),

together with Lemma 5.4 and |Gu|, = O(1), yield
ol
L n

sup

‘uTGL

uniformly over |h|, < 1.
For the background part, set

b:=X'Gu, y:=X'Guz, d; = XTGx]-,

and let R
DL = diagee[n} <LI”(.’L‘;9)) .

Then 1
uT GB,[h|Gx = EbTDL diag(y) X "D;[A][h).

Using the explicit derivative of the minimizer,

XTD,0](h) =~ [L"(a] O) (W B)ds + 5, X TGh)
n
Consequently,
o) 15 :
—u' GB,[hGz| < 0| |b'Drd d;
‘:‘ugl \Fu GB,[h]Gx _n2\/ﬁ<‘ ‘2) 1 diag(y) ]‘

+1sj] |GX Dy diag(b)yl, ).
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Conditionally on X, the first scalar term is a linear form in the auxiliary column z, since
b' Dy, diag(y)d; = «' GX Dy, diag(b)d;.
Thus the linear moment bound for x, together with

= O(n)a

op

GXly = OWM), W= |XTGu| o 1dl, = |XTGay| < |xTGx

gives

HbTDL diag(y)deLT <O, <n3/2(logn)6) .

For the second term,
|GX Dy diag(b)yly < |G X, bl [Yla -

Using
|[x7cu| | =onoen)®.  |[xTcal | =0,
we obtain
I|GX Dy, diag(b)ylz\ly =0, <n3/2(10g n)6> .
Since

+ sup |[sjll - = Ox(1),
L™ jen]

— o, (e
Lr n

Lemma 5.8 (Resolvent part of the derivative of X ' Gx). Under Assumptions 1-7 and V3p = 0,
for every fized integer r > 1,

Hoélder’s inequality yields

sup
JjE€[n]

’u GB; Gx

O]

Oy (v/nlogn).

xDsicel ], =

sup
J€[n|

Proof. Using
D;[Gl[h] = =G (£;[h] + B;[h]) G,

we bound the local and background terms separately. For the local contribution, the three terms
in £;[h], together with

[XTen| =owm.  liGalyl,. = Orva).  |[|xXTGx| || = 0nm),
give
sup ’XTGLj mcz| | = o.(/rlogn),
jeln] 2L
uniformly over |h|, < 1. For the background contribution,
1
‘XTGBj[h]Gx’ <= j(h)XTGx‘ .
2 n op 2
Moreover,
A, (X TGa| < 00) | XD, ][] X7 Gal
o0
Using Lemma 5.5 and the generic cross-leverage bound, we obtain
sup ‘XTGBJ'[]’L]GI' = O,(v/nlogn).
j€ln] 2lLr
Taking the supremum over |h|, < 1 proves the claim. O
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Proposition 5.9 (Resolvent derivatives in the second-order term). Under Assumptions 1-7
and V3p =0, for every fized integer r > 1,
1 7
_ Or(( ogn) > _
L n

The same bound holds when the derivative falls on the final resolvent:

o (),
L n

Proof. We first consider the derivative of the first resolvent:

sup u' D,[GIXT, X "Gz
J€ln]

372

*

L Text.xTD, (Gl

sup REYE

J€[n]

u'D;[G][MXT. X "Gz = —u' GL;[RGXT, X Gz —u' GB;[A]GXT,X ' G.
For the local part, the three terms in £;[h] give, uniformly over |h|, <1,

1 -
T/QUTGL [WGXT, X Gz
n

_ o
= 5/2

(|x;rGXf‘IXTG:E] + |x;rGu| ‘GXfIXTGx‘Q

+ |:c;—Gu] |x;rGXfIXTGx] ‘é) )
2

Now )
‘HGXFIXTGJU N O,(nlogn),
L
and )
L
by Lemmas 4.2 and 5.2. Together with
T B 6 R B
H|$g GU|HU = O,((logn)®), ‘ 0 2‘ L 0, (1),
this gives
1 ~ | :
sup ||| —5zu’ GL;[RGXT, X Gx|| = OT<( ogn) > |
selet |1 Lr n

For the background part,
- 1 -
u' GB;[hGXT, X "Gx = E(XTGU)TAj(h)XTGXFxXTGx,
where Aj(h) is as above. Thus

%uTGB [hGXT, X "Gz
n

‘XTG ‘ )XTD ‘ ‘XTGXI‘ XTG:L“ .

- or<(1°g”)7> .
Lr n

= n5/2

Lemmas 5.4, 5.5, and 5.2 yield

%u GB;[hGXT,. X "G
TL

sup
JEM]

This proves the first bound.
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For the term with the final resolvent differentiated, write

iuTGXP X "D;[G)[h)z =

—7 (X TGu) T, X "D, [G][R]x.

n3/2

Therefore

LUTGXF X "D, [G][h]x

n3/2 Lo

’XTGU’

Tm.
3/2 B[ x DJ[G][h]xL.

o, (M)

Proposition 5.10 (Derivative of the curvature diagonal). Under Assumptions 1-7 and V3p = 0,

for every fized integer r > 1,
1 7
_ Or<( ogn) > '
Lr n

Using Lemmas 5.1, 5.2, and 5.8, we obtain

*

L Text.xTD, (Gl

sup WY

JE€M]

O]

*

sup
JEMN]

%uTGX]D) [T, X "Gz
n

Proof. For |h|, <1,

1 1 — .
WUTGXD [CL)[h) X T Ga = 32 > (2 Gu)D;[(T2) ][] (2] Ga).
=1
Since X
(Fy)e = —%L’”(x;é) ] Gz,
we decompose
. D;[s3][h A
ByEe)lh] =~ o 10T 0y ] G
¢

Sa N
- i, [L'"(:Je)] [h] 2] G
Sg" mne Th T T
— 2L/ 6) (1g:jh Gz + Dj[G][h]x).

The derivative of sg gives a contribution bounded by

- ] Sg " A
LS (@] Gu) WL (27 0) (2] Gz)?

L’V‘

6
_ 0 2 _o, (logn)®
- n5/2 LT n

‘Dj (5]

T

*‘XTGu‘ ‘XTG.%L =

thanks to Lemmas 5.6, 5.4, and the generic leverage bounds.
Next consider the derivative of L (z, ). Define

ne(h) == 14=;h" 6 + x] D;[0][h].
The Lipschitz bound on L" gives

I [L7(76)] (] < O me(m)]
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Thus the corresponding contribution 75 satisfies

Sz
< QI ’Z| 7 Gl o] Ga? [m(h)

o(1 )fsr’ T T T
By Lemma 5.5,
sup |n(h sup ’XTDj[é][h]‘ = 0,(1)
|hly<1 |hly<1 2 L

< = O,(1), Lemma 5.4, and the generic cross-leverage bounds, we get

(log )"
1l = 0, (1),

Finally, the derivative of x, | G gives two contributions. The explicit derivative of the column
x; contributes

O(1)|s;
Ty oy < ;E?/QH 2] Gul |Gal, |a] Gal.

Using Lemma 5.4,

H]XTGULO] = Ox((1ogn)®),
and the generic bounds
lGalolly- = O(vm),  |[x7 G| || = Onvlogn),
we get
ot -85 o (20,

The derivative through the resolvent contributes

O(1)]s5|
T3,G < W

XTGULO )XTGQ:‘Q ‘XT]D)j[G][h]x‘ .

2
By Lemma 5.8, together with the previous bounds,
(logn)7
gl = 0o ML),
Combining the bounds for 71, T, T3 exp, and T3 ¢ proves the proposition. ]

Lemma 5.11 (Derivatives of the explicit X-factors). Under Assumptions 1-7 and V3p = 0, for
every fized integer r > 1,

T T | _ (logn)?
jsél[g] YR GD;[X]T.X "G L OT( 3z )7
and . | .
sup LuTGXI‘ D;[X |Gz =0, (log ) .
seim |l 0372 o n3/2
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Proof. Set
y:=X'Gz.

For |h|, <1, the matrix D;[X][h] has column % in position j and zero elsewhere. Hence
u'GD;[X][A T X "Gr =u' Gh(Ty);.

Therefore

sup
|hly<1

B D;[X][h] T, X "Gzx| <

‘G“b

.
3/2 ‘X Gm’oo

Using |Gu|, = O(1), Lemma 5.2, and Lemma 5.4, specifically the auxiliary-column bound

= Or(\/ﬁl()g n)a

_ o ((ogn)?
r T n3/2 ’

For the second explicit factor, D;[X "][h] has row h' in position j and zero elsewhere. Thus

|l
ocoll L™

we obtain i}

——u GD;[X]T. X G

JEn]

u' GXT, D;[X T][h]Ga = (2] Gu) (T;); ' Ga.

Consequently,
1 .

sup |~z u GXT, DX T][h]Gx| < W ’XTGU‘ .| 1Gal,.

|hl,<1 17 op
By Lemmas 5.4 and 5.2, and by the generic bound

Gyl = Or(v/n),
the right-hand side has L"-norm
1 ¢logn B (logn)”
OT‘ (W(log TL) \/ﬁ \/ﬁ) = OT< n3/2 .

This proves the second estimate. O

Corollary 5.12 (Derivative of the explicit approximation). Under Assumptions 1-7 and V3p = 0,
for every fized integer r > 1,

ogn 7
sup 1302 (01l = 0, (7).

J€[n]
where we recall the notation:
C

8 N
0.(X) = —TuTGx + n3j2 w GXT, X Gz.

Proof. Differentiate the two terms in 0.
For the first-order part,

A _iuT T __Dj[sgr”h]uT x_iuT ) -
D; T Gz | [h] = NG G T D;[G][h]x.




In L"-norm, the first term is O,(1/n) by Lemma 5.6 and Lemma 5.1. The second term is
O,((logn)7/n) by Proposition 5.7 and L= O,(1).

For the second-order part, the derivative can hit sg, the first resolvent GG, the two explicit
X-factors, the diagonal 'y, or the final resolvent GG. The derivative of s$ gives

5%

*

1
n3/2

— #OT (n_1/2\/ﬁ\/ﬁlogn> = O,((logn)/n).

166
wup il

T s T
GXTI, X' G
|n|2<1 n3/2 ! ’ )

IN

[stsé)

XTGu’
2

foTGa:u

L’I‘
L’l‘

thanks to Lemmas 5.1, 5.2 and 5.6.

The derivatives of the two resolvents are controlled by Proposition 5.9; the derivative of I,
is controlled by Proposition 5.10; and the derivatives of the explicit X-factors are controlled by
Lemma 5.11. Combining these estimates gives

ogn 7
sup ;10O = 0 (L2 )

J€ln|

Consequently, replacing
Xvéanwaf‘xasg by X*iaéfivaia:Eiaf‘iasga

we obtain uniformly over i # j,

ogn 7
1D [0: (O = o(W) |

Combining this bound with Lemma B.8, applied with k£ = 4, and with Remark 4.20 from the
section on the second-order leave-one-out displacement approximation yields the following bound.

Proposition 5.13 (Bound on cZ). Under Assumptions 1-7 and V3p = 0,
Cp = O((logn)7> .
n
Proof. Fix i # j. By Lemma B.8, applied conditionally with respect to the column z;,
" (logn)”
[0:(X) = 5 [2i(X)][| L4 < O 1D (X)) s = O —— ),

uniformly over i # j.
By Remark 4.20,

sup 831 (X) — (X 1 = 0(

i€[n]

(logn)?
- .
Since conditional expectation is a contraction in L*,

100i fn(X) = E;[0ifn(X)]) — (0:(X) — Ej[0:(X)])[ 14

O TL2
< 200:4,(X) ~ 0(X) e = O LEL)

n

Taking the supremum over i # j gives

7
et = sup 0 X) ~ By ufu (X = 0 VRS
1#£] n
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5.3 Contracted active-background term

It remains to bound the contribution to ¢Z. We use the generic notation introduced in Sub-
section 5.2. Thus x € RP denotes the active column, independent of the background matrix
X = (z1,...,2,), and

G = (VZQ/X(é)>_

The deterministic averaged leverage associated with the active column is denoted by 7., and we
define

=0 (GET0), G+l (G(n) =t

We use a check accent for quantities evaluated at the checked background X4i:
Gi=GXY),  0:=0(XY), & =sS(XY),  T,pi=Ta(XY)

The active column x is the same in the checked and unchecked expressions; only the background
is checked.
Define
y = Gu, 7 := Gu.

Let D be the diagonal matrix, indexed by the columns of X, with entries
Dy = L"({6)z/y,
and set
Y :=GXDX'G.
The checked matrices D and Y are defined analogously. Recall that

~ C ~
Iy = diagcpy, —%L/”(.T};Q) z] Gz,

Therefore the explicit approximation can be written as
2, =00 ol

where

¢\2
o = (52 Ty

(0) _ S5 T
0 ==Y 2n5/2

9

The checked statistics 9, 5&0),55}) are obtained by replacing sg, y,Y with ég, 3,Y.

In this subsection, E;, Var,, and Cov, denote conditional expectation, variance, and covari-
ance with respect to the active column x only, conditionally on all background variables. For a
background-measurable matrix B, and for fixed ¢ > 1, write

Qq(B) := HZL‘TBI“

L’

We also write
Y, = E [zx]

for the second-moment matrix of the active column. By Assumptions 4 and 3,

[Salyy = O(L).
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For background-measurable vectors a,b € RP and symmetric matrices B, C' € RP*P, introduce
the active contractions

sSalx, (35) J:TCx) ,

e(B,b) =
CH(B, ) := Cov,((s$)*z" Bz, (55)? xTC$).
Then
Covy (04,0,) = lczoo(y y) + iem(y Y)+ iew(y 7) + ie“(y Y). (5.1)
’ n ' 2n3 ’ 2n3 ’ 4nd ’

Lemma 5.14 (Square-summed derivatives of the active score). Under Assumptions 1-7, for
every fized integer r > 1,

*\ 2 1/2

) — 0,(1).

L’V‘

(Z (Jets

/=1

The same estimate holds for the checked score:

n o\ /2
(Z(]Dusﬁ *)> = 0,(1).

/=1 nr

Proof. By Lemma 4.14, in the generic background notation,

L//(Cz(xTé)) xTDz[é] [h]

S =
Dy[s;][R] 1+ %EL”(Cz(xTé))

The prefactor is uniformly bounded. Hence

*

Delss][ < 0(1) |2 Dl

Applying Lemma 3.14 conditionally on the active column z, with z = x, gives

n o\ 172
l (Z (7o) ) < 20 ) = 0,00,
/=1

Vn
L?"
using Lemma 3.2. The checked estimate is identical. O

Lemma 5.15 (Background matrix bounds). Under Assumptions 1-7 and V3p = 0, for every
fized integers q,r > 1,

lylallr = Or (1), 129(Y)lr = Ogyr (n*(logn)®) .
The same estimates hold for § and Y .

Proof. Recall that

y = Gu, D = diag, ¢ (L"’(x;é) :L‘j;y) , Y =GXDX'G.
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Since [G|,, = O(1) and |ul, <1, .
Ylg = .

Set
2= X'Gux.

Then
'Yz =2"Dz.
By the boundedness of L"),

Dl

o SOM[XTy| .

Moreover, Lemma 5.4 gives

H’XT?JLOHU = O;((logn)®),

while the generic cross-leverage estimate gives, conditionally on the background,

e oo

by =
L7

Therefore
0u(Y) = |70z, < 1Dl |128]

L
< 0,(n?)[xTy| .
Taking the L"-norm over the background gives
194(Y)ll . = Ogr (n*(logn)°) .

The checked estimate is identical, since the checked background has the same law and satisfies
the same bounds. O

Lemma 5.16 (Differentiated active-score contractions). Under Assumptions 1-7 and V3p = 0,
for every fized integer r > 1,

. o\ 12
NS emoraresry) | o)

LT

w2\ 2
) ) =0, <n3/2(log n)ﬁ) .

Lr

. <Zn: (’Covx <]D>g[sg} y'z, (55)> xTYx>

(=1

o\ 12
) ) =0, (n7/2(10gn)12) .

LT

° ” ovy sg sg 'Y, éngTv:c
(;()C (265 Dalss] 2TV, (55)2 2 V)

The same bound holds with the checked and unchecked roles interchanged, in particular for the
score derivatives appearing in C0(Y, 7).

Proof. We prove the unchecked estimates; the checked estimates are identical. By Lemma 4.14,

L//(Cx(x—ré)) aZTDz[é] [h]

sC][h] =
Dels Il = T G @)

The prefactor is bounded.
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For the 00-term, for every |h|, <1,
Cov, (]D)g [sS1[h)y "z, 35 ng)

(e[ LlaTO)

1+ 7, L"(Co(276))
Consequently, after taking the supremum over |h|, <1 and summing in ¢, Lemma 3.14 gives
>2> 1/2

L"(C(279)) ol ) (€T
Tl (Gard) ?

.
) Dy [4][1].

2(y'o) (5970 - Balslya))

' z”: ‘COVI Dy[s$]y x, 859" x)
=1

<2 | )

We bound the vector inside the last display by duality. For every background-measurable v € RP
with |v|, <1, conditional Cauchy-Schwarz and the active linear moment bounds give

L’V‘

s
Q@<
ﬁ
8
TN
8y
N

211 4r

E, [(UTx)(yTac) (5?,:@ —E, [é )” < OW) lyly 9y (|3

e

x

Taking the supremum over |v|, < 1, then the L*-norm over the background, yields

Consequently the 00-term is O,(n~'/2). By conditional Cauchy-Schwarz, Lemmas 3.2, 4.13
and 5.15. The checked derivative gives the same estimate.
For the one-quadratic active slot, the same duality argument gives

Applying Lemmas 3.14 and 5.15 as above gives

= 0,(1).

LAr

LGETD) v (T s T
e S 1)]

2

L'(G@T0) 7o ()% Vo~ E,[(55)% Val 2 i

L+ LG 8))

‘ O(1) lyly 2(Y)
2

n 1., T <C\2 T
3 (con (07 57271

2 1/2
) ) < O, ((log n)*n*?).

L’r‘

The same argument gives the corresponding bound for C°(Y, 7).
For the two-quadratic active slot, duality gives

2

B[ (oTva) ((59)% Ve — E, [(ég)Q:cTY:c])]L < 0(1)2s(Y)Qs(Y) ||3

L16

By Lemma 5.15,

|1Qs(Y) || 1sr + HQg(Y) s = Op (n*(logn)°) .

Hence

< " (’Covx(%gﬂ)z[ H TYa: (3 )2 Ty$) *)2> 1/2 _ Or<n7/2(10gn)12>.
/=1 .

This proves all the stated estimates. O
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To bound the terms appearing when differentiating the terms vy, 4, Y, Y, we make use of the
following preliminary Lemma.

Lemma 5.17 (Active-column contractions). Under Assumptions 1-7, for every fized integer
r > 1, there exists a nonnegative background-measurable random variable R, with

18]l = O (1),

such that, for all background-measurable vectors a,b € RP and symmetric matrices B, C € RP*P,

€%(a,b)| < Rlaly [bl,, €% (a,0)| < Rlaly 94(C),
€1(B,b)| < RQu(B) [bl, €(B, )| < Ru(B)Q4(0).
Proof. Set
4
R::C<1+ 55 it 3 Li)

By Lemma 4.13, and the same argument applied to the checked background,
1Bl - = Or(1).

For the linear-linear contraction, conditional Cauchy—Schwarz gives

00 T 2T
|C™(a, b)| < Hsga a:‘ - 55 b :c‘ -
< T T
< s s 5 4 a x‘ s b x‘Lg < Rlalyb|5.
For the mixed contractions,
01 T N2, T
1€%(a,0)] < ||sS a :BHL% ‘ (35)2%x C’x‘ 2 < Rlal, Q4(C),

and the proof of the bound for €' is identical. Finally,
e1Y(B, )| < H(Sg)QxTBxHLQ H(.§§C)2mTCCL’HL2 < RQ4(B)24(C).

This proves the lemma. ]

Lemma 5.18 (Square-summed derivatives of y). Under Assumptions 1-7 and V3p = 0, for
every fized integer r > 1, and for every background-measurable vector v = v(X),

n 1/2
(5 (o))
/=1

The same estimates hold for the checked variables, with I, in place of Dy.

Or(oB )
\/ﬁ 21l par -

IN

L’!‘

Proof. Since y = Gu, for |h|, <1,
Dyly][h] = =G (Le[h] + Be[h]) y,

where 1 !
Colh] i= —L"(x{ ) (hxz + mmT) + = L") 0)(h" D)

and

Bylh] = S (i) (2 Del0h]) 2y, + V2 p(0) [DelO][A].
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Under V3p = 0, the last term vanishes.
For the local part,

o)
oTGLelhly| < S loly ol yl + lof Gol lyly + |6, 27 Gol o] y].

Therefore
n oy 2 1/2
(3 (el )
< O v o]+ o [x e+, [T .
Using
yl=0),  |XTy| =0(m), |XTGu| <OWmul,,
and

7], = ortesns

by Lemma 5.4, we get

- w2\ O, ((logn)®%)
< (jrezaf) ) < TR el
0

=1 r

For the background part, using the displayed expression of By[h],

1 « .
v GBy[h] EZ (z) Gu)L" (z) 0) (2] D0][h]) (x, y).
m=1
Using
A 1 e TH Th 10 TP
Defd)lh] = =G [L" @ O)(h O)we + seh |, se:= L@l ),

and writing F = diag,, (L (z,].0)), we obtain

L"(z} 0)(h'0)
2

n

v GBylhly = — (XTGvo XTy) ' FX TGy
- %(XTGQ) ®XTy)TFXTGh.

Hence

(5 (vemf)')

n 1/2
< 07521) !‘éZ ’XTGXF(XTGU ® XM)]Q + (;: s§> ‘GXF(XTGU ® XTy)’2
=1

Since L is bounded,
‘F(XTGU © XTy)‘z <0(1) ‘XTy‘ ‘XTGU‘Q < O(v/n) )XTy‘ 0],

Therefore
‘XTGXF(XTGU © XTy)‘Q < On3?) ’XTy‘ o],
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and
’GXF(XTGU © XTy)‘Q < O(n) ’XTy’ 0], -

Using

n 1/2
é :Or(1)7 ( S?) :Or(\/ﬁ)y
(=1

JIx™l.
o

= O,((logn)®), |

LT 2‘ LT

we obtain

n . 1/2 0e )6
(z(\ﬂam )2) < O o
(=1

L’l‘

This proves the first square-summed derivative estimate.
O

Lemma 5.19 (Background-resolvent active quadratic estimate). Under Assumptions 1-7 and
V3p =0, for every fized integers q,r > 1,

o\ 1/2
Lq] =0Ogyr (n3/2(log n)6> .

L’I’

ez: [5321 HJ:TGXDXTGB@[MGq:‘

where for £ € [n] and h € RP, we denoted,
1 T : : me T Ay .. T )
Bylh| = EXAg(h)X , with Ag(h) = diag,,cn L™ (2,0) 2., De[0][R].
Proof. Let us recall the notations:
y = Gu, D = diag,,,c[) (L/”(l';;é) l’;;y) ,

we have

t"GXDX"GB[h)Gx =z Aylh)z,

where

1
Aglh) = EGXDXTGXAg(h)XTG.

The conditional quadratic-form bound, applied conditionally on the background and to the
symmetric part of Ay[h], gives

[e7 dln)z| , < 04 (Aclhll + 1T (ARIE)])
It is therefore enough to bound the Frobenius and trace contributions.
e For the Frobenius contribution, using

GXl,, =0(m),  |xTex = O(v/n),

— O(n), ‘XTG

op op

we get, uniformly over |h|, <1,

1
|A€[h]|F < E |GX|op |D|op

XTGX| Adh)|p |XTG| < Om) Dl [Ae(h)]r

Since L is bounded,
[Ae(B)| < O) | XTDO]IA]),

20



Thus

" 2\ 1/2 )\ 172
(Z [“?'ug Ag[h]\F] ) < O(n) ]D\0p< ()Xﬁmg[é] 2) )
¢=1 LIM2=1 =1

Lr Lr

3

By Lemmas 5.4 and 5.5,

. = Onllogn)®),

(" (\me[aw;)?)m

/=1

|1D1,,
and

L2r

Therefore

- 9\ 1/2
(Z sup Ae[h]F” = 0, (n*"2(10gn)°) .

/=1 _‘h‘zﬁl
LT

e We now treat the trace contribution. By cyclicity of the trace,
1
Tr(Ag[h]S,) = — Tt (Ag(h)XTGZxGXDXTGX> .
n
Let

F = diagyepy (L”’@Lé)) . and  c:= diag (XTGE$GXDXTGX) c R™.
Since diag(Ag(h)) = FX TDy[0][h], we have
Tr(Ad[h]Es) = ~ (X Fe) TDyl6][h).
n

Using the explicit derivative formula

Dif0)[h] = G [L" (] D) (T e + seh)

n

we obtain, uniformly over ||, <1,

0(1)

n

o\ 1/2
) _ o

‘(XFc)TDg[é] [h]‘ < (‘9)2 lef XTGXFel| + || |GXFc\2) .

Therefore

0| | X"GXFec
(|

+ sl \GXFc|2) .

=1 |Irl2<1 n

(Z lsup I Tr(Ag[h]S2)|
Since |Flop < |[L" o < O(1),
(GXFel, < |GX|,, lely = O(V) |ely,  and ’XTGXFc‘Q =0(n) el

Moreover,

=0:(1),  Mlslallper = Or(vn).

2‘ L2r



Thus
o\ 1/2

3

_0,(1)

< = el o -

[ sup |Tr(Ae[h]2;)]
|hl;<1

(=1
Lr

It remains to bound ¢. Since

el < ’XTGExGXDXTGX‘F < )XTGZxGX’ D] ’XTGX = 0(n®?),
op op
since
[Salop = O(1), )XTGEIGX = O(n), (XTGX = O(n),
op op
and
DIy < 0| XTy| = 0(/n).
Consequently,

9\ 1/2

= 0,(n%?).

|h|o<1

3 [ sup [Tr(AgH]S,)
(=1

LT
Combining the Frobenius and trace bounds in the conditional quadratic-form estimate yields

9\ 1/2

=0O4r (n3/2 (log n)6> .

gzn; [ sup HxTGXDXTGBg[h]Gx‘ »

|hlp<1

LT
O

Lemma 5.20 (Active quadratic norm of the background matrix). Under Assumptions 1-7 and
V3p =0, for every fized integers q,r > 1,

n 1/2
(Z (Qq(Dz[Y])*)2> = 0y (n*/2(10gn)7) .
=1 I

where, for a matriz-valued statistic M, we denote

Qg (Dg[M))* := sup HxTID)g[M] [h]x(

Li

The same estimates hold for Y, with Dy, in place of Dy.

Proof. Set
z:=X'Guz, a:=X"y, D = diag,cp (L”’(:c;é)am> .
Then
' Ye=2"GXDX "Gz =2"Dz.
For |h|, <1,

Dy[2][h] = ech’ Gz + X TDy[G[h)z,

and therefore

D[z Ya][h] = 22" Degh" G + 2" Dy[D][h]z + 22" DX "Dy[G][h)z.
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‘We bound these three terms.

First,
2\ 1/2 " 1/2
e ) < Oq ||II1Gly ]l 20 (Z Dj !Gl’z\g)

. =1 I

< 0y |1Galyll 20 1Dl |GX || | = O (n*/2(10gm)°)

(Z [ sup HDthGazH
/=1

|hl;<1

using

l1Galyllz0 = Og(v)e  ||IDloy| . = Or(logm)®), NIGX]pll e = Or().

3
We now handle the term z"Dy[D]z. For m € [n],
Dol D] 8] = Dz [L"(2,0)] lam + L (2,0) (Lmeeh Ty + 2, Delyll])
with
’]D)g (@) [h]] <o) ‘1m:ghTé + 2 Dy[d] [h]‘ .
Thus 2" Dy[D][h]z is the sum of the following three contributions:

TPY(h) .= O(1) (hTeag +hT ) 2,
100 = 001) Y L (w,0)amz2, x,,Delf][h],

m=1
n

TPV =) L (0) 2, 2 Dely] 1]

m=1

For the local contribution,

. o\ 1/2
Z sup HTZD’IOC [h]‘
=1 LInl<t Lg
Lr

soqQ%mu+w@(§]wme soqQ%m&+w@<§]&mQ
/=1 (=1

L’I‘

< 0, (|9], laluo + 1912) 16X 16X | = Oy (n*/2(10gm)°)

1/2

L’V‘

For the é-background contribution, set

A~

Wy 1= L///( H)amz w = (wm)me[n]
Then

)Y wn kDAl

Using
Dy[d][h] = —~C [L”(mZé)(hTé)xg + sehl
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we have

o\ 1/2
)

GX
oll o 18l N1GX Wl g i

LT

( " [sup HTZD’G[h]‘
—1 LM<t
o(

22 el

Moreover,

kel

1/2
<0, |l (Z e HLq)
L37‘

< 0y [l 16X oy IGX 5| | = O (n*2(105m)°).

Hence, using

=0(n),  |GX],, = O(Vn),

o = 0,(1), H’S‘QHLST = O,(v/n),
> | o 0]
—1 LIPl2<1

G

2’ L3r

we obtain

o\ 1/2
Lq] ) = Oy <n3/2(10g n)ﬁ) .

e
For the y-background contribution, set
U = L (2] 0)22,, v = (Vm)meln)-
Then .
TPV = 3 v Dely] 1]
m=1
Since

the local part satisfies

n
S| s
=1 | Ihla<1

o1
< 20 j6:xuiyl,g

n

> vma,, GLolhly

m=1

o\ 1/2
LJ )

XT’ WXTGX
92+|y’2 U2L

ot x4,

n 1/2
(z wzmmig)
m:l L3r

3r = qur (n3/2) .

Also,

lHola)a] . <

<0, |6x1,, 16X15 |,

Therefore the local y-background contribution is

n
S| s
-1 |h|5<1

1/2

2
] ) = Our (1" og ")
L3

L’r’

Z vmxT GLylhly
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For the background part of Dy[y], we argue conditionally on the active column z. Then the
coefficient vector
Oy = L" () 0)22,

is frozen, and the background-part computation in the proof of Lemma 5.18 applies with v in
place of the deterministic coefficient vector. It gives, conditionally on =z,

. o\ 1/2
sup Uz, GBylhly
Z [h2<1 Z
j T T
<% [ o e s hiexty xT|_[xTex ]
Using
‘XTGXUL < ‘XTGX‘ o], = O(n) [vl,,
op
together with
[1olal e | . = Oarn®®),
and the bounds
T _ 6 2 _ _
llxT|_| . =ontogm®y, |8l ]|, =0r@.  lislallzs = On(v),
we obtain
1/2
sup Z U,y GBylhly =Ogr ( 3/2(logn)® )
=1 | 1P=1 || =1 Ll
LT‘
Thus
. o\ 1/2
3 [sup |- eiD1IR)2| q] = Oy (n*2(10g )" ) .
|hly<1 La
L’I‘

It remains to bound the resolvent contribution
22" DX "Dy[G][h)x = —22" DX T GLy[h]Gx — 22" DX " GB,[h]Gx.

For the local part,

o\ 1/2
sup HZTDXTGL[UL]G.I‘
|hl,<1 L
LT‘
1 .
ol HH]GXDZ\Q 2], + ‘XTGXDz‘Z |G|, + ]e(Q ‘XTGXDzL \z[oo‘ q
Lz ||
< Ogyr <n3/2(log n)7> :
Indeed, we used
‘GXDZ‘2 < |GX’0p ‘Dlop ‘Z’2 ’ ‘XTGXDZ‘Z < ‘XTGX’OP ‘D’op ‘Z|2 ’
together with
llglls0 = Ogn),  zlollzn = Oy(Witlogn), — [lIGalyl 0 = Oy (Vi0):
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For the background part, Lemma 5.19 gives directly

o\ 1/2

=04r <n3/2 (log n)6> .

Z sup HZTDXTG'Bg[h]G.%)
=1 LIhl2<1 %

L’I‘

Combining the three displayed bounds yields

n 1/2
(Z (Qq(Dz[Y])*)2> = Oy (n*(10gn)").

=1 I

The checked estimates are identical, since the checked background satisfies the same assump-
tions and has the same distribution. O

Lemma 5.21 (Background gradients of the active contractions). Under Assumptions 1-7 and
V3p =0, for every fized integer r > 1,

. . 1/2
(Z CIETRESS (ym[eoo(y,y>]|*)2> - OT<<IO%)6) ,

n 9 n ) 1/2
(Z (\De[em(y,x?)n*) +3 (\D@[eol(y,f/)”*) ) —0, <n3/2(logn)12> |
/=1

=1 I

and the same bound holds with €' (y,Y") replaced by C°(Y, 7). Finally,

n n 1/2
(Z (Iefet (v, Y)H*)Q +° (e, Y)H*)Q) = O, (n"/(10gm)"*) .
/=

=1 1 I

Proof. We will skip some of the terms appearing from the derivations Y, when they are symmetric
to those appearing through derivations D, (for the terms €% and €!!). We use when useful the
active-contraction bounds given by Lemma 5.17:

€% (a,b)| < Rlaly [bl,,

1€%(a,0)| < RlalyQ(C),  |C(B,b)| < RQ4(B)|bl,,

and
|C1Y(B,0)| < RQ4(B)24(C),  ||R|l;» = O:(1).

For €Y (y, ), the product rule gives
D[ (y. 5)][h] = Cov, (DylsS] (M) y T2, 557 ) + €0 (Dly][1] 7).

By Lemma 5.16,

- oy T &6 T
(; <’Covw(Dg[sx]y x,8: 9 :r:)

*\ 2 n
) + (‘Covx (sﬁ, yT:E, ]D)Q[,ég} ngx)
/=1

o\ 172
)1 <o

L’I‘

Moreover, by duality applied to C%, there exist background-measurable vectors vgg and g such
that
%(a, ) = tgoa,  C°(y,b) = vgeb,

o6



with
|7V}00|2 < R|§|27 |U00|2 < R|y|2-
Therefore, by Lemma 5.18 and Lemma 5.15,

" 1/2
<Z (Je®Dels], 9 *)2) < COB Y g

=1 L
O, ((logn)® ; log )’
< ((\/%))HRWIQHLM:OT(( \g/ﬁ) >
and similarly
(n (‘@00( D’[V])!*>2>1/2 o ((1ogn)6>
/=1 e LT T \/ﬁ |

This proves the 00-bound.
We now treat C%(y,Y). The product rule gives

De[e” (y, V)][h] = Cova (DelsS][]y T, (35)% V)
+ Y (Dy[y][A], V).
By Lemma 5.16,

Z (‘COVz (De[sg] y'z, (55)2&%)
=1

2 1/2
) ) < 0, (n*?(logn)®).

LT
By duality applied to C', there exists ¥ such that
C%a,Y) =vga,  |vo1]y, < RQ(Y).
Thus, by Lemmas 5.18 and 5.15,

2\ V2 O, ((lo n)

> (e (mely], V)
/=1

<O, ( 3/2(logn)?! )

L’V‘
For the checked matrix derivative, the active contraction bound gives

n

n 9 1/2 1/2
(Z(\Covx( yTe, ()% TD'[Y])F)) SR\yrz<Z(94<Dzm>*>2> -
/=1

(=1

Consequently, by Lemmas 5.20 and 5.15,

3

(covm( y T, ()% D [V]z)

(i < *)2) 1/2
=1
Combining the three estimates yields

n , 2\ /2
(Z(\m[em(y,?m*) +Z(\]D>;[e°1(y,fv)]|*) ) :o,.(n?)/?(logn)m)‘

1/2
< IR yly ( (Qa( 2[?])*)2>
. )

=1

L Lr

<O, (n3/2 (log n)7> .

Y



The proof for C!°(Y, ) is identical, with checked and unchecked quantities interchanged.
It remains to treat C!1(Y,Y). The differentiated-score terms are controlled by Lemma 5.16:

Z ()Covx (23§Dg[sg} 'Y, (ég)szY:r) ‘*)2> 1/2 < 0p(n"*(logn)'?),
=1 I

and the checked differentiated-score term is controlled in the same way. For the unchecked
matrix derivative,

n 1/2 n 1/2
(Z (’Covm((sg)Q:UTDg[Y]x, (55)% V) \)2) < RQ4(Y) < (94(Dz[Y])*)2> :
/=1 4

=1

Therefore, by Lemma 5.15 and5.20,

3

n 1/2 1/2
(Z (‘Covz<(sg)2xT]Dg[Y]x, (5)% Y a) ])2> < |RQ4(Y) ( (%(DAY])*)Q)
/=1

I =1

< O, <n7/2(log n) 13) . :

The checked matrix derivative satisfies the same bound:

w2\ 2
) ) <O, ( "2(log n)? )

L’l‘

<zn:()Covx((s 22 Ve, (8)% D)V ]a )
(=1

Combining the differentiated-score and matrix-derivative estimates gives
n 1/2
(Z (\]D)g (v, V)] ) + Z (\Dg [y, V)| ) ) -0, (n7/2(1ogn)13) .
=1 I
This completes the proof. O

Combining Lemma 5.21 with (5.1) and Remark 4.20, we get the following bound.

Corollary 5.22 (Bound on c%). Under Assumptions 1-7 and V3p =0,

g ot

n3/2
Proof. Fix the active index j. In the generic notation of this subsection,
(I)j = COV]‘ (DJ(X), Dj(XAj))
has the same form as Cov, (0., 0,). By (5.1),
1 v 1 .
P, — 7@00 -~ 601 7610 7811 Y.V).
J n (yv ) ( ) + ( ) 4Anb ( ’ )

We apply the tensorized Poincaré inequality to ®; as a function of the background variables
and their independent copies. For coordinates that are shared by X and X“4, the derivative is
the sum of the unchecked and checked derivatives; hence it is bounded by the square-sum of the
two contributions controlled in Lemma 5.21. Therefore

1/2
\/ Var(®;) < O(1) (Z Dy [P +Z D[, >
J4

o8

L2



Using Lemma 5.21 and the decomposition above, we obtain

1 (IOg n)6 1 3/2 12 1 7/2 13
V ) < J—
ar(q)j) n0< \/ﬁ + n30(n (log TL) ) + n50<n (log ’I’L) )

(logn)'?

uniformly in j. Hence

ogn 13
sup V(G (0500)0,00)) = o L50)°).

This bound transfers to ¢ since, by Remark 4.20, replacing d; f,, by 9, changes the corresponding
T . 1 3
¢! quantity by only and order O(( 2%72) > O

A Perturbative Wasserstein bound

With the notation introduced around Theorem 2.2, for i € [n] and ¢ ¢ A, define the replacement
increment

Az’gn(ZA) = gn(ZA) - gn(ZAU{i})'
Theorem A.1 (Wasserstein part of the perturbative bound of Shao-Zhang [18]). Assume that
o7, = Var(gn(Z)) > 0, and set

gn(Z) — Egn(Z) )

Og,n

)

Wyn =

)

Let N be a standard normal random variable and define

zgn zgn( )

agn ,_

Assume that the quantities on the right-hand side below are finite. Then

dy (W, N) < \/\T ZEIAzgn

For A C [n]\ {i}, the replacement increment can be written in terms of the leave-one-out
increments as

Aign(Z ) = zgn( A) - 5ign(ZAU{i})'

In particular, define

Y, = Aign(Z)Aign(ZAi)‘
Then , .

Y; = (6i9n(2) — 6ign(ZU)) (6:9n(Z27) = Sign(Z24°1)).

For j € [n], let

F_j=0((z0,2) : L # ),
and let [£; denote conditional expectation with respect to the pair (z;, J) with all other pairs
fixed. We shall use the following consequence of the definition of ¢?. For every i # j and every
B C [n],

H(Szgn(ZB) — [ [5ign(ZB)] HL4 <cp.

29



Indeed, if j ¢ B, then 6;g,(Z7) depends on z; but not on z;, so E; reduces to conditional
expectation with respect to z;. The bound is then exactly the definition of ¢, applied to the
vector ZB, whose coordinates have the same joint law as those of Z. If j € B, then 6;g,(Z%)
depends on zg- but not on z;, and the same argument applies with 23 in place of z;.
Consequently, for every i # j and every B C [n],
|Aign(Z7) — E;[Aign(Z7)]

HL4 < 2.

Proof of Theorem 2.2. For any k > 1,

[Aign(Z) 1k =

6i9n(2) = 0ign(Z)|| | < 2110ia(2) 11

because 6;g,(Z1) has the same distribution as 6;g,,(Z). Hence || - |13 < || - |4 gives
n
> ElAiga(2) < 8n(m))?.
i=1

We next bound the variance term. Since

1
‘/gvn = 20_2 ZYZ7

it is enough to control Var(}_,Y;). We use

Var <Z YZ> < nsup Var(Y;) + n(n — 1) sup |Cov(Y;,Yj)|.
i—1 1€[n] 1,5€[n]
i#]

Since Z4¢ has the same distribution as Z, the variables A;g,(Z) and A;g,(Z4%) have the same
distribution. Therefore Holder’s inequality yields
Var(Y;) < [Yill72 < [8ign(2)[174 || Aign(Z7)

2
|74 < 16(m{)*.

It remains to control the off-diagonal covariances. Fix i # j. We decompose
Cov(Y;,Y;) = Cov(¥; — E;Y;,Y)) + Cov(EY;, Y)).
For the first term, recall that
Aign(Z) = 8ign(Z) = 8ign(Z'), Diga(Z) = bign(Z7) = bign(ZV1).
Applying the preceding observation with B = @ and B = A;, we get uniformly over i # j,

18ign(Z) = EsAi9n(Z)l| 11 + || Aign(Z7) — BsAign(Z27)

‘L4 < Cc.

Indeed, if z; has been replaced by 22 in the argument of §;g,, the same estimate follows because
z} has the same law as z; and is independent of the remaining variables. Moreover,

1290 (2) | 1 + || Aign(Z7)

’L4 < ComW.

Set
H; = Eingn(Z) Eingn(ZAi)'

Then H; is F_j-measurable. Since conditional expectation is the L?-projection onto F_;,

1Yi = B;Yill > < ||V — Hil| 2
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Since
Y; — Hi = (Aign(2) — E3Aign(2)) Dign(ZY) + EjAign(2) (Rign(Z7Y) — BjAign(Z)),

Hoélder’s inequality yields
1Y = E;Yi] 2 < Cmic,
Also ||Yj|L2 < C(mg))Z. Hence
|Cov(Y; — B;Y;,Y)| < C(miP)%e.
For the second term, since [E;Y; is F_j-measurable,

COV(EjYVD YJ) = COV(EjYVD EJ}/})

Moreover,

It remains to identify [E;Y;. Conditionally on F_j, the pair
(619n(2),059n(2%))

depends only on z;, while
(619n(Z19), 859 (249901))

depends only on zé. These two pairs are conditionally independent copies. Therefore

E;Y; = B [(5j9n(2) = 8;90(Z19)) (8;90(279) = 6;9n(2797101))]
=2Cov;(0;gn(2),0;9n(Z2%)) .

Therefore, by the definition of ¢z,

\/ Var(E;Y;) = 2\/V&I‘(COVj (6i9n(Z), 0590 (249))) < 2.

On the other hand, the preceding L?-bound gives

Var(EjYé) < ||EjYi||L2 < C(m7(14))2'

Hence

3w

[Cov (Y, ;)| < /Var(E;Y)y Var(E;Y;) < CmiH)%

Combining the two off-diagonal estimates, we obtain

sup | Cov(¥,, Y5)| < € ((m)Pc, + (m{)2c,)

i ! o
Therefore
Var (Z YZ> <C [n(m1(14))4 +n(n—1) ((mg))«%cg + (m$14))20i)} :
=1

Using the definition of V;, and Theorem A.1 gives the claimed bound.

61



B Consequences of the Poincaré inequality

We say that a random vector Z € R™ satisfies a Poincaré inequality with constant Cp if, for
every sufficiently smooth mapping F' : R™ — R,

Var(F(Z)) < CpE [|VZF(Z)|2} . (B.1)
We start with the standard tensorization property of the Poincaré inequality; see, for instance,
[9, 12].

Proposition B.1 (Poincaré inequality tensorization). Let Zi,...,Z, € RP be independent
random vectors, and denote Z := (Z1,...,Zp) € My, . Assume that each Z; satisfies a Poincaré
inequality with constant Cp. Then, for every sufficiently smooth F' : M,,,, — R,

Var(F(Z)) < CpE [\VF(Z)@,} —Cp iE [|viF(Z)12} .
=1

Proof. By the variance decomposition, or equivalently the Efron—Stein inequality for independent
variables,

n
Var(F(Z)) <Y _E [Varg, (F(Z1,...,Za))]
i=1
where Varz, denotes variance with respect to Z; only, all other coordinates being fixed. For each
i, conditionally on (Z1,...,Zi—1,Zit1,...,2Zn), the map z; — F(Z1,...,Zi—1,%i, Zit1,- -, Zn)
is a function on RP. Applying the Poincaré inequality for Z; gives

Varz, (F(Z)) < CpEy, [\viF(Z)\g} .

Taking expectation with respect to the remaining variables and summing over ¢ yields

Var(F(Z)) < Cp Zn:E [|viF(Z)|§} — CpE UVF(Z)@} :

i=1

The tensorization also works for higher moments than the variance.

Lemma B.2 (Tensorized L* Poincaré inequality). Let Z = (Z1,. .., Zy,) have independent blocks.
Assume that each block Zy satisfies a Poincaré inequality with constant Cp. Then, for every
integer k > 2 and every sufficiently smooth scalar function F,

n 1/2
IF(Z) =EF(Z)|;x < CVCrk (Z(IDAF(Z)]IZ)2> ;

(=1 Lk
where C' > 0 is universal. In particular, for fized k, the constant is Ok p(1).

Proof. By Proposition B.1, the product vector Z satisfies the Poincaré inequality

n

> (IDH(Z)]]3)*

(=1

Var(H(Z)) < CpE

for every sufficiently smooth scalar H. Set

n 1/2
Y = F(Z) — EF(Z), S:=< <1DZ[F<Z>H;>2> .
/=1

62



For ¢ > 2, write
ag = 1Ylga,  bg:=15pa-

Applying the tensorized Poincaré inequality to H = |Y|%/2, with the usual smooth approximation
if necessary, gives

2
Var(|v]*?) < CpLE [[y]r257].
By Holder’s inequality,
E[|Y]7*S%] < al~b..
Since )
E|Y|? = Var(|Y1/2) + (E|Y|/?)
we obtain

¢
q 4 q—232
ag <Cp a b +aq/2

If ag = 0, there is nothing to prove. Otherw1se, using a2 < ag,

S CP b2+aq/2

Iterating this inequality until the exponent lies in (1,2], and using the ordinary tensorized
Poincaré inequality at exponent 2, gives

aqg < C/Cpqby
for a universal constant C'. Taking ¢ = k proves the claim. O

Lemma B.3 (Linear moments under Poincaré). Let m € N and let Z € R™ be a random vector
satisfying a Poincaré inequality with constant Cp. Then, for any k € N,

sup HuT(Z _E[Z])HLk < 6/Cp k.

flull<1

This lemma allows us to bound the operator norm of the kth-order centered moment tensor
My[Z] € (R™)®F of Z, defined, for all uy,...,ux € R™, by

Mi[Z] - (u1,...,ux) =E {ulTZ : u,IZ} ,

where Z := Z — E[Z]. Indeed, Holder’s inequality and Lemma B.3 give the following corollary.
Corollary B.4. Let m € N and let Z € R™ be a random vector satisfying a Poincaré inequality
with constant Cp. Then, for any k € N,

M2y = swp M(Z)- () < (64T k)

lwall--osllusll<1

FEquivalently,
|Mi[Z)|2F < 6/Cpk.

Lemma B.3 relies on the following classical result, taken from [4, Proposition 4.1].

Lemma B.5 (Bobkov-Ledoux exponential integrability bound). Let m € N and let Z € R™ be
a random vector satisfying a Poincaré inequality with constant Cp. Let k > 0. For any bounded
k-Lipschitz mapping f : R™ — R,

2 . 4//Cp + 20k
N Elexp (A\[f(Z) = E[f(2)]])] <

YO< A< _—.
B B 2/\/0}3—/\/{
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Proof of Lemma B.3. Consider a deterministic vector u € R™ satisfying |u|, < 1. If u = 0, there
is nothing to prove. Set
Y:=u'Z—-E[u'Z].

To apply Bobkov-Ledoux’s exponential integrability bound, we introduce a quantity M > 0 and
the mapping T (t) := (—=M) V (¢t A M), which allows us to truncate the linear form. Define
YM) = Ty (u" Z2) — BTy (u' 2).

Then Y M) is bounded, centered, and |u|,-Lipschitz as a function of Z. Lemma B.5 applied with
A =1/(v/Cp|uly) yields

E |ex & <6 (B.2)
\VCruly) | = |

By the Poincaré inequality applied to linear functions, u " Z has finite variance. Hence Tys(u'Z) —
uw' Z in LY, so YM) converges to Y in probability and along a subsequence almost surely. Fatou’s
lemma allows us to pass to the limit in (B.2), with Y in place of Y (M), Therefore, using t* < k!e*
for t > 0,

VkeN:  E|Y|* <6k (y/Cpluly)

Hence, since k! < k¥,
\PVZ—MEWMSWMM@%WM
Taking the supremum over |u|, < 1 gives the claim. O

Lemma B.6 (Euclidean moments of a random vector). Let m € N and let Z € R™ be a random
vector. Then, for any k > 2,

|||Z|2||Lk < \/ﬁl‘sup HuTZ‘

ul|<1 L¥

Proof. Let (eq)q<m be an orthonormal basis of R™. For k > 2, Minkowski’s inequality gives

m 1/2 m L\ /2
ey = (Setz) | < (Shell,)
a=1 E a=1

The stated bound follows by taking the supremum over all unit vectors. ]

e;—Z‘

L

The next lemma shows that maxima of a family of random variables satisfying similar linear
moment-growth bounds grow only logarithmically with the size of the family. Note that this
type of uniform control is not available from fixed-order moment assumptions alone.

Lemma B.7 (Maxima under polynomial moment growth). Let o > 0. Assume that Zy,...,Zp,
are real-valued random variables and that there exists C' > 0 such that, for every integer ¢ > 1,

max || Z < Cq~.
fefm] H KHLQ q
Then, for every integer r > 1,

max |Z|

i <eC ([rVvlog(em)])*.

LT
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Proof. Let
q:=[rVlog(em)].
Then g > r, and

max | Zy||| < ‘ max | Zy|
Le[m] o £€[m] La
m 1/q
= <Z ||Z€H%<1> < anml/q‘
/=1
Since ¢ > log(em), we have ml/4 < e, which proves the claim. ]

Lemma B.8 (Conditional L* Poincaré bound). Let Z = (Z1,...,Z,) be a vector of independent
blocks. Assume that the block Z; satisfies a Poincaré inequality with constant Cp. Then, for
every integer k > 2 and every sufficiently smooth scalar function F,

1F(Z) = B4 [F(2)]]l e < Crp [[ID;IF5]] i
where Cy, p depends only on k and Cp. More precisely, one can take Cy p = O(k+/Cp).

Proof. Tt suffices to prove the corresponding conditional estimate. Fix all blocks except Z;, and
write

Y= F(2)-EJF(2), G:=D,[F];.
For g > 2, set
ag=IVlgs, by =Gl

The Poincaré inequality applied conditionally to |Y|%/? gives
2
Varj(|Y\q/2) < CP‘JZEj [y]e-2G2] .

By Holder’s inequality,
E;[|Y]97*G?] < al™?b].

Hence )
q _
Varj<|Y|‘I/2> < szag 262.
Since )
By[Y |9 = Var, (| [9/2) + (Bl [/2)",
we obtain

2

qa 4—2;2 q
q q
CLq < CP 1 CLq bq+CLq/2.

If ay = 0, there is nothing to prove. Otherwise, dividing by ag_2 and using a, /2 < aq, we get
2 ¢ 2 2
ag < szbq + Qg /o
Iterating this inequality until the exponent lies in (1, 2], and using the ordinary Poincaré inequality

at exponent 2, gives
ag < Cy/Cpaqby

for a universal constant C. Taking g = k, we have shown that, almost surely with respect to the
remaining blocks,

|1F(2) = Ej[F(Z)]ll e < CV/Cpk [[ID[FII3]] e -

Raising this inequality to the power k and integrating over the remaining blocks yields

1F(Z) = B;[F(2)]]| . < CVCPE ||IDF[FI]| -
This proves the claim. O
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Lemma B.9 (Operator norm of a Poincaré data matrix). Let Z = (21,...,2,) € M, have
independent columns. Assume that each z; satisfies a Poincaré inequality with constant Cp =
O(1), and that

sup |Ez;|, = O(1).

i€[n)

Then, for every fized integer k > 1,

121,y

This lemma relies on the following result taken from [1] (one could also use e-nets to prove it)

— Op(VpFn).

Lk

Lemma B.10 (Empirical-covariance input). Let Y = (y1,...,yn) € RP*™ have independent
centered columns. Assume that, for some constant K = O(1),

sup sup supq_lHuTyi

<K, supE[yl3< K.
i€[n] [lull2<1 ¢=1 Ls

1€[n]
Then there exists a constant C = C(K) such that

1
.
< -.
P(IYY lop > Clp+m)) < 1

Proof of Lemma B.9. Write
m; = Ez;, M = (mq,...,my), Y =Z-M=y1,.--,Yn)-

The deterministic mean part satisfies

n 1/2
[M,, < [M]p = <Z Imi|§> =O0(Vn) <O(Vp+n).
i=1

It remains to control Y.
For every u € RP with |u|, < 1, the Poincaré inequality applied to the linear map z ulz
gives
Var(u' z;) < Cp.

Hence
n

> Elyiy' ]

i=1

< Cpn.

op

Moreover, Lemma B.3 gives the uniform sub-exponential moment bound

Ly
sup sup sup — Hu Yi
i€ln] [ul,<1 ¢>1 4

—0(1).

La

Furthermore,
E|yil3 = Tr( Cov(z)) < Cpp,

and Lemma B.3 gives

= 0(1).

sup sup Supq_1 Hu—ryl

i€[n] |lufl2<1 ¢=>1 Le

Therefore Lemma B.10 yields, for a constant C' depending only on Cp,

IP(’YYT L
1

> C(p+n)> <

op
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1
P ‘YYT -
( .

> C’(p+n)> <

op

Equivalently, with
R:=1Y]

op’
we have

P(R < C'\/p+n) > %

On the other hand, the map Y — |Y| op 18 1-Lipschitz with respect to the Frobenius norm.
Since the columns of Y are independent and each satisfies a Poincaré inequality with constant
Cp, tensorization and the Bobkov—-Ledoux moment consequence give, for every fixed integer
k>1,

IR —ER|| . = Ox(1).

Here one may apply Lemma B.5 first to the bounded truncations R A A, and then let A — oo.
We now combine this concentration around the mean with the preceding positive-probability

bound. Let
a:=Cy/p+n.
IfER > a+t, then

IR —ER|}:

<P(R<a) <P(R—ER|>1) < ——p

B oo

Since ||R — ER||;» = Ox(1), this implies t = O (1). Therefore

ER = Or(vp+n).

Consequently,
IR||;» <ER+ ||R—ER| . = Op(vp+n).
Finally,
1121y |, < 1M1y +[|1¥ 1|, = Ok (VP F 7).
Under Assumption 1, p = O(n), and the final bound becomes O (y/n). 0
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